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Abstract

We study a dynamic setting in which stochastic information (news) about the value
of a privately-informed seller’s asset is gradually revealed to a market of buyers. We
construct an equilibrium that involves periods of no trade or market failure. The
no-trade period ends in one of two ways: either enough good news arrives restoring
confidence and markets re-open, or bad news arrives making buyers more pessimistic
and forcing capitulation i.e., a partial sell-off of low-value assets. Conditions under
which the equilibrium is unique are provided. We analyze welfare and efficiency as they
depend on the quality of the news. Higher quality news can lead to more inefficient
outcomes. Our model encompasses settings with or without a standard static adverse
selection problem—in a dynamic setting with sufficiently informative news, reservation
values arise endogenously from the option to sell in the future and the two environments
have the same equilibrium structure.
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1 Introduction

Consider an entrepreneur who is interested in selling her company due to liquidity constraints.
Naturally, she is better informed than the market about her company’s fundamentals. She
would like to sell, yet there is no reason she is forced to do so on any given day, nor can
she commit to delaying trade. With every passing day that she retains ownership, she gains
(or loses) the day’s profit and maintains the option to sell the next day. If trade is in fact
delayed, then the market may learn about the value of the firm by observing cash flows,
investments, customer base, etc. Herein lies the key innovation of this paper; we introduce
an exogenous public information process, news, into a model of such settings. We then study
the implications for trading behavior, efficiency and welfare.

We model the environment as a game played in continuous time where a risk-neutral
seller faces a competitive market. There is common knowledge of gains from trade, but the
seller is privately informed about the asset’s value (i.e., her type), which may be either high
or low. At each point in time prior to trade, the seller receives offers from the market. If
an offer is accepted, then the trade is consummated and the game ends. If all offers are
rejected, then the seller consumes the type-dependent flow payoff endowed by the asset.
Contemporaneously, information about the seller’s type is publicly revealed via a Brownian
diffusion process with type-dependent drift (uy) and common volatility (o). The quality of
the news process is captured by the square of the signal-to-noise ratio, (@)2, relative to
the common discount rate r > 0.

We construct an equilibrium that is stationary in the market belief about the asset type.

The equilibrium involves three distinct regions.

(i) When beliefs about the seller are favorable, the market is fully efficient: trade is

immediate at a price equal to the expected market value of the asset.

(ii)) When beliefs are unfavorable, there is a partial sell-off: a low offer is made, the low
type accepts with positive probability, while the high type rejects with probability
one. Conditional on a rejection, the market belief about the seller increases, and thus

rejecting offers when beliefs are unfavorable serves as a positive signal about the seller’s

type.

(iii) When beliefs are intermediate, the market dries up: no trade occurs as market partic-

ipants wait for more information to be revealed before consummating a trade.

If the market belief is in either region () or (), then it evolves based on both the realization

of news as well as the seller’s equilibrium strategy, until either the favorable-belief region



(i) is reached or until it reaches the unfavorable-belief region (i) and the low type’s mixing
results in acceptance.

We investigate how welfare and efficiency of the equilibrium depend on the quality of the
news. As the news quality goes to zero, the (type-dependent) payoffs to each player converge
to the payoffs in the static game where all buyers make simultaneous take-it-or-leave-it offers.
Only when dynamics are coupled with news arrival is welfare affected. Introducing news
mitigates the well-known inefficiency associated with trade breakdown in the market for
lemons , @), as both types of seller trade eventually in equilibrium. However, a
new inefficiency develops for intermediate beliefs due to trade being delayed. That is, the
introduction of an informative news process gives the high type incentive to wait and the low
type incentive to mimic for intermediate beliefs, creating delay (and inefficiency) in markets
where fully efficient trade would have transpired in the absence of news. Nevertheless, as the
quality of news becomes arbitrarily high, the expected costs from delay go to zero, and the
inefficiency disappears. Hence, improving news quality can increase or decrease efficiency
depending on the magnitude of the improvement and the initial market belief.

