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Abstract. A consumer searching for information on a product may be indicative that the
consumer has some interest in that product but is still undecided about whether to
purchase it. Some of this consumer search for information is not observable to firms, but
some may be observable. Once a firm observes a consumer searching for information on its
product, the firm may then want to try to provide further information about the product to
that consumer, a phenomenon that has been known in electronic commerce as retargeting.
Firms may not observe all activities by a consumer in searching for information, may not be
able to observe the information gained by consumers, and may not be able to observe
whether a consumer stopped searching for information. A consumer could stop searching
either because he received information of poor fit with the product, because he bought the
product (which may be unobservable to the firm), or because he exogenously lost interest in
the product. This paper presents a dynamic model with these features characterizing the
optimal advertising retargeting strategy by the firm. We find that a forward-looking firm
can advertise more or less than a myopic firm to gain more information about whether the
consumer is searching for information, advertising more if the effect of advertising is
relatively high. We characterize how the optimal advertising retargeting strategy is af-
fected by the ability of the firm to observe when the consumer purchases the product,
when the firm is better able to observe the consumer search behavior, and by the infor-
mativeness of the signal received by the consumer. We find that better tracking of con-
sumer search behavior could be beneficial for consumers, because it may reduce the length
of time when a consumer receives retargeting, but that it also enlarges the region of firm’s
beliefs where retargeting is optimal. Finally, we also find that the value of retargeting is
highest for an intermediate value of the likelihood of the consumer receiving an infor-
mative signal and that retargeting may allow the firm to charge higher prices if consumers
are forward-looking.

History: Yuxin Chen served as the senior editor and Anthony Dukes served as associate editor for
this article.
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1. Introduction

see a consumer searching for information on a certain

A consumer searching for information on a product
may beindicative that the consumer has some interest
in that product but is still undecided about whether to
purchase it. Some of this consumer search for infor-
mation is not observable to firms, but some may be
observable. Once a firm observes a consumer searching
for information on its product, the firm may then want
to try to provide further information about the product
to that consumer, a phenomenon that has been known
in electronic commerce as retargeting. This practice of
providing targeted information to consumers search-
ing for information has been present with salesforce
behavior, but, with the development of the informa-
tion technologies, has become more prominent be-
cause of better tracking of consumers’ information
gathering behavior. In fact, in recent years, we have
observed firms sending online advertising when they

product. This is done through emails, display advertising
of sites checked by that consumer, or with other forms
of communication.

Obviously, firms may not observe all activities by
a consumer in searching for information. For exam-
ple, in the electronic world, a firm may not be able to
know about the offline information gathering by
consumers; even online, the consumer may be gath-
ering information from sites where the firm does not
track information. Even if a consumer is browsing in a
site that has information on the product, the con-
sumer may not be processing that information. A firm
may also not know if a consumer is receiving fa-
vorable or unfavorable information, when it finds
the consumer searching for information. Given the
posterior search or purchase behavior by the con-
sumer, the firm may infer to some degree whether the


http://pubsonline.informs.org/journal/mksc
mailto:villas@haas.berkeley.edu
https://orcid.org/0000-0003-1299-4324
https://orcid.org/0000-0003-1299-4324
mailto:jesseyao@berkeley.edu
https://orcid.org/0000-0001-9831-5083
https://orcid.org/0000-0001-9831-5083
https://doi.org/10.1287/mksc.2020.1267

2

Villas-Boas and Yao: Dynamic Model of Optimal Retargeting
Marketing Science, Articles in Advance, pp. 1-31, © 2021 INFORMS

information obtained by the consumer was favorable
or unfavorable but does not know it firsthand.

Moreover, the firm may not know if a consumer
stopped searching for information, as it cannot ob-
serve all search occasions, and may not be able to
observe whether and when a consumer purchases the
product. In fact, anecdotal evidence seems to suggest
that consumers continue to receive purchase-oriented
advertising after purchasing the product, or, more
generally, after they stop searching for information. A
firm may not be able to observe whether a consumer
purchased the product because that is done offline, is
done on a site that is not monitored, or for which the
information collected is not cross-checked with the
retargeting information. Obviously, one can consider
firms getting better at connecting consumer pur-
chases with consumer search behavior and that af-
fecting the optimal retargeting behavior.

This paper considers a model of these effects,
taking into account the firm’s beliefs about the like-
lihood of search behavior by the consumer and the
role of advertising. When the firm sees a signal that a
consumer is searching for information, the firm learns
that the consumer is searching for information, al-
though it might not know whether the information
received by the consumer is positive or negative or
whether the consumer decided to purchase the product.
When the firm does not see a signal that a consumer is
searching for information, by Bayes’ rule, it reduces its
belief that the consumer is searching for information.
Advertising is modeled as increasing the likelihood
and frequency of the consumer learning information
about the product and increasing the ability of the
firms tracking that the consumer is searching for in-
formation. The optimal strategy calls for advertising
when the firm has a sufficiently high belief that the
consumer is considering the product. We can evaluate
how the optimal strategy can be affected by different
market forces and how the optimal strategy changes
when the firm can also observe if and when the
consumer buys the product. We also characterize the
length of time that a product is advertised without
further information about the consumer’s search be-
havior. The model also replicates the real-world ex-
periences by consumers of receiving advertised after
searching for information on a product, and con-
tinuing to receive that information, even after be-
coming disinterested in the product.

We compare forward-looking with myopic firms
and find that forward-looking can do less retargeting
than myopic firms if the informational benefits of
retargeting (more signals for the consumers, and
greater ability by the firm to track that the consumer is
searching for information) are not too large and if the
likelihood of the consumer dropping out of the search
process exogenously is low enough. A myopic policy

does not account for the fact that without advertising
the consumer may still end up purchasing the product
in the future and therefore can lead to greater urgency
in advertising. This has important implications for
firms about the importance of having a longer-term
perspective in their retargeting decisions, and the
biases that can occur from having too much of a short-
term perspective. These implications can also be
tested empirically by looking at retargeting behavior
by firms depending on their planning horizon.

We find that better tracking of consumer search
behavior could be beneficial for consumers, because it
may reduce the length of time when a consumer re-
ceives retargeting. Better tracking of consumer search
behavior allows the firm to update faster that the
consumer is not searching for information when not
observing the consumer searching for information,
and therefore the firms stops doing retargeting sooner.
This would suggest that with improvements in the
tracking technology we could observe shorter retar-
geting periods. In fact, anecdotal evidence seems
to suggest that the extremely long retargeting pe-
riods that occurred a few years ago seemed to have
reduced over time. This has managerial implications
for the optimal retargeting strategy when firms de-
velop technological improvements in their tracking of
consumer search, and also has public policy implica-
tions of making retargeting less problematic in terms of
advertising annoyance.

Considering the value of retargeting, we find it is
highest for an intermediate value of the informa-
tiveness of the signals received by consumers. If the
informativeness of those signals is too high, con-
sumers quickly get informed about the value of the
product and having the ability to do retargeting is less
valuable. If the informativeness of those signals is too
low, then retargeting also does not help much as it
takes too long for a consumer to learn the value of the
product. This value of retargeting is also the highest
for some intermediate value of the likelihood of the
consumer exogenously dropping out of the search
process. If the likelihood of the consumer exoge-
nously dropping out of the search process is too low,
there is not much benefit in retargeting as the con-
sumer will likely find out about the value of the
product without retargeting, and will be able to
choose to purchase the product. On the other side, if
the likelihood of the consumer exogenously dropping
out of the search process is too high, there is not much
benefit in retargeting as the consumer will likely drop
out of the search process before finding out if the
productisa good fit. As the informativeness of signals
changes, this result has importance about the use-
fulness of firms doing retargeting and yields empir-
ical predictions about the extent of firms’ retarget-
ing behavior.
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We study also what happens if the information
technology improves in such a way that firms are
immediately able to recognize when purchases occur.
In this case, firms stop retargeting when the consumer
makes a purchase but may continue still going on
doing retargeting after the consumer receives a nega-
tive informative signal. In this case, we find that the
threshold belief for the firm to do retargeting is
now lower because, when doing retargeting, the firm
knows when the consumer made a purchase, and
retargeting is no longer needed, and the maximum
period of retargeting can now be longer. In addition
to the managerial implications that the development
of these technologies of recognizing purchases can
bring, this result can potentially lead to an increase in
advertising annoyance and therefore lead to potentially
greater regulation on firms’ retargeting behavior.

We consider the consumer search for information,
and purchase behavior, finding that the optimal price
can fall with lower search costs. If consumers are
forward-looking and there is no disutility of receiving
advertising, the possibility of retargeting allows the
firm to charge a higher price, because of the antici-
pated benefit of the additional information from
retargeting.

Existing research has focused on understanding
how consumers past purchase behavior could affect
the future behavior of the firm toward those consumers.
This has been considered in the context of advertising
(Shen and Villas-Boas, 2018), pricing (Villas-Boas
1999, 2004; Fudenberg and Tirole 2000; Fudenberg
and Villas-Boas 2006; Shin and Sudhir 2010), and
product design (Zhang 2011). However, in the real
world, it seems that with the development of the
information technologies, the most important prac-
tice is one of conditioning the behavior of firms on the
search behavior of consumers rather than on the pur-
chase behavior of consumers." There is also some re-
lated recent work on the search behavior of consumers
for information (Branco et al. 2012, Ke et al. 2016,
Fudenberg et al. 2018, Gardete and Antill 2019, Ke
and Villas-Boas 2019), but this research has not
considered how that search behavior affects the firm
strategy.” There has also been some research on the
significant empirical effectiveness of retargeting ad-
vertising, such as Manchanda et al. (2006), Lambrecht
and Tucker (2013), Li and Kannan (2014), and Hoban
and Bucklin (2015).

The remainder of the paper is organized as follows.
Section 2 presents the model. Section 3 considers
the case in which the firm does not observe whether
and when the consumer purchases the product.
Section 4 studies the value of retargeting. Section 5
includes several model extensions, including the ef-
fects of a greater quality of the signals received by the

consumer when the firm does retargeting, the case in
which the firm observes consumer purchases, and the
effects of consumers being forward-looking. Sec-
tion 6 concludes.

2. The Model

2.1. Consumer Search Behavior and Pricing

We start by presenting a model of consumer search
behavior and optimal firm pricing that generates an
expected profit v for the firm of a consumer receiving
an informative signal that the product is a fit for the
consumer. The only important element from this
subsection for the remainder of the paper is the ex-
istence of this expected profit v, and the reader less
interested on the consumer search problem, which is
not the focus of this paper, can skip to the next section.

