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B. Supplementary Appendix: More than Two Types
Let us expand the type space to be {1, ..., N }, N > 2. The receivers’ prior, μ0 , is a probability
distribution with full support over the type space. When describing beliefs (be they prior, interim
or ﬁnal) we use superscripts to denote the probability assigned to the various types (e.g., μt0 is the
probability the prior assigns to type t). We now assume that after observing x and g, the receivers
each choose some action, and that all payoﬀ-relevant information (from the sender’s perspective)
from a proﬁle of receivers’ actions can be summarized by a scalar a ∈ R+ . For example, in equity
issuance, a represents the market clearing price of the sale—the values of other bids have no direct
bearing on the sender’s payoﬀ. We therefore, continue to represent the sender’s utility, Ut , as a
function of two arguments, with the ﬁrst argument remaining x and the second argument now a
instead of μf . Ut remains diﬀerentiable, with Ut,2 > 0.
Let a∗ (μf , x) denote the unique value of a that results when each receiver is playing a best
response in the continuation game that follows the sender’s choice of x and the common ﬁnal belief
μf . For all x and t, a∗ is diﬀerentiable in x and μtf . The sender’s utility function continues to
satisfy A.1–A.2.34 To simplify analysis, we replace A.3 and A.4 with the following
A.3 For any t and ﬁxed μf , Ut (x, a∗ (μf , x)) is strictly decreasing in x.
A.4 For any x, a and t = t, Ut,2 (x, a) = Ut ,2 (x, a).
A.3 says that the signaling action is wasteful. This implies that, in equilibrium, the sender
never directly gains from signaling and that x∗t = 0 for all t. A.4 implies that types do not diﬀer
in their risk preference regarding lotteries over values of a.35 Finally, in line with our applications,
we assume that
A.5 For all x, if μf ﬁrst-order stochastically dominates μf , then a∗ (μf , x) > a∗ (μf , x)
That is, when the ﬁnal belief puts unambiguously more weight on higher types, the equilibrium
response from the receivers is more favorable to the sender.
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A testing technology is now a collection of densities {ft (·|x)}N
t=1 , which we assume satisﬁes strict
MLRP for all x. Let Rt ,t (g|x) ≡ ft (g|x)/ft (g|x). Our ﬁrst result generalizes the insight that
34

A.1, the weak Spence-Mirrlees condition, is generalized in the standard way. In A.2, μt is replaced with
a (μt , x).
35
That is, Ut speciﬁes both type t’s utility tradeoﬀ between the costly action and the market response
at any given (x, a), as well as his risk preferences on lotteries over a for any given x. A.4 maintains that
any diﬀerence between the preferences of diﬀerent types is found in the former, not the latter. Notice that

without grades, A.4 is without loss of generality in the following sense: for any {Ut }N
t=1 not satisfying A.4 ,
N

there exists {Ũt }t=1 satisfying A.4 such that both collections produce the same indiﬀerence curves and set
of equilibria. Without grades, the market response, a∗ (μf , x), is deterministic, and hence the type-varying
risk preferences of the sender have no bearing on behavior.
∗
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informative grades eliminate separation in D1 equilibria.36 (Recall that St denotes the support of
Υt .)
Proposition B.1. Fix a type t > 1. If for all x and t < t,


E Rt ,t (g|x)|t > Zt ,t (x, a∗ (μt , x)) for all t < t, and


E Rt ,t (g|x)|t < Zt ,t (x, a∗ (μt , x)) for all t > t

(RCt )