An efficiency-seeking planner who is considering news quality as a policy instrument (e.g.,
mandatory disclosure or audits, protecting independent journalism, etc.) might be tempted
to reason that higher news quality is always (weakly) better as it alleviates the potential
inefficiency caused by private information. Our results demonstrate that this is not the case.
However, we also show that introducing news improves efficiency precisely when there would
have been inefficiency without news.

A relevant consideration in our analysis is the potential presence of a static adverse
selection problem—that is, whether the value of the high-type seller’s outside option (e.g.,
the entrepreneur retaining the company forever) is higher than the market value for a low-
type asset. If it is, we say that the Static Lemons Condition (SLC) holds. In a single-period
model where all buyers make take-it-or-leave it offers, this condition is necessary to generate
inefficient trading outcomes.

If the SLC holds, the equilibrium described above is the unique equilibrium among the
class of stationary equilibria subject to a mild refinement on off-path beliefs. If the SLC fails,
the same equilibrium exists provided the news quality is sufficiently high. Despite the absence
of a traditional adverse selection problem, an endogenous market for lemons develops because
the option to sell in the future drives the seller’s continuation value above the market’s
willingness to pay. Trade is delayed despite the fact that buyers are always willing to offer

more than the high type’s outside optionEl While other forms of equilibria can exist when

LA seller’s outside option is her payoff from never trading, whereas her continuation value is her expected
payoff from rejecting the current offer (given the history) in equilibrium.



the SLC fails, each involves a region of no-trade provided news quality is sufficiently high.
When news quality is low, the difference between the two cases is more striking. The
SLC implies that the high type is never tempted to sell when the market belief about her asset
is unfavorable—foregoing offers carries no opportunity cost until the market belief improves.
When the SLC fails, the high type’s opportunity cost is positive regardless of the market
belief. With low enough news quality, the potential benefit from waiting is outweighed by
this cost, and the unique equilibrium involves immediate trade for all beliefs (similar to

Swinkeld (1999)).

We investigate the robustness of our findings by considering alternative specifications.

In Section [6], we replace the Brownian news process with a compound Poisson process with

type-dependent arrival rates. As in other models (e.g., M_uj;uﬂ (|L9_9j)), the equilibrium
varies depending on whether absence of an arrival is a positive or negative signal. However,
in both cases the equilibrium bears resemblance to the equilibrium with Brownian news. In
fact, each case illustrates separate key features present in the Brownian-news model. In the
Supplemental Appendix, we pose the game in discrete time (with news modeled by a random
walk) under the SLC. We demonstrate that when the time between offers is short, the unique
equilibrium exhibits the same three regions: immediate trade, no trade and partial sell-off.
As the time between offers goes to zero, the equilibrium converges to the equilibrium of the

continuous-time game.

Our paper contributes to both the literature on dynamic adverse selection (Janssen an
) MMHA dZDQd)) and on dynamic signaling (IMd@kmm_mn_Mmme (|l9ﬂd),

[Sjmn]mlsj (Il99.d), hﬁlﬁmwm:]_&k:ﬁzmﬂj (lZDDj)) In the spirit of@ (@), the models

of dynamic signaling often present educational signaling as their lead example: the asset is

the seller’s labor, and the time prior to trade is the time she spends in school (incurring a
flow cost while doing so). In this context, the news process in our model can be interpreted
as the student’s grades. We provide a unified framework for analyzing both environments in
a continuous-time setting and explore the impact of information about the seller’s type being
gradually revealed to the market. A more detailed discussion of how our findings relate to
these two strands of literature is postponed until Section [7

The equilibrium in our model has similar features to three recent works. Most notably,

) (with asymmetric information) analyze the incentives for a po-
litical party to campaign on an issue when doing so reveals unbiased information about the
issue to voters. M@ M) investigates learning and reputation in a model where a
privately-informed monopolist decides whether to sell in each period. [Lee and Liul M)

consider a reputation game where, in each period, a short-lived plaintiff makes a take-it-or-

leave-it settlement demand to a long-run defendant who is privately informed of her liability.