Suppose that the consumer can be in a state in
which he knows that with equal probability he has
either zero value for a product or some value w per
period of using the product (Tables 1 and 2 present the
notation used in the paper.). The product is a durable
good with infinite life. By searching for information,
with a process that is explained later, the consumer
can determine, if he is in this state, whether the value is
zero or . The consumer also knows that with hazard
rate i he will switch from this state to a state in which
he has zero value of the product forever. Working in
terms of present value of benefits, the consumer can
then have an overall gross benefit of getting the
product of either zero or w = w/1. Suppose that the
firm chooses a price P that cannot be customized, and
cannot vary with time, and w has an ex ante cumu-
lative probability distribution function F(w), with
density f(w), with positive density on, and only on,
[w, w] with w > 0. One can obtain F(w) directly from
the cumulative probability distribution function on w.
We consider the situation where the consumer only
learns w when he finds that he has a strictly positive
benefit for the product. The case in which the con-
sumer knows the value of w, while he is still uncertain
whether the benefit of the product is either zero or w,
is discussed briefly at the end of Section 5.3. Finally,
let m be the marginal cost of production of the product,
and let P = argmaxp(P— m)[1 — F(P)], the static mo-
nopoly price.” If (w—m)f(w)> 1, the static monopoly
priceis P = w, and all consumers who receive a positive
fully informative signal purchase the product.

A consumer can search for information at a cost of
edt for a period of time of length dt, where ¢ is as-
sumed small. If the firm is not advertising, the con-
sumer, if searching for information, receives a signal
about the product fit in the period dt with probabil-
ity pdt. If the firm is advertising, the consumer, if
searching for information, receives a signal about
the product fit in the period dt with probability pdt,
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Table 1. Notation

Table 2. Notation of Variables for Consumer Search Model

Variable Description Variable Description
P Hazard rate of consumer receiving product information 1) Utility per unit of time for consumer of product if
if no retargeting product is of any value to consumer
P Hazard rate of consumer information if firm is doing w Present value of product for consumer if product is of
retargeting any value (= w/v; distributed with cumulative
c Cost per unit of time of firm doing retargeting distribution function F(w))
q Probability of consumer receiving fully informative m Marginal cost of production
signal given that he received P Price charged by firm
Product information (with no retargeting if in S(P) Expected consumer surplus given price P, conditional
Section 5.1) _ on consumer receiving a positive informative signal
q Probability of consumer receiving fully informative p Static monopoly price (= argmaxp(P — m)[1 — F(P)])
signal given that he received € Search cost per unit of time for consumer
Product information if firm is doing retargeting and this P Product price such that myopic consumer is indifferent
probability is different than the between searching and not searching for information
Case of no retargeting (it only appears in Section 5.1) p* Optimal price
¢ Probability of firm observing that consumer is W(t) Expected present value of utility for consumer when
searching for information conditional on searching for information and receiving retargeting
Consumer receiving product information if the firm is for t time since firm observed the consumer search for
_ not doing retargeting information
¢ Probability of firm observing that consumer is W, Expected present value of utility for consumer when
searching for information conditional on searching for information and not receiving
Consumer receiving product information if firm is retargeting
doing retargeting D Constant in consumer value function
X Firm belief that the consumer is in the state of searching n Disutility of receiving retargeting per unit of time
for information
P Hazard rate of consumer exogenously moving to the

state of not searching for information
Endogenous belief threshold, when firm does not
recognize when purchases occur such that firm does
retargeting for x > ¥ and does not do retargeting for
x<X
Endogenous belief threshold, when firm recognizes
when purchases occur, such that firm does
retargeting for x > X and does not do retargeting for
x <X
X Endogenous belief threshold, when firm is myopic and
does not recognize when purchases occur, such that
firm does retargeting for x > x,, and does not do
retargeting for x < x,
V(x) Value function of firm in region of beliefs of no
retargeting if firm does not recognize when
purchases occur

=)

=1

T7(x) Value function of firm in region of beliefs of retargeting
_ if firm does not recognize when purchases occur
V(x) Value function of firm in region of beliefs of no

~ retargeting if firm recognizes when purchases occur
V(x) Value function of firm in region of beliefs of retargeting

if firm firm recognizes when purchases occur
Payoff for firm if consumer purchases the product
Maximum amount of time that a consumer could be
retargeted when firm does not recognize when
purchases occur
Maximum amount of time that a consumer could be
retargeted when firm recognizes when purchases
occur

pe +i+pl =)
PO+ ¢ +p(1= )
p(@+(1-¢)/2)
(¢ + (1= 9)g/2)

Constants in firm value functions

e

~

O > =

C,CC

withp > p. We further discuss the roles of p and p later.
If the consumer is not searching for information, the
consumer does not get any signal, whether the firm is
advertising.* Given that the consumer receives a
signal, the probability of it being informative is 4.

Finally, let S(P) be the expected consumer surplus
conditional on the consumer receiving a positive
informative signal of the product fit and the firm
charging price P. That is, S(P) = /Pw(w—P) dF(w). Con-
sumers are assumed to be risk neutral. Possible con-
sumer discounting of the future is only considered
through the hazard rate ¢ at which time their benefit
of having the product is extinguished. We restrict
attention to the case of consumers being myopic
with respect to any potential future advertising that
results from the firm finding out that the consumer is
searching for information. That is, consumers are
unaware of the retargeting policy by the firm. We
consider the case of forward-looking consumers in
Section 5.3.

For a consumer to search for information, it must be
that the expected benefit of searching for information
is greater than the cost of searching for information.
Consider the case in which the consumer is not re-
ceiving advertising. In that case, for the consumer to
want to search for information, it must be the case that
1pS(P) > ¢. Define P as the price that makes this in-
equality bind, S(P) = 7.
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If the price is only checked each time the consumer
gets a signal, given that the search costs are sunk, the
firm would choose to charge the static monopoly price
P, and the consumer would only search for infor-
mation if P > P, that is, S(P) > 2‘5, and we obtain that

the expected profit for the flrm if the consumer
receives a positive informative signal of product fit
is v=(P-m)[1-FE(P)]. In this setting, if P <P, no
consumer would search for information, and the firm
would not do any retargeting.

Potentially more interesting for the context being
modeled, price could be seen as being freely checked
(or fixed over time, and learned at the first search),
and then the firm can use it to provide incentives for
the consumer to search for information on product fit.
The remainder of this section considers this case.

As the expected profit from a consumer receiving a
positive informative signal is (P —m)[1 - F(P)], if ¢ is
small enough we have §: I1pS(P) > ¢, and the optimal
price to charge is then P* = P. If ¢ is not small enough,
then that inequality does not hold for P, and we have
then that the optimal prlce is P* = P. That is, we have
that the optimal price P* = min[P, P], which is inde-
pendent of the search costs ¢ for small ¢, and de-
creasing in the search costs ¢ for large ¢. We state this
result in the following proposition.

Proposition 1. Suppose that consumers are not aware of
future retargeting. Then, the optimal price is independent of
search costs for low search costs and decreasing in search
costs for high search costs.

Figure 1 illustrates how the optimal price P* evolves
with the search costs ¢. In this case, we would have
v=P*-m)[1-FP)]. If (w-m)f(w)>1 and ¢ <}
pS(w), then P* =w and v = w — m.

As consumers that have some possible positive
value for the product are ex ante equal (w is only
learned when the consumer receives a fully infor-
mative signal), the firm prices such that all consumers
in that state search for information. If consumers
have some information before searching for infor-
mation on their potential value for the product, or
if consumers are heterogeneous in their search costs,
then the firm’s pricing decision affects which con-
sumers search for information, and the value of v
would have to be adjusted by the margin obtained by
the firm on each sale.

One possibility to also potentially consider is that
the consumer search costs ¢ are lower when the
consumer is being retargeted to than when the con-
sumer is not being retargeted to. This could be, for
example, because the firm could direct signals to the

Figure 1. (Color online) Optimal Price P* for the Myopic Consumers’ Case as a Function of the Search Costs ¢ for the Case in

Which F(w) = w with Support [0,1], and m=0,g=.2,p=1
1

0.9
0.8
p-

0.7

0.6

05 g mmmmmmmmmm—-
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consumer that are easier to process as information.
In this case, if the search costs without retargeting
are high, then the priceis P (assuming that the firm has
to set the same price with and without retargeting),
and the lower search costs during retargeting just
means that the consumer has a strict positive surplus
of searching for information during retargeting and
does not affect the remainder of the analysis. As
discussed in the next section, we can also interpretp >
p as the consumer having some form of lower search
costs during retargeting.

2.2. Firm’s Information and Beliefs

From the point of view of the firm, consider a con-
sumer potentially searching for information on the
purchase of a product. A consumer can be in either
of two states: (1) searching for information on the
product or (2) not searching for information on the
product. Given the optimal pricing determined in
the previous section, the state of searching for in-
formation on the product is the state, in terms of the
previous section, in which the consumer knows that
with equal probability he has either zero value for the
product or some value @ per period of using the
product. The state of not searching for information is
the state in which the consumer has zero value for the
product forever. There could be several reasons that
the consumer is not searching for information on the
product: the consumer already bought the product, or
the consumer received information that the product
is a poor fit for his preferences, the consumer realized

that he no longer needs this type of product, or the
consumer was never aware of this product.

The firm does not know which state the consumer is
in, but, occasionally, if the consumer is searching for
information, the firm learns that, and at that moment
the consumer is in the state of searching for infor-
mation. For now, we will assume that the firm does
not know whether the consumer bought the product,
and in Section 5.2 we will allow for that possibility.

Time is continuous, and, to simplify, we assume no
discounting, as the real-world phenomena consid-
ered typically last only a few weeks at most. We now
present how the consumer evolves from the searching
state to the no searching state at each moment in time
and describe how the firm’s beliefs about the con-
sumer being in the searching state evolve over time.
Figure 2 illustrates the different possibilities.

Consumers in the state of not searching for infor-
mation are not useful for the firm, as going forward
they will not purchase the product, and we assume
that there isno activity that the firm can do that makes
consumers switch from no search to search. Consider
also that the probability of a consumer switching from
the no searching state to the searching state is so low,
that, if a firm knew that a consumer was in the no
searching state, it would never be profitable to advertise
to that consumer as long as the firm does not see that the
consumer is searching for information.”