then there does not exist a D1 equilibrium in which type t separates; for any action x ∈ St∗ there
exists a type t̃ = t such that x ∈ St̃∗ .
RCt is a generalization of RC-Informativeness and can be loosely paraphrased as: for all x,
strict MLRP must not only hold, but hold “strongly” enough relative to diﬀerences in preferences
over actions. The result is then similar to Proposition 4.2: if grades are informative enough, then
in equilibrium only the lowest type may assign positive probability to an action that perfectly
identiﬁes him—which, of course, eliminates full separation, as well as other strategy proﬁles such
as countersignaling from Feltovich et al. (2002), where the medium type separates while low and
high types pool. Once again, suﬃciently informative tests (relative to cost advantages) necessitate
that grades will convey meaningful information in stable equilibria.37,38
Our second result generalizes the convergence established in Proposition 4.3.
Proposition B.2. Fix a type t > 1. If RCt holds, then as μ0 → μt , the set of D1 equilibria
converges in total mass to the complete-information outcome. Further, as μ0 → μN , the convergence
holds type-by-type.
Again we ﬁnd that RC-Informativeness is suﬃcient to both eliminate separation and ensure
convergence to the complete-information outcome. Notice that if all types have the same utility
function, then strict MLRP implies that RCt holds for all t > 1. That is, in an environment without
cost advantages, no type t > 1 separates in any D1 equilibrium, and the convergence properties
from Proposition B.2 hold.
Propositions B.1 and B.2 show that the major economic insights demonstrated in the two-type
model extend to the larger type space. In general, D1 and stronger stability-based reﬁnements do
not select a unique equilibrium with the larger type space. It is possible to construct examples in
which both full pooling and a generalized version of the partial-pooling equilibria from the two-type
model persist.
To see why this is, consider the job-market signaling model, in which Vt is increasing in t and
∗
a (μf , x) = E[Vt |μf ]. Recall that without grades, if the strict Spence-Mirrlees condition holds, then
36

The D1 reﬁnement for the N -type model can be stated as follows. Fix an equilibrium endowing expected
utilities {u∗t }t∈{1,...,N } . Consider an action x that is not in the support of any type’s strategy. If there exists
t, t such that Bt (x, u∗t ) ⊂ Bt (x, u∗t ), then D1 requires that the interim belief following x assigns zero weight
to t (where ⊂ denotes strict inclusion).
37
Existence of countersignaling equilibria requires that grades must be relatively poor at diﬀerentiating
the low type from the medium type even without reﬁnements. As suggested by Proposition B.1, there exists
generic parameters for which D1 eliminates otherwise tenable countersignaling strategy proﬁles.
38
Proposition B.1 does not hold for a continuum of types. For example, the LCSE survives any stabilitybased reﬁnement for the simple reason that there is nothing oﬀ-path to deviate to except actions greater
than the one chosen by the highest type, which are strictly inferior to mimicking the highest type. However,
unlike the gradeless model under single-crossing, with a continuum of types (Mailath, 1987; Ramey, 1996),
the presence of grades allows outcomes other than the LCSE to survive reﬁnements, lending credibility to
their study.

46

D1 uniquely selects the LCSE (Cho and Kreps, 1987; Cho and Sobel, 1990). With grades, D1 may
fail to select a unique equilibrium. The key diﬀerence is in how the market interim belief, μ, maps
into best responses. In the gradeless model, the sender will be oﬀered his expected value given
μ. Hence, for any N , E[Vt |μ] is a suﬃcient statistic for any μ. That is, any μ can be reduced to
a scalar—the expected market value given that belief. Comparing the sets of interim beliefs that
make a deviation proﬁtable for each type is therefore reduced to ascertaining which type needs a
higher value of E[Vt |μ] to make the deviation in question proﬁtable.
When grades are present, this is no longer true. Because the interim belief will be updated
based on the grade, it cannot be reduced to a scaler (unless N = 2). For instance, in a three-type
example with V2 = 0.5V1 + 0.5V3 , the interim belief μ = (μ1 , μ2 , μ3 ) = (0, 1, 0) has very diﬀerent
implications for each type’s expected oﬀer from the interim belief μ = (0.5, 0, 0.5). This is despite
E[Vt |μ] = E[Vt |μ ]. Under the ﬁrst interim belief, the realization of the grade will have no eﬀect on
the ﬁnal belief (and oﬀer), while the grade will be quite important under the second. Without this
equivalence, reﬁnements based on comparing the relevant belief sets lose some of their bite.39