The common thread is that the high type never succumbs when beliefs are below a lower
threshold that is endogenously determined by the low type’s indifference condition. This per-
severance serves as an imperfect signal that boosts reputation because the low type mimics
only with some probability. The low type’s mixed strategy exactly offsets negative informa-
tion at the lower threshold, which acts as a reflecting barrier on the equilibrium belief process.
A distinguishing feature of our model is that there is also an endogenously-determined up-
per barrier at which point the high type decides to consummate a trade. The location of
the lower barrier influences the high type’s decision and similarly the location of the upper
barrier influences the indifference condition of the low type (as the offer acceptable to the
high type will only be tendered when the buyers (correctly) anticipate that she will accept
it). Thus the two barriers must be determined simultaneously.

Within a static context, ) shows that decreasing the information asymmetry

between buyers and sellers can increase or decrease efficiency. This result is qualitatively

similar to our result regarding increasing the %uality of news, however, the mechanisms by

(IZDJ_HJ) analyze a static

signaling model in which the sender chooses a costly signal that also generates a stochastic

which these results obtain are quite different

graded The present dynamic model relaxes the (implicit) assumption that the seller can
commit to delay trade (just as mmgkwmm_MJnmA (119_9d) and [Sjmn]mlsj (|19_9£J) do to

the standard Spence signaling model).

Though our model is stark compared to the intricacies of financial markets, the forces
described above may help to explain some of the peculiar trading patterns observed in
the recent financial crisis. For example, bad news can cause an otherwise well-functioning
market to shut down entirely. The recent collapse of the mortgage-backed securities market
is perhaps most relevant. Prior to 2007, trade and issuance of private label mortgage-
backed securities and collateralized debt obligations occurred in a liquid and well-functioning
market. Indicators of a decline in the housing market increased uncertainty in the value
of the underlying collateral and led to a catastrophic drop in both liquidity and prices

Investors were unwilling to buy these securities or lend against them (even at a substantial

2Tt should be noted that (@) focuses on the effect of reducing the seller’s private information,
whereas the seller’s private information is fixed in our model. In his model, the release of public information
exogenously shifts the demand curve (depending on the realization). Whether this increases or decreases the
likelihood of trade (efficiency) depends on both the information structure and the likelihood of trade in the
absence of public information. In our model, trade always occurs eventually. Increasing the quality of news
affects the dynamic incentives of the seller, which endogenously leads to an increase/decrease in the amount
of costly delay and hence less/more efficient outcomes.

3Feltovich et all (IZDQﬂ) study a similar setting and identify conditions under which “countersignaling”
equilibria exist.

4See [Krishnamurthy (2010) or Brunnermeier (2009) for a descriptive analysis of how debt markets mal-

functioned in the recent crisis.




discount/haircut) for fear of being stuck with the most “toxic” assets. As the crisis deepened,
some banks were eventually forced to capitulate, selling these securities for a fraction of
their notional valueH In related work Mﬁ@gﬂ, M), we have begun a formal

investigation of these phenomena by enriching our framework to capture key features of

financial markets. Preliminary results indicate that three analogous trading regions develop,

lending support to the interpretation given above.

In the next section, we introduce the model and our notion of equilibrium. In Section B3]
we construct and verify the equilibrium described above. Section M contains comparative
static, welfare and efficiency results. In Section [ we refine our equilibrium notion to include
stationarity and a restriction on off-path beliefs. We show that the equilibrium described
above is unique when the SLC holds, but may not be when it fails. Section [0 considers
an alternative specification where news arrives according to a Poisson process with type-
dependent arrival rate. We conclude with a discussion of our results in the context of the
literature in Section [l Several technical preliminaries are provided in Appendix [Al Proofs
for the main results of the paper are located in Appendix [Bl The Supplemental Appendix

analyzes a discrete-time analog.

5For example, on July 29, 2008 Merrill Lynch sold $30.6 billion notional of collateralized debt obligations

to Lone Star Funds at 22 cents on the dollar (Keogh and Shenrl, 2008).