Consumers in the searching for information state
can either remain there or move to the not searching
for information state, by either purchasing the product,

Figure 2. (Color online) Illustration of How Consumers Can Evolve from the Searching State to the No Searching State

Depending on the Signals Received

Searching state Y dt No searching
state
pdt
pdt
1/2.7 Fit Purchase
signal . q Ir.1format|ve
signal
g 2N Nofit | No
¢¢ purchase
Not Informative i
signal Firm Belief goes Start
observes | +tox=lq | *| retargeting
1-¢,
1-¢
" Firm does Belief R
Retargeting if
not observe -------» decreases by [--------* ardenivi il
dx/dt i

Notes. Retargeting signals are received at the hazard p instead of p, and the probability of the firm observing the signal is (’ﬁ instead of ¢. Dashed

lines represent observations, beliefs, and actions by the firm.
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receiving definitive information about the product and
deciding that the product is a poor fit, or just losing
interest in the product. The hazard rate of the con-
sumer receiving a signal, given that he is searching, is
p > 0, as noted in Section 2.1. In the period of time dft,
the probability of the consumer receiving a signal is
pdt. This probability is greater if the firm is adver-
tising to the consumer, which canbe done ata costcdt,
with ¢ > 0. This is one of the two modeled main effects
of retargeting. As noted in Section 2.1, p is the hazard
rate of the consumer receiving a signal if he is being
advertised to, with p > p.° This allows for a clear
distinction between retargeting and not retargeting.
This greater probability of receiving signals during
retargeting could also be seen as reducing some form
of consumer search costs during retargeting” and
therefore increasing the rate at which the consumer
receives information. We note that retargeting (and
the advertising cost incurred) is done at the indi-
vidual level—whether to send an advertising mes-
sage at cost cdt, is done at the individual level, for an
individual who was observed searching for infor-
mation at some pointin the past. We also consider that
retargeting affects the likelihood with which the firm
is able to observe the consumer searching for infor-
mation and the likelihood of the consumer receiving a
fully informative signal, whose role we now discuss.

If the consumer receives a signal, with probability
g € (0,1), that signal is fully informative about the fit
of the product for the consumer, as noted previously.®
We can think of g as small. As we assumed, good or
poor fit are equally likely; therefore, given that the
consumer received a signal, with probability g/2 the
consumer receives a positive fully informative signal,
and delivers an expected profit for the firm of v,”
moves to the no searching for information state, and
with probability /2, the consumer receives a negative
fully informative signal, delivers zero payoff for the
firm, and also moves to the no searching for infor-
mation state. For now, we assume that the firm does
not observe whether the consumer buys the product.

When the consumer receives definitive information
about the product fit, the firm does not necessarily see
that the consumer received this signal. In fact, the firm
only sees that the consumer has seen some form of
information with probability ¢ € (0,1), given that it
occurred. Given that the firm observes the consumer
searching for information, the belief by the firm x; that
the consumer is in the searching for information state
attimetis1 - g, as we know that with probability g the
consumer receives a fully informative signal, and
moves to the no searching for information state. As noted
previously, this probability ¢ is greater if the firm is
doing retargeting to the consumer, which we denote
as ¢ > ¢. This is the second of the two modeled main
effects of retargeting. A firm may have a better chance

at observing when the consumer receives a signal while
doing retargeting. For example, this could be because
the firm becomes more active in monitoring the con-
sumer search behavior or because retargeting is more
likely to increase the consumer clicking on the firm’s
advertisements, which are easier to track by the firm.
We distinguish below the unique effects of p and ¢
on retargeting.

Finally, as noted previously, when in the searching
for information state, the consumer can also move
exogenously to the no searching for information state
because of losing interest in the product or category,
and this occurs with hazard rate ¢ > 0. This captures
the idea that a consumer can lose interest in a cate-
gory for some factors exogenous to the problem. For
example, a consumer could be in the market to pur-
chase anew car, but then because loss of income, other
activities that require the consumer’s attention, or the
consumer realizing that public transportation could
be a better alternative, the consumer drops out of
being in the market for a car.

Unconditional on any information, this structure
yields a cadlag process on beliefs (right continuous
with left limits). Given this structure, we can use
Bayes’ rule to construct how the firm’s belief about the
consumer’s search state evolves over time f when the
firm does not receive any information that the con-
sumer received a signal about product fit.

For example, consider that a firm observes a con-
sumer searching for information and then does not
observe that consumer searching for information for
some period. During that period, and as time passes,
the firm puts more weight on the possibility that the
consumer either received a fully informative signal
or decided to stop searching exogenously. That is, as
time passes without observing the consumer searching
for information, the firm has lower and lower beliefs
that the consumer is still searching for information.

Formally, let x; be the firm’s beliefs that the con-
sumer is in the searching state at time t. Letting x;, gt =
Xt +%dt be the firm’s beliefs that the consumer is
in the searching state conditional on not receiving
any information during the period df, we want to
express a relation between x; and Xt 4410 The un-
conditional expected beliefs (unconditional on in-
formation obtained during period dt), which we de-
note by x;. 4, have to fall in expected value by the
probability of the consumer exogenously dropping
out of the search process, ¢ x;dt, and the probabil-
ity of the consumer receiving an informative sig-
nal, pqx;dt. That is, E(Xpra) = x¢ — (¢ + pg)x;dt. In
other words, the beliefs are a supermartingale fall-
ing in expected value, by (¢ + pg)x;dt in period dt.
This yields a relation between the beliefs at time ¢,
and what can occur and the beliefs at time ¢+ dt.
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Second, With likelihood p ¢ x; dt the firm knows for
sure that the consumer is in the searching state and the
belief that the consumer is searching jumps to 1 —g.
Third, with probability (1 —p¢x;dt) the firm does
not receive any information, and the belief that the
consumer is searching goes to x4 = x; + % dt. That
is, E(Xt+at) = Xpsar(1 —p P x,dt) + (1 —q)p px,dt. Putting
this all together yields

Xp = (xt +% dt)(l —poxdt)+ (1 —q)pdpxdt
+ (Y + pq)x; dt. 1)

Dividing by dt and making dt go to zero, we can
then obtain'"

% = —pdxi(1 — x;) — Pxy — P(l - (P)qxt. (2)

With this information on how the firm beliefs evolve
over time, we can set up the dynamic programming
problem of when the firm should and should not
retarget. Once we have the optimal retargeting strategy,
we can investigate how it is affected by the different
market forces.

Before studying formally the optimal retargeting
policy and setting up the dynamic programming prob-
lem, let us discuss the role of the different parameters.

The hazard rate of receiving a signal p (without
advertising) and p (with advertising) measure the
extent to which the consumer receives a signal about
the quality of the product. When these hazard rates
get infinitely large, the consumer is receiving signals
almost all the time. This then makes the firm’s belief
that the consumer in in the searching state to decline
very steeply without further information, but at the
same time allows the firm to get more frequent in-
formation that the consumer is searching for infor-
mation. These hazard rates being infinitely large also
lead the consumer to make a decision about the product
fit almost immediately. If, alternatively, these hazard
rates are close to zero, then the beliefs of the firm re-
garding the consumer being in the searching state
decline less steeply, but the consumer could be in the
searching state for a long time and almost never get a
signal, and the firm would rarely observe that the
consumer is searching for information. The benefit of
retargeting would be almost nonexistent if p — p.
Obviously, when the difference p —p increases, the
benefit of retargeting is greater.

An increase in the cost of advertising, ¢, also makes
retargeting less appealing. On the other hand, when ¢
goes to zero, it becomes optimal to do retargeting
for almost all levels of the firm’s belief regarding
whether the consumer is in the searching state, and
the threshold belief above which the firm chooses

to do retargeting, X, goes to zero. Note that ¢ >0
throughout the paper (even when we consider the
case of c approaching zero), such that there is a
tradeoff of whether to do retargeting.'?

Consider now the probability of a signal being
informative given that it is received by the consumer,
g. If this probability goes to one, almost every time
that a consumer gets a signal, the consumer decides
whether to buy the product, and there is therefore no
incentive for a firm to do retargeting. If this probability
is zero, then the consumer never gets true information
about the value of the product, so the consumer would
be in the searching state forever, and there would also
be no incentive for a firm to do retargeting. In what
follows, we can think of g as small, but nonzero, such
that informative signals are not too frequent.

The role of ¢ (without retargeting) and ¢ (with
retargeting) is to measure the extent to which the firm
is able to observe when the consumer is receiving a
signal. When ¢ or ¢ approaches one, the firm is able to
observe almost all search occasions, and therefore
each time the consumer searches, the firm’s belief that
the consumer is searching keeps going to 1 — 4. When
¢ = 0, the firm never has information if the consumer
is searching. As the information technology im-
proves and the firm is better able to track the con-
sumer search behavior, we would expect that ¢ and ¢
would increase.

The role of 1 is to allow for the possibility of the
consumer dropping out of the search process exog-
enously. Given no discounting, ¢’ creates an incentive
for the firm to advertise to the consumer when the
belief that the consumer is in the searching state is
sufficiently high, in order not to lose the consumer,
and to accelerate the possibility of the consumer
learning about the product fit. In this sense, ¢ >0
plays the role of discounting in the model, such that
there is an advantage in converting the consumer
sooner rather than later. If i = 0, the firm does not
gain by converting the consumer sooner and just
chooses not to advertise, that is, not to do retargeting,
for any beliefs. The greater is i, for some levels of v,
the more important it may be to advertise now.
Note also that 1) captures the effect that firms want
to advertise to consumers when they are searching
for information and in the market, because of the risk
of the consumer exogenously losing interest in the
product and not because of discounting the future
payoffs. A firm may obtain an estimate about ¢ from
market research or historical data analysis, and that
estimate may vary across product categories.

The current modeling of retargeting is one of pro-
viding informative advertising. Alternatively, we could
consider the possibility of retargeting providing per-
suasive advertising. In that case, we could interpret g as
the probability of the advertising being fully persuasive,
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and we would never have the possibility of the consumer
leaving the searching state when receiving a signal. The
belief dynamics would be exactly as above, and, in the
computation of the expected payoff, the firm would get v
with probability 4 when the consumer receives a
signal, whereas in the case of informative advertising,
the expected payoff for the firm would be v/2 with
probability g when the consumer receives a signal.

3. Optimal Retargeting
To compute the optimal retargeting strategy, we first
study the form of the optimal policy.

Let 7(t) be the expected future payoff for the firm,
conditional on the consumer being in the search state,
if the firm chooses to do retargeting for a period of
time t if the firm does not observe the consumer
searching for information before t (in that contin-
gency, the firm would go back to the optimal policy,
after just observing that the consumer is searching for
information). Note that 7t(t) includes the possibility of
the consumer dropping out of the search process
before t (either because of the exogenous drop rate ¢
or because the consumer receives a negative infor-
mative signal on the product fit), and the retargeting
costs c that are incurred. The expected payoff for the
firm under this strategy, given that the consumer is
actually not in the search state, is —ct. Let £*(x) be the
optimal t when the firm has a belief x that the con-
sumer is in the search state.

Then, for it to be optimal for the firm to do retar-
geting when it has belief x, we must have that

xrt(£(x)) + (1 — x)(=ct*(x)) = x7(0). 3)

Consider now the belief x” > x, and suppose that the
firm with that belief chooses the suboptimal strategy
t*(x), as the maximum length of time that the firm does
retargeting if the firm does not observe that the
consumer is searching for information prior to *(x).
The expected future payoff for the firm would then be

X't (x)) + (1 = x)(—ct* (x))
> xm(t*(x)) + (1 = x)(—=ct*(x)) = xm(0).  (4)

This yields that at state x’, it is optimal for the firm to
do retargeting. As this was obtained for a general
x’ > x, we then have that there is a threshold x such
the firm does retargeting for x > X and does not do
retargeting for x < x. The following proposition states
the result.