B.1. Proofs
The following lemma is used in the proof of Proposition B.1.
Lemma B.3. Under the setup and assumptions of Appendix B, ﬁx any x and t > t . Then
• There exists a constant K such that Ut (x, a) − Ut (x, a) = K for all a.
• For any non-degenerate interim belief μ, ut (x, μ) − ut (x, μ) > K.
Proof. The ﬁrst statement is equivalent to assumption A.4 . Now, ﬁx any x, t > t , and nondegenerate interim belief μ. Let Ut (x, a) − Ut (x, a) = K. Then
Ut (x, a∗ (μf (x, g|μ), x))ft (g|x)dg −

ut (x, μ) − ut (x, μ) =

Ut (x, a∗ (μf (x, g|μ), x))ft (g|x)dg

Suppressing some of the dependencies to simplify notation, rewrite this as
ut (x, μ) − ut (x, μ) =
=

Ut (x, a∗ )ft (g|x)dg −

Ut (x, a∗ )ft (g|x)dg

[Ut (x, a∗ ) − Ut (x, a∗ )]ft (g|x)dg +

= K+

Ut (x, a∗ )ft (g|x)dg −

Ut (x, a∗ )[ft (g|x) − ft (g|x)]dg

Ut (x, a∗ )ft (g|x)dg > K

where the ﬁnal inequality follows from assumption A.5 (because strict MLRP implies that the
distribution of μf (x, g|μ) when the density of G is ft (·|x) strictly ﬁrst-order stochastically dominates
the distribution of μf (x, g|μ) when the density of G is ft (·|x)).
39

When N = 2 a given increase in the interim belief has two eﬀects: i) raising the expected μf of both
types, and ii) increasing or decreasing the importance of the grade (depending on from where and to where
the belief is increased). When N > 2 we can decouple these two eﬀects. For a given set of types, it is
now often possible to ﬁnd changes to a given belief that increase each type’s expected oﬀer and increase the
importance of the grade, as well as changes to the same belief that still increase expected oﬀers but decrease
the importance of the grade. Intuitively, higher types value the ﬁrst kind of change more than lower types
do and vice versa, reducing the power of stability-based reﬁnements.
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Proof of Proposition B.1. For the purpose of contradiction, ﬁx a candidate equilibrium with x∗
and t > 1 such that x∗ ∈ St and x∗ ∈ St̃ for all t̃ = t. We will ﬁrst show that x∗ cannot be 0. We
will then demonstrate that, under RCt , for any x∗ > 0, there exists an  > 0 such that choosing
x∗ −  leads to a higher payoﬀ than choosing x∗ for type t under any oﬀ-path receiver interim beliefs
satisfying D1, implying the candidate equilibrium fails the criterion.
Suppose that x∗ = 0. For arbitrary t < t, for any x ∈ St , both x > 0 and
u∗t = ut (x, μ(x)) ≥ ut (x∗ , μt ) = Ut (x∗ , a∗ (μt , x∗ ))
hold. Further, assumptions A.3 , A.5, and Ut,2 > 0 imply that for such x, μ(x) = μt . Therefore,
given that the type space is ﬁnite, there exists x ∈ St such that μ(x ) is non-degenerate. Let a
be the certainty equivalent for type t when choosing x :
Ut (x , a ) = ut (x , μ(x )) ≥ Ut (x∗ , a∗ (μt , x∗ ))
By assumption A.1,
Ut (x , a ) − Ut (x∗ , a∗ (μt , x∗ )) ≥ Ut (x , a ) − Ut (x∗ , a∗ (μt , x∗ )) ≥ 0

(7)

Also, by Lemma B.3,
ut (x , μ(x )) − ut (x , μ(x )) > Ut (x , a ) − Ut (x , a )
Rearranging yields
ut (x , μ(x )) − Ut (x , a ) > ut (x , μ(x )) − Ut (x , a ) = 0

(8)