2 The Model

There is one seller holding an asset of type 8 € {L, H} and a competitive market of [potential]
buyersH The seller knows her type while buyers do not. Let my € (0,1) denote the prior
probability that buyers assign to § = H. The game is played in continuous time, starting
at t = 0 with an infinite horizon. While the seller is in possession of the asset she receives a
private flow payoff of Ky. The seller discounts future payoffs at finite interest rate r > 0.
At every time t, the seller receives private offers from the buyer side of the market. If
the seller accepts an offer of m at time ¢, the trade is executed and the game ends. The

type-dependent (average) payoff to the seller is then

t
r (/ e " Kyds + e‘”m)
0

The factor r outside the parentheses normalizes payoffs to the same scale as flow payoffs.
Therefore, a type-6 seller’s payoff from holding the asset ad infinitum is fooo e "rKpds = Ky.

Buyers have a common value for a type-f asset, normalized to flow scale, and denoted
by Vp, with Vg > V. There is common knowledge of gains from trade: Vy > Ky for each 6.
The payoff to a buyer whose offer of m is accepted is Vy — rm. The interpretation is that
this is the average payoff to a buyer who, after purchase, consumes a flow of Vj forever and
discounts at rate r (see Remark for a complete micro-foundation). Henceforth, we refer
to “offers” as being their normalized value (i.e., not m, but rm). All players are risk-neutral
and maximize their expected payoff.

If the seller rejects all current offers, she retains the asset, receives the flow payoff and can
entertain future offers. In addition, news about the seller’s type is gradually revealed—as

we discuss below. A heuristic description of the timing is depicted in Figure [Il

Seller accepts
(and the game ends)

New buyers arrive

News is revealed . .
observing everything

about the seller

Buyers arrive and
make private offers

or rejects except previous offers
| |
1 1 u
N J
e
dt

FIGURE 1 — Heuristic Timeline of a Single “Period”

6We use “the seller holds an asset of type 67 interchangeably with “the seller is of type #.” Similarly, any
references to “buyers” or “the market” are equivalent.



2.1 News Arrival

News about the seller’s asset is revealed via a Brownian diffusion process. Regardless of type,
the seller starts with an initial score Xy, normalized to 0. The news process then evolves
according to

dX; = pedt + odB, (1)

where B = {By, F;,0 <t < 0o} is standard Brownian motion on the canonical probability
space {€), F,Q}. At each time ¢, the entire history of news, {X,,0 < s <t} is publicly
observableEI Without loss of generality, puy > pp. The parameters py, pr and o are
common knowledge. Define the signal-to-noise ratio ¢ = (uy — pr)/o. When ¢ = 0, the
news is completely uninformative. Larger values of ¢ imply more informative news. In what
follows, we assume that ¢ > 0, unless otherwise stated. Central to the analysis will be the
informativeness of news relative to the rate of discounting, 7. Therefore, define v = ¢?/r to

be the quality of the news.

Remark 2.1. The results of our model remain unchanged if the flow payoff is stochastic with
type-dependent mean Kjy. Further, matching our motivating example of the entrepreneur,
the flow payoff to the seller could be the incremental news process, in which case Ky = pg.
(Under this specification, results and comparative statics that rely on values of, or changes
to, news quality ~, should be interpreted as relying on values of, or changes to, o or r. This

interpretation maintains a clean separation between news quality and flow-payoff terms.)

2.2 Strategies

Rather than define strategies for each buyer, we model the buyer side of the market as a
real-valued stochastic process W = {W;,0 < t < oo} adapted to the filtration (H;);>0, where
H, is the o-algebra generated by {X,,0 < s < t}. W, represents the highest offer made at
time ¢. This approach will simplify our exposition and can be micro-founded by Remark H
Both X and W are stochastic processes defined over the probability space {2, H, P}, where
V' =0x0,H=Fx2°and P = Q x v, where v is the measure over © = {L, H} defined
implicitly by 7.

A pure strategy for the type-6 seller is an H;-adapted stopping time 7p(w) : ' —
R, U{oc}. A mixed strategy for the seller is a distribution over such times, which can

be represented as a stochastic process S = {S?,0 <t < oo} also adapted to (H;);>0. The

"The news process and flow payoffs are not verifiable and cannot be contracted upon. The most obvious
reasons for this assumption are the standard issues with verification and contractibility. There are others.
In many applications, the news ends after trade occurs. For example, when a student leaves school to enter
the workforce she no longer receives grades.