Proposition 2. There is a belief threshold X such that the
firm advertises for x > X and does not advertise for x < X.

Given the evolution of the firm’s beliefs (with and
without retargeting) presented in the previous sec-
tion, the format of this optimal retargeting strategy

determines *(x) uniquely for x > X, a one-to-one map-
ping between x and time to continue retargeting, and
t*(x) =0 for x <.

From this property of the optimal retargeting strategy,
we can then fully characterize the optimal retargeting
strategy. Let V(x) be the expected present - value of
the firm's profits if the firm has the belief x < X; let V(x)
be the expected present value of profits of the firm
if the firm has the belief x > X; and we already have
that v is the expected profit for the firm when the
consumer receives a positive informative signal.13 We
restrict attention to the case in which it is optimal to
do retargeting if the firm observes the consumer
searching for information, X < 1 — g, which holds if the
cost of retargeting c is low enough (presented in (A.3)
in the appendix). To derive the optimal retargeting
policy, let us first consider the present value of profits
when the belief of the firm is sufficiently low, such
that the firm does not advertise, x < x. The Bellman
equation of this problem can be written as

(1 - pox dt)

x [V(x) + V’(x)E dt|, )

V(x) = p ox dt + ppx dt V(1 - q) +

as with probability p¢xdt, the firm’s beliefs jump to
(1 — g) at which point the firm moves to a retargeting
region, with an expected present value of profits equal
to V(1 —¢), with probability pZxdt the consumer re-
ceives an informative signal that the product is a good
fit, and in that case the firm gets a payoff of v, and with
probability (1 — ppx dt), the firm does not receive any
new information, and it then gets an expected payoff
of V(x;4+4), which can be approximated with a Tay-
lor’s expansion to V(xt) + V'(x) G d* de. ' Dividing by dt
and substituting for ; from (2) one can obtain the
differential equation

[po(1 = x) + ¢ +pg(1 - ¢)]V'(x) + poV(x)

=poV(1-q)+plo, (6)
which can be solved to obtain
V(x)=V(1-q)+ _¢ +C[B - popx|, (7)

where B =pp + ¢ +pq(l — ¢), C is a constant to be
determined later, and 17(1 —q) is the present value of
profits when the belief that the consumer is searching
is (1 —g), which is determined by V(0) =0

When the firm is advertising, the Bellman equa-
tion becomes

V(x) = —cdt +'ﬁgvx dt +pox dt V(1 - q)

+ (1 — popx dt) [?(x) + ?'(x)% |,  (8)
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from which one can obtain along the same lines
as previously,

q C
Vi) =V(1- @+2¢+cp p¢4—§
o FZ(PX log —xP<Z)X , )

where B=p¢+ 19 +pg(1-¢), and C is a constant
which is determined by (9) when x = 1 — 4."° To obtain
C and ¥, one then makes V(x) = V(®), value matching
atx, and V’(x) = V’(x), smooth pasting at x. Note that
C < 0. We can obtain X implicitly by

1,D+pql (B P‘Px)(l ‘7)
(¥ +pg)x

x (P - po) 9% + 20B( + o) + _paB(y + o)
X (@ - ¢>) =0.

2¢ qB +2¢

(10)

We wrote the value function as a function of the be-
liefs of the firm regarding whether the consumer
is searching for information. As these beliefs are
uniquely determined by the extent of time because the
firm observed the consumer searching for informa-
tion, we could alternatively have used time since
observation of the consumer searching for informa-
tion instead of x; in the value function.

From (10) we can obtain that the threshold X is a
decreasing function of v/c, which can be seen as ex-
pected as the firm wants to do more retargeting if
there is a greater profit from a sale, greater v, or ad-
vertising is less costly, lower c. We may consider that v
is large for higher priced products such as an auto-
mobile or a house, and therefore, for such products,
we may expect that firms do retargeting for a longer
period of time after a consumer makes a decision.
Some anecdotal evidence seems to suggest that this is
the case for consumers on the market for an auto-
mobile or for real estate. However, another factor to
consider is that firms with such high v may bid up the
cost of retargeting c, such that v/c may end up not
being too large for such high priced items.

From (10) we can also obtain that for retargeting to
be optimal, it requires a greater propensity for the
consumer to receive signals, p > p, but it does not
require that the firm better tracks that the con-
sumer is searching for information, ¢ > ¢. That is,
when retargeting does not lead to a greater haz-
ard rate of the consumer receiving signals, p = p, then
it is optimal for the firm not to do retargeting with
¢ > ¢. The ability to better track the consumer search
does not lead by itself for retargeting to be optimal.
In that case, by doing retargeting the firm would
just incur the retargeting costs and not accelerate in

any way the possibility of the consumer purchasing
the product.

To obtain some further insights, we concentrate on
the case in which the cost of advertising, ¢, approaches
zero, ¢ — 0. One may expect that these costs of ad-
vertising are relatively small per consumer in digital
retargeting, a central motivation for this work. Fur-
thermore, our numerical analyses, as discussed later,
for the case when the costs of advertising are larger
replicate the analytical results obtained for the case of
advertising costs converging to zero.

When ¢ — 0, the firm wants to advertise for almost
all beliefs, that is, x — 0. We can then obtain a mea-
sure of X in comparison with c as

limg it
=0 ¢ qv[l{}(ﬁ p-p)-pprq (‘P (P)]
Xp¢+¢+pq(1—¢) (11)

Po+y+pa(1-0)

From (11) we can obtain the following comparative
statics, in addition to the comparative statics with
respect to v and ¢ discussed previously.

Proposition 3. Suppose that the firm does not detect when
the consumer makes a purchase and that c — 0. Then, the
region of beliefs for optimal retargeting, x > X, is increasing
in the propensity for the consumer to receive signals with
retargeting, p, the likelihood of the firm observing during
retargeting that the consumer is searching, ¢, the likelihood
of the consumer receiving an informative signal given that he
receives a signal, q, and the likelihood of the consumer de-
ciding to stop searching exogenously, i, for small 1, and
decreasing in the propensity of the consumer to receive
signals without retargeting, p, and in the likelihood of the
firm observing that the consumer is searching without
retargeting, ¢.

Some of these results can be seen as one would
expect: The firm wants to advertise more if adver-
tising generates a higher chance of the consumer
getting a signal (p), if there is a greater likelihood of
signals being informative (g), and if the chance of a
consumer receiving a signal without advertising is
lower (p).

More interestingly, the firm wants to advertise
more if it is better able to track that the consumer is
searching for information when retargeting (¢). As
the firm is better able to track that the consumer is
searching for information when retargeting, the firm
advertises in a greater region of the belief space. On
the other hand, if the ability for the firm to track
consumer search without retargeting increases, the
firm has less of a benefit from retargeting and
therefore advertises in a smaller region of the be-
lief space.
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One could also consider the possibility of the ability
to track consumers increasing equally for when the
firm does retargeting and does not do retargeting (an
increase in ¢ and in ¢ in the same amount). In that
case, one could potentially consider that with better
overall tracking a firm would think that not observing
the consumer searching for information might indi-
cate that the consumer stopped being on the market.
In fact, when the firm has better overall tracking, the
firm realizes that when it advertises, it will be bet-
ter able to discern whether the consumer is searching
for information and therefore chooses to still advertise
for lower beliefs of the consumer being in the searching
for information state.

Also interestingly, when the likelihood of the con-
sumer exogenously stopping the search process is
greater (1), if 1 is small, the firm wants to advertise
more. In this case, the firm realizes that in the future
the consumer’s interest may disappear and wants to
adyertise more. If (p — p)[ (p¢ — pp)(1 — q) — pql > ppq(1-
¢/ ¢) we can have the firm wanting to advertise in a
smaller region of the beliefs when 1) increases, if ¢ is
sufficiently large. In this case, which can occur, for
example, if the probability of the consumer receiving
an informative signal is sufficiently small, if ¢ is
sufficiently large, the firm realizes that the potential
benefits of advertising leading to an informative
signal are not too high, and the firm chooses to ad-
vertise in a smaller region of the belief space.

Given that we have X, we can compute the maxi-
mum amount of time that a consumer could be
retargeted after being identified as searching for in-
formation. This can be obtained to be (with derivation
presented in the appendix):

?:11

¢+Pq x

g B- P(le 12)

One interesting comparative statics on T is that
it can be decreasing in ¢, which we state in the
next proposition.

Proposition 4. Suppose that the cost of retargeting c is close
to zero. Then, the maximum amount of time that a con-
sumer could be retargeted after being identified as searching
for information, T, is decreasing in the firm'’s ability to track
consumer search when retargeting, ¢.

This proposition shows that the consumer could
potentially benefit from the firm having a greater
ability to track consumer search, considering the
consumer has disutility in receiving retargeting. When
the firm has a greater ability to track consumer search,
it updates faster that the consumer may not be
searching for information, when it does not observe
the consumer searching for information. Then, the
firm may prefer to stop doing retargeting sooner, as

its beliefs that the consumer is searching for infor-
mation fall now more steeply.

Figures 3-10 illustrate how the optimal threshold X
varies with the different parameters. As shown pre-
viously, as the cost of advertising c increases, the firm
advertises less, and the maximum time of a consumer
receiving advertising after having bought the product
decreases. Figure 4 illustrates that the firm has a lower
threshold X to advertise when the consumer is more
likely to get informative advertising, greater g, as
shown in Proposition 3. More interestingly, the maxi-
mum time receiving advertising after purchases is not
monotonic on g, increasing when g is small, as the firm
is willing to advertise longer, and decreasing when ¢
islarge, as then the firm realizes that not observing the
consumer search for a long time is more likely to mean
that the consumer is not searching (the posterior
beliefs that the consumer is searching for information
decrease faster over time).

Figure 5illustrates that the effect of the ability of the
firm to track consumers when not retargeting (¢) has a
monotonic effect on the optimal firm advertising
strategy for ¢ > 0. Increasing the ability to track if the
consumer is searching for information when not
retargeting makes the firm want to advertise less (higher
X), and naturally the time during which the consumer
receives advertising after purchase decreases.

Figure 6 illustrates that the effect of the ability of the
firm to track consumers when retargeting (¢) has
also a monotonic effect on the optimal firm adver-
tising strategy for ¢ > 0. Increasing the ability to track
if the consumer is searching for information when
retargeting makes the firm want to advertise more
(lower X), and the time receiving advertising after
purchase decreases. As shown in Proposition 4, a
greater ¢ has an effect on the firm’s beliefs declining
faster, and thishas a bigger impacton T than the lower
threshold x. As discussed previously, this illustrates
that improvements in information technologies leading
toanincrease in the tracking ability by firms of consumer
search could actually be beneficial to consumers in re-
ducing the length of time that consumers receive ad-
vertising. This could also potentially provide an incen-
tive for consumers to credibly disclose to what extent
they are searching for information.