From (7) and (8),
ut (x , μ(x )) − Ut (x , a ) + Ut (x , a ) − Ut (x∗ , a∗ (μt , x∗ )) > 0
ut (x , μ(x )) − Ut (x∗ , a∗ (μt , x∗ )) > 0
implying that type t garners a strictly higher payoﬀ by choosing x instead of x∗ , in violation of
the hypothesis. Hence, x∗ = 0.
Fix now x∗ > 0 and a type t < t. We wish to show that there exists an t > 0 such that, for all
 ∈ (0, t ), Bt (x∗ −, u∗t ) ⊂ Bt (x∗ −, u∗t ). There are two cases to cover: 1) u∗t > Ut (x∗ , a∗ (μt , x∗ )),
or 2) u∗t = Ut (x∗ , a∗ (μt , x∗ )). Deﬁne Bt0 (x, û) to be the set {μ : ut (x, μ) = û}.
Case 1: First, if t = N , then by assumption A.5 u∗t > Ut (x∗ , a∗ (μt , x∗ )) implies that Bt (x∗ , u∗t ) =
Bt0 (x∗ , u∗t ) = ∅. If t < N , then u∗t > Ut (x∗ , a∗ (μt , x∗ )) implies that Bt (x∗ , u∗t ) ⊂ Bt (x∗ , u∗t ) with
inf{||μ − μ || : μ ∈ Bt0 (x∗ , u∗t ), μ ∈ Bt0 (x∗ , u∗t )} > α, for some α > 0. To see this, let μ̃ be an
element of Bt0 (x∗ , u∗t ) not equal to μt . By A.5, μ̃ is non-degenerate. Therefore, Lemma B.3 implies
that
ut (x∗ , μ̃) − ut (x∗ , μ̃) > Ut (x∗ , a∗ (μt , x∗ )) − Ut (x∗ , a∗ (μt , x∗ ))
Rearranging this gives
ut (x∗ , μ̃) − Ut (x∗ , a∗ (μt , x∗ )) > ut (x∗ , μ̃) − Ut (x∗ , a∗ (μt , x∗ ))
0 > ut (x∗ , μ̃) − Ut (x∗ , a∗ (μt , x∗ ))
Hence, u∗t > Ut (x∗ , a∗ (μt , x∗ )) > ut (x∗ , μ̃), establishing the claim—given that Ut (and therefore
ut ) and a∗ are continuous. Therefore, again by continuity of Ut and a∗ , (whether t = N or not)
there exists an t > 0 such that Bt (x∗ − , u∗t ) ⊂ Bt (x∗ − , u∗t ) for all  ∈ (0, t ).
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Case 2: The same argument just given for Case 1 shows that u∗t = Ut (x∗ , a∗ (μt , x∗ )) implies that
Bt (x∗ , u∗t ) ⊂ Bt (x∗ , u∗t ) and that Bt0 (x∗ , u∗t ) ∩ Bt0 (x∗ , u∗t ) = {μt }. Consider any δ > 0, and deﬁne
Dδ ≡ {μ : ||μ − μt || < δ} and Dδc to be the complement of Dδ . Continuity of Ut , Ut and a∗ implies
then that there exists an γt (δ) > 0 such that {Bt (x∗ − , u∗t ) ∩ Dδc } ⊆ {Bt (x∗ − , u∗t ) ∩ Dδc } for all
 ∈ (0, γt (δ)).
We now need to show that there exists a δ > 0 and λt (δ) > 0 such that {Bt (x∗ − , u∗t ) ∩ Dδ } ⊂
{Bt (x∗ − , u∗t ) ∩ Dδ } for all  ∈ (0, λt (δ)). To do this, for any type j, deﬁne χj (μ, û) to be the
action x that gives type j utility û when choosing x leads to interim belief μ (if no such x in R+
exists, then χj (μ, û) = ∅ ). It is immediate that χj is diﬀerentiable where it is strictly positive.
We can proceed analogously to the proof of Proposition 4.2. Implicit diﬀerentiation gives that, at
point (x, μ), x = χj (μ, û), for some û:
dχj
dμk

duj duj
/
dμk dx


da∗
− R Uj,2 dμ
1 ·

= −

=

f

dμ1f
dμk

+ ... +

da∗
dμN
f

·

dμN
f
dμk


fj (g|x)dg

duj /dx

(9)

Of use here will be (9) evaluated at a degenerate belief, μl for l = k.