8We thank the editor and an anonymous referee for this suggestion.



process must be right-continuous and satisfy 0 < S?Y < 89 <1 forallt <t. S%w) is a CDF
over the type-0 seller’s acceptance time on R, U {oco} along the sample path X (w,6). A

discontinuous increase in S? corresponds to acceptance with an atom of probability massH

Remark 2.2. The offer process W (when coupled with conditions 3 and 4 of Definition
21 below) is a convenient modeling device for the following strategic situation. There is an
infinite horizon, and trade does not end the game. At each time ¢, two or more short-lived
buyers arrive and simultaneously make private offers to the owner of the asset. A trade
transfers the rights to the asset’s future flow payoffs to the buyer. Each buyer earns a flow
payoff of V, from owning the asset and discounts future payoffs at rate r. After the initial
sale, the asset will not be re-traded because the purchasing buyer learns the asset type upon

its transfer of ownership (Milgrom and SLQk@;zI, M) The (average) payoff to a buyer who

purchases the asset with offer m = % is therefore Vy — w.

2.3 The Market Belief

At every time t, if trade has not yet occurred, buyers assign a probability to the asset being
of high value. Along the equilibrium path, the market belief is conditioned on both the entire
path of past news and on the fact that trade has not yet occurred. It will be convenient to
separate these two sources of information. Let f{ denote the density of X; conditional on 6,
which for ¢ > 0 is normally distributed with mean pyt and variance o?t11Y] Let Sf, = limgy Sf
(which is well defined for ¢ > 0 given that SY is bounded and non-decreasing), and specify
that Sg, = 0. Here, “at time t” should be interpreted to mean before observing the seller’s
decision at time ¢, which is why left limits are appropriate. If SE - S# < 1, then the game
is on the equilibrium path, and the probability the market assigns to 6 = H is defined by

Bayes Rule as
mof (Xi)(1 — S[T)
mo fiT (Xe)(1 = SfT) + (1 — mo) f(X3) (1 — Sf)

Taking the log-likelihood ratio of (2]) results in

Zt:1n<1i07r0)+1n<%)+ln<1:§§) (3)

- - g _
g

Y Vv
Zt Qt

(2)

Hence, Z is the stochastic process that tracks the market belief in terms of its log-likelihood

9This definition of a strategy will suffice for our notion of equilibrium (Definition 2) used in Section [3]
which is analogous to a Bayesian Nash Equilibrium. In Section Bl our equilibrium notion is strengthened,
and we generalize the definition of a strategy to consider play after off-equilibrium path events.

10T be more precise, any equilibrium in which trade occurs after the initial sale is payoff equivalent to
the equilibrium in which no trade occurs after the initial sale.
ULet fH = f¥ be the Dirac delta function.



ratio. The transformation from belief as a probability to a log-likelihood ratio is injective,
and therefore without loss, and will simplify the analysis.

By working in log-likelihood space we are able represent Bayesian updating as a linear
process, and the market belief as the sum of two components, Z = 7+ @, as seen in (3).
Notice that the two component processes separate the two sources of information to the

market. Z is the belief process for a Bayesian who updates only based on news starting

from Zy = Zy = In (11“;0). @ is the stochastic process that keeps track of the information
conveyed by the fact that the seller has rejected all past offers

For any interval of time over which there is zero probability of trade in equilibrium, the
law of motion of Z will be identical to that of Z. Because such no-trade intervals will be a

crucial part of our equilibrium analysis, it is useful to understand how beliefs evolve during

e X, 6y 0
A o i L A
Zy =1 1 =7y + X, — — t
t n(l—ﬂo)_l_n(ftL(Xt)) o+o_ t 2U(MH+,UL)
and thus 5 5

Inserting the law of motion from equation (Il into equation () gives a probabilistic repre-
sentation of how beliefs based solely on news evolve from the perspective of the privately-
informed seller, which we denote by Z°. The high type expects to receive good news making

ZH g submartingale ([Bl). The low type is expectant of bad news making Zla supermartingale

@).