As shown previously, the firm advertises more, and
the consumer ends up spending more time receiving
advertising after purchase, if the profit for the firm of a
sale, v, is greater (Figure 7). Also as expected, and as
illustrated in Figure 8, as the rate of receiving infor-
mation without advertising increases, the firm ad-
vertises less, and the consumer spends less time re-
ceiving advertising after purchase. As illustrated in
Figure 9, and as expected, when the rate at which the
consumer receives information when being adver-
tised to (p ) increases, the firm is interested in advertising
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Figure 3. (Color online) Evolution of X and the Maximum Time Receiving Advertising Without Search, T, as a Function of ¢ for
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more for the same beliefs (¥ is decreasing in p). More
interestingly, when p increases, the length of time for
which a consumer continues to receive advertising
after a purchase (T) first increases and then decreases.
It increases for low p because the firm now wants to
advertise more. It decreases for high p because in that
case the firm updates more quickly that the consumer
may not be in the searching for information state, and
so it reaches the belief X faster.

Finally, as illustrated in Figure 10, when the ex-
ogenous rate of the consumer dropping out of the
search process, ¢, increases, and 1 is small, the firm
wants to advertise more (¥ is decreasing in 1), as it
wants to take advantage of the consumer searching
for information. For some parameter values, as noted
previously (e.g., if the signal informativeness q is low
enough), we can have X increasing in ¢ for large ¢, as
the potential benefits of advertising are now weaker
(the case with solid lines in Figure 10). More inter-
estingly, when ¢ increases, the length of time for
which a consumer continues to receive advertising
after a purchase (T) first increases and then decreases.
It increases for low 1 because the firm now wants to
advertise more. It decreases for high ¢ because the

firm’s beliefs that the consumer is searching now fall
more steeply, which yields T to fall.

The optimal policy accounts for the future effects of
what the firm learns based on whether it advertises. It
is interesting to compare this with the optimal policy
if the firm were myopic. This myopic policy would be
to advertise if the expected current benefit of ad-
vertising, (p — p)4 vx,dt, is greater than the cost of
advertising, cdt. This would give a threshold of belief
on searching of x,, = q(p o Neither the ability of the
firm to track whether consumers are searching for
information, represented by gb and ¢, nor the exog-
enous rate of the consumer dropping out of the search
process, ¢, affects the optimal myopic policy, as the
benefits of the ability to track consumers and the loss
of the consumer dropping out of the search process
occur in the future.

Comparing the myopic policy with the optimal
dynamic policy for the case of small ¢, one can get that
it could be larger or smaller. In fact, the optimal
dynamic policy is to advertise more than in the my-
opic policy if the product of the likelihood of tracking
consumer search and the probability of the consumer
receiving signals is high enough with retargeting,
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Figure 4. (Color online) Evolution of X and the Maximum Time Receiving Advertising Without Search, T, as a Function of q for

v=2,p=4p=1c=.01,¢=5¢=38and ¢ =.1
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(’ﬁ@ - p¢) high enough, and the probability of the
consumer exogenously dropping out of the search
process, ¢, is high enough.

The future benefits of retargeting are greater if the
product of the likelihood of tracking consumer search
and the probability of the consumer receiving signals
is high enough, and therefore, that makes the optimal
dynamic retargeting policy to be to advertise in a
larger region of the belief space. This is possible even
if the likelihood of tracking consumer search is the
same with retargeting and without retargeting. In-
terestingly, the future effects of retargeting now are
also not too large if the probability of the consumer
exogenously dropping out of the search process is too
low, because then the firm might as well wait for the
consumer to find out about the product fit without
retargeting. Therefore, the probability of the con-
sumer exogenously dropping out of the search pro-
cess needs to be high enough for the optimal dynamic
retargeting policy to prescribe a greater region of the
belief space for advertising than the myopic policy.

The myopic policy can prescribe a greater region
of the belief space than the optimal dynamic policy,

because it does not account for the fact that even
without advertising the consumer may find out in the
future that the product is a good fit and purchase the
product. Therefore, once the future potential payoffs are
accounted for, it may be optimal for the dynamic policy
to prescribe less advertising than the myopic policy.

We summarize these results in the following
proposition.

Proposition 5. The optimal retargeting policy prescribes
advertising for lower beliefs of consumer searching than the
myopic policy if the effect of advertising is relatively high on
the interaction of the likelihood of tracking consumer search
and the probability of the consumer receiving signals (high
P — p) and the probability of the consumer exogenously
dropping out of the search process is not too low (P not
too low).'®

4. The Value of Retargeting

It is also interesting to evaluate the value for the firm
of having the possibility of doing retargeting. This can
be seen as the amount a firm is willing to invest to have
the possibility of doing retargeting. In evaluating a policy
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Figure 5. (Color online) Evolution of X and the Maximum Time Receiving Advertising Without Search, T, as a Function of ¢ for
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of making retargeting unlawful, this is the payoff for the
firm that is lost. The payoff for the consumer is evaluated
in Section 5.3.

Consider this value of retargeting evaluated at a
time when the firm observes a consumer searching for
information. The belief that the consumer is searching
for information is then (1 —g) at that time. The ex-
pected present value of profits with retargeting at that
moment is then V(1 q), which can be obtalned from
(7) as V(1 - q) = —% — CB, given that V(0) =

The maximum expected present value of proflts
with the possibility of retargeting can be obtained
with ¢ — 0, which can be obtained to be

i PI(L= ) 13
e 2y ) 1

This limit is independent of ¢ and 5 as withc — 0; the
firm is retargeting forever in the limit, which means
that the likelihood of the firm observing the consumer
searching for information becomes irrelevant. This is
not to mean that the expected present value of profits
with the possibility of retargeting does not depend on

¢ or (’15 for ¢ > 0. In fact, this expected present value of
profits has a component that depends on ¢ and ¢ for
c >0, but that component goes to zero as c ap-
proaches zero.

To obtain the value of retargeting, we have to still
compute the expected present value of profits when
there is no possibility of retargeting and the belief that
the consumer is searching for information is (1 — g),
which can be obtained to be V(1 —g) = %{ng

We can then obtain the value of retargeting when
c— 0tobe

q(1 = q)ov(p - p) (
2(¢ +pg)(y +pa)

This yields the following comparative statics.

14)

lim V(1 -q) - V(1-q) =

c—0

Proposition 6. Suppose that the cost of retargeting is small.
Then the value of retargeting is increasing in the propensity
for the consumer to receive signals with retargeting, p, the
profit earned if the consumer purchases the product, v, the
likelihood of the firm observing that the consumer is searching
when retargeting, ¢, decreasing in the propensity of the
consumer to receive signals without retargeting, p, and the
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Figure 6. (Color online) Evolution of X and the Maximum Time Receiving Advertising Without Search, T, as a Function oftAjD for

v=2p=4p=1c=0lg=1¢p=5andyp=.1
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likelihood of the firm observing that the consumer is searching
when not retargeting, ¢. When ¢ = ¢, the value of retar-
geting is increasing in ¢. The walue of retargeting is
increasing (decreasing) in the likelihood of the consumer
receiving an informative signal given that he receives a
signal, g, for g < (>)q* for a q* €(0,1/2), and in the
likelihood of the consumer deciding to stop searching ex-
ogenously, V, for small < (>) pq.

The more interesting comparative statics are the
ones on the probability of the consumer receiving an
informative signal given that he receives a signal, g,
and on thelikelihood of the consumer deciding to stop
searching exogenously, 1. As discussed previously,
when the probability of receiving an informative
signal is close to zero, there is not much gain in
retargeting, as the consumer is not likely to receive an
informative signal. At the same time, if the probability
of receiving an informative signal is close to one, there
is also not much of a benefit in retargeting, as when
the firm observes the consumer searching for infor-
mation, the consumer most likely also received a fully
informative signal. The proposition shows that the
value for retargeting is the highest for an intermediate
value of g, which is less than 1/2.

=>

Also as discussed previously, if the likelihood of the
consumer deciding to stop searching exogenously is
close to zero, there is not much gain in retargeting, as
the consumer will end up receiving a fully informa-
tive signal even if the consumer is not being retar-
geted to. At the same time, if the likelihood of the
consumer deciding to stop searching exogenously is
very high, there is not much gain in retargeting as the
consumer is likely to stop searching before receiving a
fully informative signal, even when being retargeted
to. We find that the 1) that maximizes the value of
retargeting is ¢ = pg.

This value of retargeting is not the cost of retargeting c
such that the firm chooses not to do any retargeting.
That threshold cost of retargeting is presented in (A.3)
in the appendix. The greater the ¢, the less retargeting
that the firms do, and the lower the value of retargeting.

One could also ask what is the value of information
for the firm of learning for sure if a consumer is or is
not searching for information. If a consumer is searching
for information for sure, the expected presented value
of profits is V(1). If a consumer is not searching for
information for sure, the expected value of profits
is V(0) = 0. The value of perfect information is then
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Figure 7. (Color online) Evolution of X and the Maximum Time Receiving Advertising Without Search, T, as a Function of v for
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x‘7(1) 17(x) which is positive as V(x) is strictly
convex for x > X.'” Given the convexity of the value
function, we have V(1) - V(1) < 0 and V(1) > V'(0) =

V’(x), which means that the value of perfect infor-
mation is maximized at some x* € (X,1). That is, as time
passes since the firms knows for sure that the consumer
is searching for information, the value of perfect infor-
mation for the firm first increases, until the belief reaches
x*,and then decreases. We can also get that, forc — 0,
we have V(1) < V'(1 - q) such that x* € (X,1 —g). That
is, as time passes since the firm actually observes the
consumer searching for information, the value of perfect
information for the firm first increases and then decreases.

5. Model Extensions

This section considers several model extensions, in-
cluding the possibility of the effect of retargeting on
the quality of the signals, the possibility of the firm
recognizing when purchases occur, and the possi-
bility of the consumer being forward-looking with
respect to the firm’s retargeting strategy.

5.1. Retargeting and Quality of Signals

In this section we consider the possibility that retar-
geting may not only increase the hazard rate of in-
formation received by the consumers and the likeli-
hood of the firm observing when the consumers receive
a signal but can increase the likelihood of the con-
sumers receiving a fully informative signal conditional
onreceiving asignal, g, as well. For example, this could
be because the retargeting of the firm could be more
informative than the usual consumer information
sources. In terms of the previous model, this would
mean that the parameter 4 would be greater when the
firm is retargeting, 7 > ¢.

In terms of the previous analysis, considering this
case could be done by replacing g with g in (9), with
B= qu) + 1 +pq(1 — ¢). The analysis would then lead
to obtaining X implicitly by (A.25), which is presented
in the appendix.