∗
∗
f
f
da
da
k
k

− R Uj,2 dμk · fl − dμl · fl fj (g|x)dg
dχj 
f
f
=

∗
k
dUj (x, a (μl , x))/dx
dμ μ=μl




Uj,2 (x, a∗ (μl , x))
da∗ (μl , x) da∗ (μl , x)
=
E[Rk,l (g|x)|j]
−
dUj (x, a∗ (μl , x))/dx
dμkf
dμlf
Because we are in Case 2, χt (μt , u∗t ) = χt (μt , u∗t ) = x∗ . Therefore, by RCt , there exists a
δ > 0, such that χt (μ, u∗t ) > χt (μ, u∗t ) for all μ such that both μ ∈ Dδ and μi > 0 for a unique
type i = t. Further, χt , χt diﬀerentiable imply that, locally, any directional derivative is the convex
combinations of the partial derivatives, which extends the result to: there exists a δ > 0, such that
χt (μ, u∗t ) > χt (μ, u∗t ) for all μ ∈ Dδ . Because ut and ut are decreasing in x, it follows that for any
such δ there exists an λt (δ) > 0 such that {Bt (x∗ − , u∗t ) ∩ Dδ } ⊂ {Bt (x∗ − , u∗t ) ∩ Dδ } for all
 ∈ (0, λt (δ)). Finally, let t = min{λt (δ), γt (δ)}, and we have that Bt (x∗ −, u∗t ) ⊂ Bt (x∗ −, u∗t )
for all  ∈ (0, t ).
We have shown that for each type t < t there exists t > 0 such that, for all  ∈ (0, t ),
Bt (x∗ −, u∗t̃ ) ⊂ Bt (x∗ −, u∗t ). Let m = min{t : t < t}. Then for any  ∈ (0, m ), Bt (x∗ −, u∗t ) ⊂
Bt (x∗ − , u∗t ) for every t < t. For  ∈ (0, m ), if x∗ −  is oﬀ the equilibrium path, D1 prescribes
that the interim belief puts zero weight on any type t < t, following a deviation to x∗ − . So by
assumptions A.3 and A.5, ut (x∗ − , μ(x∗ − )) > ut (x∗ , μ(x∗ )) = Ut (x∗ , a∗ (μt , x∗ )) for any μ that
is D1 admissible, making the deviation proﬁtable for type t and breaking the equilibrium.
If x∗ −  is on-path, then either ∃ t < t such that (x∗ − ) ∈ St or there does not. If there
does not, then the same argument from the previous paragraph establishes that the deviation is
proﬁtable for type t. If there does exist such a t < t, then ut (x∗ − , μ(x∗ − )) = u∗t . However, we
have just demonstrated that under RCt , Bt (x∗ − , u∗t ) ⊂ Bt (x∗ − , u∗t ), implying, by continuity of
u, that (x∗ − , μ(x∗ − )) ∈ Bt (x∗ − , u∗t ). Hence, type t receives a strictly higher payoﬀ at x∗ − 
than at x∗ , contradicting the equilibrium hypothesis and establishing the proposition.
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∗,k
Proof of Proposition B.2. Let {μ0,k } be any sequence of priors that converges to μt , and (Υ∗,k
1 , ..., ΥN )
be a D1 equilibrium sender-strategy proﬁle for prior μ0,k . Then for any  > 0 there exists an n
such that for all k > n

• There exists a X k ⊆ St∗,k such that, for all x ∈ X k , ||μ∗,k (x) − μt || < .
is less than δ, with δ → 0 as  → 0.
• The total mass attributed to {x : x ∈ X k } by Υ∗,k
t
These follows easily from the fact that the μ0,k assigns vanishingly small weight to all other types. It
is therefore suﬃcient to show that as  → 0, X k → {0}. For any x > 0, by choosing  small enough
relative to m in the proof of Proposition B.1, the argument given there to show that x∗ > 0 and
the diﬀerentiability of the utility function for each type establish that for k large enough x ∈ X k .
This establishes the convergence in total mass. Finally, if t = N , then every type t < N receives
payoﬀ approaching Ut (0, a∗ (μN , 0)), his maximum feasible payoﬀ, from imitating type N and a
strictly lower payoﬀ from not doing so, establishing that convergence will be type-by-type when
μ0 → μ N .
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