We can obtain that, even when retargeting does not
lead to a greater hazard rate of the consumer receiv-
ing signals, p = p, it is still optimal for the firm to do
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Figure 8. (Color online) Evolution of X and the Maximum Time Receiving Advertising Without Search, T, as a Function of p for

¢p=50v=2p=1c=.0L,g=.1,¢=.8and ¢ = .1

1.0 -
A A
X T
0.9
-6
0.8
0.7 1 [
061
4
0.5
3
0.4
0.3 L,
0.2
% 1
0.1
0.0 : : : . . . . 0
0.0 0.1 0.2 03 04 05 0.6 0.7 08
P

retargeting with 7 > g. That s, the ability by itself to get
the consumers to receive more informative signals with
retargeting leads retargeting to be optimal. In that case,
by doing retargeting, the firm accelerates the possibility
of the consumer purchasing the product before the
consumers drops exogenously out of the search process.

When the costs of retargeting approach zero we can
obtain a measure of the ratio X/c as

pi+y
olyd(Ea-pa) +p7 |0(1-9)7-(1-0)a|}
L POTUHpa(1-9)
Po+y+pa(1-9)

(15)

From this, we can obtain that a greater informativeness
of signals during retargeting leads to greater retargeting.
That is, the firm prefers to increase the region of beliefs
where retargeting occurs if it leads to greater signal
informativeness, because of the acceleration in con-
sumers deciding whether to purchase the product.

5.2. Recognizing Purchases
In the previous sections, it was assumed that the
seller does not know when the consumer makes the
purchase, and therefore, we have that the firm may
continue to advertise even after a purchase. With
improvements in tracking technologies, firms might
have the ability to detect when consumers purchase
the product and therefore do not send further retar-
geting advertising. This section considers this case
and compares the optimal strategy with the case in
Section 3 in which the seller does not detect consumer
purchases. We consider the case in which if the
consumer receives a positive informative signal the
consumer always purchases the product.'®

In this case, if a firm observes a consumer search for
information (which happens with probability p¢ dt
when not advertising given that the consumer is
searching for information), with probability g/2 the
firm sees the consumer purchase the product. After
observing the consumer search for information and
not observing any purchase, the posterior belief that
the consumer is still searching for information is
(1- zi_q), as the probability of no purchase given
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Figure 9. (Color online) Evolution of X and the Maximum Time Receiving Advertising Without Search, T, as a Function of p for

¢p=5v=2p=4c=0lg=1¢=8andp=.1

1.0 4.5
A A
X T
0.9 4.0
0.8
3.5
0.71
3.0
_II\_
061
2.5
0.5
2.0
0.4
1.5
0.3
1.0
0.21
0.11 0.5
A
X
0.0 : : : : : : 0.0
0.5 1.0 1.5 2.0 25 3.0 3.5 4.0

searchis (1 — g/2), and the probability of continuing to
search for information given that a signal was re-
ceived is (1 —¢).

The belief updating when the firm does not observe
the consumer searching for information is also now
different because the firm observes a product pur-
chase which occurs with probability p(1 — ¢)Lx; dt, if
the firm does not observe consumer search, and given
that the consumer is searching for information. As in
Section 3, the beliefs at time t have to be consistent
with what can occur in the future. As in Section 3, the
beliefs are again a supermartingale, falling in ex-
pected value by (¢ +pg)x;dt in period dt, and we
can obtain

X = (xt+l;—tdt)[ —¢ppxdt—(1-¢) gpxtdt]

AN
+¢>(1 2)(1 z_q)pxtdt+gbxtdt

+qpx dt. (16)

o>

We can then obtain that (2) changes in this case to

T pfo+ (1= 0) 1] w1 -2~ g -
x (1= ) 2.

Let X be the threshold belief of the firm such that the
firm only advertises for x > x. With similar analysis as
in Section 3, we can obtain that, when the firm is not
advertising, x < ¥, the present value of profits of the
firm can be obtained as

(17)

V(x) = C[B — Ax]
24 p(1-q/2) V(1,2
w2+ 9(1 =912V (1 -%) o
¢+ (1-¢)q/2

where A = p(¢ + (1 - ¢)3), C is a constant to be de-
termined later, and B is, as defined previously, B =

po+ p(l —P)g + ¢.
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Figure 10. (Color online) Evolution of X and the Maximum Time Receiving Advertising Without Search, T, as a Punction of P
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Note. The solid lines have p = .4, and the dashed lines have p = .8.

For the region of beliefs where the firm advertises,
x > X, we can obtain, along the same lines as in Section 3,
the present value of profits as

—~

= =~ =~ B-A
V(x):C[B—Ax]+c = xlog

Rk pr(l - q/z)§(1 -1
b+ (1 -

<¢>)q/2

7

(19)

where A :’ﬁ@ +(1 —@)q/Z], Cis a constant to_be
determined, and B is, as defined previously, B = p¢ +
p(1- $)q + 1. With the conditions V(0)=0,V®)=V({),
and V'(x) = V'(%), and evaluating (19) at x =1 — 2"%‘7,
one can obtain the value of X and of the constants
C and C. The optimal X is determined implicitly by
(A.35), presented in the appendix.

For ¢ — 0, we can obtain X — 0, X <X and that ¥
converges to

limX = 2 PA+ Y PO+ ¢ +pg(l =)

P oty +p(1-9)
y P2-q)+q .
y|@-a)(po-po) +a@-p)| +arp(6-9)

(20)
Proposition 7. When the firm is able to recognize purchases
when they occur, and the costs of doing retargeting are small,
the firm has a threshold of beliefs that the consumer is
searching for information to do retargeting, which is lower
than the threshold in the case in which the firm does not
recognize purchases immediately.

In the case of recognizing purchases, the firm
knows that if the firm waits longer without doing
retargeting, the firm may learn that retargeting is not
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needed because the consumer purchased the product.
On the other hand, when doing retargeting, the firm
knows when the consumer made a purchase, and
retargeting is no longer needed. It turns out that,
when the costs of doing retargeting are small, the
latter effect dominates, and the threshold belief to do
retargeting is lower when purchases are recognized.
That is, the region of beliefs for which the firm does
retargeting is greater when the firm recognizes pur-
chases than when the firm does not recognize pur-
chases. We could not find parameter values for which
this result did not hold.

Figures 11-15 illustrate how X and X evolve for
the different parameters for the case of ¢ > 0, show-
ing that for the parameters considered we always
have X > x.

It is also interesting to evaluate how the beliefs
evolve in this case where purchases are recognized
and compare them with the case above when pur-
chases are not recognized. In this case of purchases
being recognized, we can obtain that the beliefs that
the consumer is searching for information as a function of

time, because the time at which the firm recognizes that
the consumer is actually searching for information, as

2(1-¢)B |
5(1 - q) [5(2 - q) + q] + [¢(2 - q) + ’ﬁq]eBt

Comparing this with the previous case when pur-
chases are not recognized, one can obtain that, without
further information, the beliefs while the firm does
retargeting without purchase recognition are always
below the beliefs under purchase recognition. However,
as in the case with purchase recognition the firm does
retargeting for longer (as discussed later), we have thatin
the case with purchase recognition, the beliefs can at
some point be lower in the retargeting phase than the
lowest possible beliefs in the case without purchase
recognition in the retargeting phase (x). Figure 16 il-
lustrates how the beliefs evolve over time under the
two different conditions.

As in Section 3, in this case when purchases are
recognized, we can also compute the maximum amount
of time that a consumer could be retargeted after being

(21)

Xy =

Figure 11. (Color online) Evolution of X and X as a Function of g forc=.0l,v=2,p=4,p=1,¢ = .5,$ =8 andyp=.1
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Figure 12. (Color online) Evolution of X and X as a Function of ¢ forc=.0l,v=2,p=4,p=1,9= .1,@ =8 and ¥ =.1
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identified as searching for information, which we can
denote as T, and is presented in the appendix. For ¢
close to zero, one can obtain that this length of time is
greater than the maximum amount of time of retar-
geting in the case when purchases are not recognized.
Recognizing purchases makes the extent of time that a
consumer can receive retargeting without being in the
state of search for information to be greater. This is be-
cause the firm now has a greater belief that the consumer
is still searching for information because the firm would
observe whether a purchase had occurred.

5.3. Forward-Looking Consumers

The analysis in the previous sections considered that
the consumers were not aware that, if they were
observed searching for information, they would re-
ceive advertising later. Consider now the case of
forward-looking consumers, where consumers are
now aware that if they are observed searching for
information, they will receive retargeting advertising
that will provide more information about the product
fit. Suppose that consumers are infinitely patient, but
given that the consumer also knows that with hazard
rate ¢, he will switch from a state of having a potential
positive benefit for the product to a state in which he

has zero benefit of the product forever, the con-
sumer has bounded benefit of having the product.
The existence of hazard rate ¢ works as discounting
on the consumer benefits. This possibility of retar-
geting, given the assumed no hassle costs of receiving
advertising, makes then the consumer more willing to
search for information than in the case of myopic
consumers, potentially allowing the firm to increase
its price. To focus on the critical market forces, and
simplify the analysis, let us also assume that the
consumer knows when retargeting is occurring.

To analyze this situation, let W, be the expected
present value of benefits for the consumer when the
firm is not retargeting, and let W(t) be the expected
present value of benefits for the consumer when the
firm has been retargeting for a t period of time. From
Section 3, we also have the maximum extent of time
thata consumer is retargeted to without purchase as a
function of v as T. The expected payoff for the con-
sumer when searching for information without being
retargeted to can be derived as

W, =2 S(P)pdt - edt +(1 - Bd)W, +¢ (1 -q)

X W(0) p dt. (22)
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Figure 13. (Color online) Evolution of X and x as a Function of (?b forc=.0l,v=2p=4p=1g9=.1¢=5and p=.1
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To obtain (22), with probability 1 pdt, the consumer
gets an expected consumer surplus S(P), and during
the period dt, the consumer pays search costs ¢dt.
Furthermore, with probability (1 — Bdt) the consumer
does not get any full informative signal or drop ex-
ogenously out of the search process, nor does the firm
observe the consumer searching for information; in
this case, the consumer gets the expected present value of
benefits when the firm is not retargeting, W,.."” Finally,
with probability ¢(1 —g)pdt, the firm observes the
consumer searching for information, but the con-
sumer does not receive a fully informative signal, and
in that case, the consumer gets the expected present
value of benefits when the firm is just starting the
retargeting phase, W(0).
From (22) one can obtain

BW, = gpS(P) —e+o(1-qpW(O).  (23)

Similarly, if the consumer is searching for informa-
tion and is being retargeted to for a t period of time,

0

we can now derive his expected present value of
payoffs as

W(t) = g S(P)pdt — edt + [1 - Edt][W(t)
+ W/(H)dt] + ¢ (1 - q) W) pdt. (24)

To obtain (24), with probability 1 pdt, the consumer
gets an expected consumer surplus S(P), and during
the period dt, the consumer pays search costs ¢dt.
Furthermore, with probability (1 — Bdt), the consumer
neither gets any full informative signal nor drops
exogenously out of the search process, and the firm
does not observe the consumer searching for infor-
mation; in this case, the consumer gets the expected
present value of benefits when the firm is retargeting
for an additional period dt, W(t +dt). Finally, with
probability ¢)(1 q)pdt, the firm observes the con-
sumer searching for information, but the consumer
does not receive a fully informative signal, and in that
case, the consumer gets the expected present value of
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Figure 14. (Color online) Evolution of X and ¥ as a Function of ¢ forc = .0l,v=2,p=4,p=1,9=.1,¢ =5, and (’ﬁ =8
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benefits when the firm is just starting the retargeting
phase, W(0).
From (24) we can obtain

W(t) = De® + % EES(P) —e+p(l- q)ﬁW(O)], (25)

where D is a constant to be determined, and from
which we can obtain

DB +1pS(P) - ¢
p+y

As the consumer’s expected value of payoffs is con-
tinuous when the firm switches to stopping adver-
tising, wehave W,, = W(T) from which we can obtain,
using (23), (25), and (26), the value of D, which is
presented in the appendix. We can obtain that D <0,
which yields that W(f) is decreasing in f at an in-
creasing rate. That is, the consumer is better off the
longer he is likely to be receiving retargeting, and this
benefit falls quickly when the maximum future time
is reduced.

For search costs that are not too small, the optimal
policy of the firm is to price such that a consumer not

W(0) = (26)

¥

receiving retargeting is indifferent between searching
and not searching for information, W,, = 0. As W(t) is
decreasing in t and W(T) W,, we then have that
W(#) > 0 for t € [0, T). From this we can obtain from
(26) that 1pS(P) — € > 0; that is, when the period of
retargeting starts, the consumer has a strictly posi-
tive current expected benefit of searching for infor-
mation. This confirms that during the period of
retargeting the consumer continues to want to search
for information.

From (23) and W(0) > 0, we can also obtain that
1pS(P) — € < 0; that is, when the consumer is not re-
ceiving retargeting, the consumer has a strictly nega-
tive current expected benefit of searching for infor-
mation. This is the positive effect of the consumer’s
search for information because the consumer is for-
ward-looking.

__To obtain further insights, for ¢ — 0, we have
T — oo, from which we can obtain

W(0) — 3P S(T v (27)
1(q P(1-q)p g~
W, —>E{EpS(P)—€+W[§PS(P)_€]}' (28)
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Figure 15. (Color online) Evolution of ¥ and X as a Functionof p—p forc=.01,v=2,p=4,9=.1,¢ =.1,¢ = .5 and 5 =8
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Setting W,, = 0 to obtain the optimal price P*, we get
that when ¢ — 0, the optimal price when ¢ is small is
obtained by
_ 2¢B
9B’
which leads to a higher price P* than in the myopic
consumers case. From this, one can also obtain that, as
the search costs ¢ increase, P* has to decrease, re-
ducing then v = (P* — m)[1 — F(P*)]. That is, as search
costs increase, the firm reduces the price to induce
search, and earns a lower expected profit per con-
sumer who receives a positive informative signal.
__ For general costs of retargeting ¢, P* is increasing in
T.Forlarge T this effect on P* is small, as in that case P*
is close to (29). On the firm side, per the analysis in
Section 3, we can obtain that for small ¢, the effect of v
on T isbounded, and bounded away from zero. As an
increase in ¢ makes the firm increase T for a fixed v, we
have that, in equilibrium, for ¢ small, an increase in ¢
leadstoa decreasein T and a small decrease in v (small
decrease in P*).?° Similarly, an increase in the con-
sumer search costs leads to lower prices and a de-
creasein T. We formalize these results in the following
proposition.

S(P) (29)

Proposition 8. Suppose that the costs of retargeting c are
small. Then a decrease of the costs of retargeting or a decrease
of the consumer search costs leads to higher prices and to a
higher maximum length of time of receiving advertising after
purchase. Without disutility costs of receiving advertising,
the consumer is more willing to search when he is aware of
potential future retargeting than when he is not aware of the
future retargeting.

Figure 17 illustrates the change in the equilibrium
for an increase in ¢ for this case of small c.

The result that the consumer is willing to accept a
higher price when being forward-looking depends on
our assumption that that there was no disutility of
receiving advertising. If receiving advertising creates
disutility (ad annoyance), that can be introduced in
(22) and (24), which would lead to a lower price for the
consumer to be willing to search for information.
Letting 1 be the disutility per unit of time of receiving
retargeting, (22) and (24) would change to

W, =3 S(P)pdt - edt+(1-BdhW, +¢ (1 - )

X W(0) pdt — nTgpdt, (30)
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Figure 16. (Color online) Evolution of the Beliefs x over Time, for the Cases with and Without Purchase Recognition, and if the

Firm Does Not Get New Information
1.01
X

0.91

0.81

0.7

0.61
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0.51 recognition

0.41

0.31

0.21

0.11

0.0

x with purchase
recognition

time

Note. This is presented forv =2,p=4,p=1,9=.1,9=.1,¢ =.5 and (’1; =.8.

and

W(t) = g S(P)pdt — (e +n)dt + [1 - Edt]
X [W(t) + W' () dt] + ¢ (1 — q) W(0) p dt
(T —t)[pa(1- @) + y|dt - nTgapar, 1)

respectively, and the analysis would then proceed as
before. This includes the fact that the disutility of
retargeting will continue after the consumer drops
out of the search process (either by getting a fully
informative signal or by exogenously dropping out of
the search process), and the possibility that when the
consumer gets a fully informative signal, the firm may
also observe the consumers searching for information
which would lead to an additional period T of retar-
geting. If this disutility of receiving advertising, 7, is
sufficiently large, the price to induce consumer search
for information may be lower than the price under
myopic consumers, which would be translated to a
reduction in vand therefore a reduction in the value of
retargeting.

Another interesting possibility not considered previ-
ously is that the consumer, before engaging in search for
information, may have a sense of his valuation for the
product w in case of product fit. This could be because
the valuation in case of product fit is related to some
consumer characteristic that is common across all
products. One such characteristic could be, for example,
consumer income. In such a case, only consumers with a
sufficiently large w will search for information with the
intent of purchasing the product if they find a product
fit. The choice of the price would then determine the
threshold w for the consumer to search for informa-
tion. The construction of v in this case would then just
involve the margin obtained on the product.

6. Concluding Remarks

This paper considers the optimal retargeting strategy
of a firm when the firm does not fully know whether
the consumer is searching for information but receives
occasional signals when the consumer is searching for
information. The consumer searches for information and
at some point finds out whether the product is a good
fit. The model captures the possibility of the consumer
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Figure 17. (Color online) Equilibrium Change in T and v for an Increase in the Costs of Retargeting c for Small c: Retargeting
Best Response Moves Down, and Equilibrium Moves from Point A to Point B

pricing

TN

continuing to receive retargeting even after purchasing
the product or after deciding that the product is not a
good fit. The paper characterizes how the optimal policy
is affected by the different parameters and compares the
optimal strategy with the case in which purchases are
immediately recognized.

We also illustrate how consumers looking for in-
formation can be endogenized in the model and il-
lustrate how forward-looking consumers may po-
tentially allow the firm to increase its price. This
possibility allows for both the choices of price and
retargeting to be endogenized and illustrates how
these two decisions interact, with a higher price
leading to more retargeting and more retargeting
allowing for higher prices if consumers do not have a
strong disutility for the advertising that is received.

The paper models retargeting as a discrete action
that can either occur or not. Alternatively, one could
think of retargeting as a continuous variable, such
that a greater retargeting intensity is more costly but

retargeting

retargeting with
greater c

leads to more information to be provided to the
consumers. This alternative model could potentially
generate that the retargeting intensity is greater closer
to the time that the firm receives information that
the consumer is searching for information and then
slowly decreases over time. The analysis of such an
alternative model is rather complex, but the main
messages of the model considered here should carry
over in that smoother case.

The model considered that the probability of a firm
receiving information that the consumer is searching
for information is exogenous. More generally, we
could imagine the firm endogenously deciding on the
intensity of monitoring whether the consumer is
searching more information. This would be an in-
teresting issue for future research.

Another interesting question to investigate is what
happens when the consumer is searching for infor-
mation to choose one of several products, and
the retargeting decision is made by several firms.
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That problem would require considering how the
different firms gain information on whether a con-
sumer is searching for information, how retargeting
by any set of firms affects how consumers receive
information, and the threshold decisions for any
number of firms to decide to do, or stop doing,
retargeting. The surplus extracted by a firm after a
product fit may also depend on the opportunity for
the consumer of continuing to search for information.
Such a model may also endogenize the probability of a
consumer stopping the search process, because of the
consumer purchasing the product of one of the
competitors.
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Appendix

A.1. Derivation of Equation (1)

We can obtain x;,4 by Bayes’ rule. Let Pr( search N no

observation |x;) be the probability of the consumer being in
the search state attimet + df and the firm not observing the
consumer searching for information during time period dt,
given that the probability that the consumer is in the search
state at time t is x;. We have Pr( search N no observation |x;)
=x—(1-q)ppxidt— (¢ +pq)x;dt. Let Pr( no observation |x;)
be the probability of firm not observing the consumer
search for information during the time period dt given
given that the probability that the consumer is in the search
state at time t is x;. We have Pr(no observation|x;) =1—
poxidt. By Bayes’s rule we have x;,4 =Pr(search N no
observation | x;) / Pr( no observation | x;). Multiplying by
(1 - p¢xdt) we can then obtain (1).

A.2. Presentation of C in 9)
By making x =1 — g in (9), one obtains
¢ e £ ogll);r;q.(A.l)

C= e
(V+pg)B 20(p+pg) B2 7 1-

A.3. Derivation of Optimal Policy for c — 0 and the Firm
Not Detecting Consumer Purchases
From (7), we can obtain V’(x) = —Cp¢ and

quc B—ﬁqu_g}
x xXB

V’(x) = —Cp po — (A.2)
Using V(%) = V(%)and evaluating V(x)atx=1- gyields
condition (10), which determines the value of x.
When ¢ — 0 in (10) we can then obtain (11).

To check the condition on ¢ such that we havex <1—g,
using ¥ = 1 — g in (10), we can obtain an upper bound on ¢,
which is

_10a(L = a)B|(F - p)u - (- o)
2B+ )+ (- po)vll—)

S%vq(l—q)(ﬁ—p)

(A3)

Proof of Proposition 3. Differentiating (11) with respect to
o, q> ¢, and g, one obtains the results in the proposition.

Derivation of T: Solving for the differential Equation (2)
when the firm is retargeting, one obtains

(A4)

where the constant C,, can be obtained by using xo =1 — g in
(A.4), which yields C,, = XlogZ ff;l’ Using this value for C,
and x; = X in (A.4), we can obtain (12).

Proof of Proposition 6. Direct differentiation of (14) gets
the comparative statics with respect to p,p,v,4q, and . The
comparative statics with respect to ¢ and ¢ require more
work, but are relatively intuitive. We show the comparative
statics with respect to ¢ under the constraint ¢ = ¢, which is
less obvious. From V(0)=0 one can obtain V(1 —-g) = —ﬂ—
CB where

c=cP,. P9 S1o B f¢x . (A5)
po 6pB X Bp(])x
from V(%) = V'(%), and
a_ 1 [c_qu|_c. v+pg
€= ¢+w7(B z¢>) Fooi-g (A6
from the evaluation of V(x) and x = 1 — .
We can then obtain
D1 -g =219 g )
2( +pa)  20p(¢ +pg)
_CcBpgx+1y+pg
pg PX(¢ +pq)
B og— WP (a)
T g (B-po%)
From (10) we can write X = ¢(Dy + D,) with
Y+pq B
Dy =2—"———"-= A8
" Tquy(p-p)B (49
and
1-q)(B-ppx
D, = 20%|q V4P (=B 7o) . (A.9)

quB B x(¢ +pq)
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The term D; is the term that does not go to zero when
¢ — 0, and is independent of X, and D, — 0 when ¢ — 0.
We can then obtain

IV(-q) B 1 1
96 peBIDi+D; Dy
pw(P pl-aq), B
B'p(y +pg) qub(Dl +Dy)
L |¢P-p-q) Di+D;
BB D1 + D,
7 - 2p —
(- qptP@ra=90) + 92 )
pB
xlog—x(lqu? — +CBT;52
(1-q)(B-pez) pB
X B(D1+D§) + P A] , (A.10)

(E - Wﬁ) (Dy + D) B - g%
which reduces to

IV(-q _ B D .
¢ p$*BD1(D1 + D2)
(P-p-q) B

D;D), - DD,

Bpw+pg)  Bpo DiDi+D)
T ~pp(P+q- <¢>q)3+ v(2p-p)
pB
X log—y(l’bjﬁq’)\ —
(1-q)(B-pez)
po | BDiDY) | pE A}.
PB (B —Wﬁ) (D1 +Dy) B-pox
(A11)
Note now that
1-g)(B-
Dy = 2|1 VP, (-3 -79%) 4G, (A12)
qu x(y +pq)
where
20% || W+ (1-q)(B- 7o) 2%
G=—"= ~—log — - .
qu B (¢ +pa) qo (B - ﬁqﬁ)
(A13)

When ¢ — 0, the biggest terms in ‘W(l V(-9 are of the order
xlogA Dividing by this expression we obtam

— )P - p)Yo(¥ +p1)
Bﬁaqv

lim = ! G=-2 (1

c—0xlogk (A.14)

and we can also obtain that

hm 1 (D1 G- D/ Dz)

1 Tog 1 (A.15)

This then yields

1 V(-9
lcgr(}'flog% dp

H- )Pp(cbﬂi <7>01)+1P(2P P
pD1B
(A.16)

A.4. Optimal Policy for Variation in Quality of Signals
Consider the case of optimal retargeting when purchases
are not recognized and 7 > 4.

By making V(x) = V(X), we get

P1-0)- 703+ 5[1-2) o o

. (A7)

:ap_paq_%+cB}§Wkgngm

where B=7p[¢+(1-¢)4] +¢, and from which we can
obtain, solving for C,

B-pox
B2(B - p¢yx)

_B-pgr <
€= CB_P(fﬁ B(B - p¢)
p</>x

X log

v (1_1 V-9 -v(i-3) (A.18)

“2(B=pea) |0 ® B — p¢x
By making V'(¥) = V'(3), we get

Cpop = qb + cqu log p(PX BA’ (A.19)
x

from which, solving for C, we can get
C=E@+c P? logB_f¢x+AcA. (A.20)
Py ppB2 x Bp¢x

By making the left-hand side of (A.18) equal to the left-
hand side of (A.20), we can obtain

6+§Czlog8_f¢pr¢—B_p¢x

po  B-pox

+
X

¢
B

X[LA%P
px B —pox

v (Q_E Vi-q-V-3)_,
2B-pgR) ¢ ¢ B — ppx

Now, to obtain C, we can evaluate \7(x) at x=1-79
to obtain

co_ 1 [c_qo)_ ngﬂﬂq
vPa\B 29) B © 1-7

(A21)

(A.22)
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which we will use in (A.21). Now, from the evaluation V(x) Now from (A.27), one can obtain
at x =1 — g, one can obtain _ _ o
_ _ E=Eé+ci,\log8_Ax+L,\~. (A.29)
V(i-q)-V(1-3 4 ABx
_qu = P e _ Because we can write ?(x) = E(B — Ax) + V, the condition
B ﬁ * C[l/} tP7-po 6])] 3 V(X) = V(%) can be reduced to
(PHPA-POa=a)y VP ql—mb(q—q). (A23) c_EB-A ¢ B-A%
B —19 B—-AX B(B-AX) BX(B- AY)
Substituting for C from (A.22) we can obtain « 10g§ - ZEE (A30)
(1 5]) (1 - 5]) Equalizing the left-hand sides of (A.29) and (A.30),
_ G-4q) [c (_ _ ) YHPI-p9G-q) one obtains
Y+pq \B 2¢ B2 =, < B-A7||d B-A% .
< log| /TP I—POE=0)1-7] (4.24) B ¥ ||ATB-A%| B
vipq o 1-q| 1 11, A1
XA7E+7B—A§_' (A.31)

Using (A.22) and (A.24) in (A.21) and multlplymg by
2¢p¢ppxB(Y + pq)(B — pdx )/c, one obtains that X it is deter-
mined by

[255 ~7B=+ 25Y %ﬁ Tin (B o) _E)l

(VE:
x (56— po) yx +26B(y + P 9)+
SpRB(y +7 ) (B9 - 1) - po@ 1)

~
+ 2¢ppx =

w+ﬁﬁ—ﬁ$(ﬁ—q>1—ﬁ]=o_

x log (A.25)

Y+pq 1-q

Proof of Proposition 7. By making V(?) = V(X), one obtains

2 B_
~CA% = C(B - 4%) —§+c AX jog
« B ;Ax +7, (A.26)
where we use V(0) = 0, and where V=2 24901~ 9/2 Vii-g/ @)
1/24(1-q/2)

By making V' (%) = V (), and mult1p1y1ng throughout by
X, one obtains

A¥. B-Ax ¢

Az = A - o -=. A27
= log - (A27)
Subtracting (A.27) from (A.26), one obtains
B- A
V+CB+ —log Yoo, (A.28)

which will be used later.

Multiplying (A.31) by A(B — AX)¥B, one obtains

c. log B- Ax

(AB - AE)EE +cB=0, (A32)

Now, to obtain C note by evaluating V(x) atx=1-5;L
we can obtain

q(3(,_ 4 _Alz Y +pa/2-q)
(71255 o) =5l #2250
Y2-q)+pg
x log 2(1 — q) E
(A.33)
Using (A.28), one can obtain
5(1 - L) -0
—-q
__1+9C-a)|55 ¢ lgB Ax L (A34)
»(2-9q) B

Using this in (A.33), solving for C, and using it in (A.32),
one obtains that X can be implicitly determined by

2B(pg +y)A +5(AB - AB)* —@ +p(2-q)
_y2-g)+pg, 2E-AF)(1-a)]
EA B v ] I

Making ¢ — 0, one can obtain that 7 converges to

¥ 2BA(Y + 7

x_ BAl+p) (A36)
c qvﬁB(AB—AB)

which results in (20), from which we can obtain that

hmc_>0— -2<0.
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A.5. Analysis of the Maximum Time of Retargeting When
Purchases Are Recognized, T _

Along the lines of Section 3, we can obtain T as a function of
X as

- 2(1- B-Ax
T=Liog (l-q) B-AT (A37)
B "yQ2-q)+pg X
To compare T and T, when ¢ — 0, we have
ST) _ ¥2—q) +pg (A38)

2(i +pa)

from which we can get T>T.

A.6. Presentation of D in (25)
Using W,, = W(T), (23), (25), and (26), we can obtain

D = ~(p - p)afap + 9P(1 ~ q) + v | x [¥S(P)/2 + €] /[(aP +

V)BT + [0 (55— po) + ppa(B - ¢)| x (1~ 9)B|
(A39)

Endnotes

! There is also some work exploring the possibility of firms offering
exploding offers to deter consumers from searching further for al-
ternatives (Armstrong and Zhou 2016), work on tracking consumers
to practice intertemporal price discrimination (Ory 2016), and work
on the design and price of information (Bergemann et al. 2018). See
also, for example, Kuksov (2004) on the effects of search costs on
firm strategies.

2In related research, Ning (2021) considers the possibility of a seller
knowing the information that the buyer is receiving and making price
offers conditional on that information. See also Iyer et al. (2005) for the
static case of the targeting of advertising. For other examples of
greater information about customers by the seller affecting its
strategy, see Chen et al. (2017) and Xu and Dukes (2019).

¥Suppose also that m is large enough such that the consumer’s
expected value ex ante is below m. That is, it is not profitable to price
such that the consumer purchases the product without searching
for information.

*We could also consider that when the firm is advertising the con-
sumer gets a signal in period df with probability between zero
and (p — p)dt, and the main messages of the results below would
still follow.

% A consumer that switches from the no searching to searching state is
assumed to have no information about the product fit independent of
any prior experience with the product. This could explain, for ex-
ample, by a change of preferences, when this change of state occurs.

®In Section 6, we briefly discuss the case in which the extent of
retargeting is a continuous variable, where p and ¢ are increasing
functions of the extent of retargeting.

"To see how p > p could be related to consumer search costs, sup-
pose that there is a hazard rate at which the additional search
costs (in addition to ¢) of getting a signal are zero (and otherwise,
are very large), and this hazard rate is greater when the firm is
doing retargeting.

8 This setup is similar to Bergemann and Valimaki (2006), in which a
consumer fully learns the product fit at some constant hazard rate.
®We will say that in this case, the consumer purchased the product.

0See the appendix for a Bayes’ rule derivation.

"' When there is advertising, the evolution of beliefs follows a  similar
expression to (1) with p replaced with p and ¢ replaced by ¢.

21f ¢ = 0, then the firms would always be advertising.

" Note that V(x) = x7t(0) and V(x) = xr(*(x)) - (1 = x)ct*(x).

"“The Bellman equation is a contraction mapping as the value
function of the future state is multiplied by a number which is less

than one, 1 — ppx dt < 1. In fact, this number approaches the discount
factor coefficient e?**# when dt — 0.

5 The constant C is presented in the appendix.

"8The exact condition for the optimal policy to prescribe more ad-
vertising than the myopic policy is ¢[(p¢ —pp)(1 —q) —pq] >
palpe(1=g) +pgl.

"The same holds for x < X, and in that case, the value of perfect
information would be xV (1) — V(x).

'8 As noted previously, this occurs if (w — m)f(w) > 1.
Y We remind the reader that B = pg + p(1 — ¢)q + .

2 The effects on v and P* converge to zero as ¢ — 0.
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