2
a7 = _%(MH + pup)dt + %(,qut +0dB;) = -dt + ¢dB, (5)
. 2
Azt = _%(MH + pup)dt + %(,uLdt +0dB;) = ——-dt + ¢dB, (6)

Because Z? is a linear transformation of the news process, it is also a Brownian diffusion
process, retaining desirable properties, such as stationary independent increments. This
makes the analysis more tractable than working with the corresponding non-linear processes

in probabilities.

2Similar to our remark in footnote [ the specification of Q; when S = SH =1 is immaterial given
the equilibrium concept given by Definition 211 Again, we address this issue in Section [Bl when using the
equilibrium concept given by Definition



2.4 Equilibrium

Given any W, the seller faces an optimal stopping problem

sup E’ [/ e "rKyds + e_”WT} (SFy)
0

7>0

Recall that S? is a distribution over stopping times. Let S’ = supp(SY). We say that S°
solves (ST if all 7 € SY solve (]B’_EI) For any (¢,w) such that S? (w) < 1, there exists
7 € 8% such that 7(w) > t. For any such 7, let

Fy(t,w) = EY [/ e "rKpds + e_T(T_t)WT|Ht}
¢

be the H;-measurable function denoting the type-0 seller’s expected payoff starting from
time ¢ conditional on his information set. Let 7* denote the (random) time at which trade

occurs Our equilibrium notion is as follows.

Definition 2.1. An equilibrium of the game is a quadruple (S, S? W, Z), such that

1. Seller Optimality: Given W, S? solves the type-f seller’s problem ([SP|)

2. Belief Consistency: For all ¢ such that SE - S <1, Z; is given by (3]

3. Zero Profit: If there exists a 7 € S* U S such that 7(w) = t for some w, then
Wt = E[%|Ht,7'* = t]

4. No (Unrealized) Deals: For all 6, ¢, w such that S? (w) < 1: Fy(t,w) > E [V |Hy, Ve < Vp]

The first two conditions, Seller Optimality and Belief Consistency, are standard. Because
the buyer side of the market is modeled as a (non-strategic) offer process, we replace the
usual individual payoff-maximization criterion with conditions 3 and 4. The interpretation
of the Zero Profit condition is clear (any executed trade must earn the purchasing buyer zero
expected surplus), and is motivated by the interpretation of Bertrand competition among
buyers. Notice that, given S¥, S, the condition may not completely pin down W along the
equilibrium path. Following histories where both types reject, any offer will suffice (provided
both types find it optimal to reject it). To interpret the No Deals condition, note that if
Fy(t,w) < E[Vo|Hi, Vo < Vp], then there exists an offer that will earn a buyer a positive

13Although Z does not appear in (SP) directly, its law will affect the seller’s problem in equilibrium
through the restrictions placed on W (i.e., the Zero Profit and No Deals conditions of Definition [2T]).

“That is, for any 79 € S?, E¢ [fom e " rKods + e "W, | = sup,>o E’ UOT e " rKods + e "W, ].

15The (conditional) distribution of 7* is easily derivable from S*, S™, and 7, however a formal definition
requires enriching the probability space to incorporate the seller’s mixing and is omitted for parsimony.

10



expected payoff—mnamely, any offer between Fy(t,w) and E[Viy |H:, Vor < Vj]. Hence, the No
Deals condition reflects the equilibrium requirement that no buyer can @oﬁtably deviate by

making an offer that the seller would accept with positive probability.

3 Equilibrium Construction

In this section we construct the equilibrium of interest. We begin by defining a two-parameter
class of candidate equilibria. Let U(z) = E[Vj|Z; = 2].

Definition 3.1. For any pair (o, 8) € R* a < 3, let Qf = max{a — inf,«; ZS,O}. Define
=(a, B) to be the belief process and strategy profile:

Zy =2+ QY (7)
GH _ { 1 if there exists s <t such that Zs > 3 and Wy > VU (Z)
H —

0 otherwise

(9)

oL _ 1 if there exists s <t such that Zs > 8 and Wy > VU (Z,)
! 1 —e @ otherwise

Vi if Zy < B

If Z(c, 8) is an equilibrium, then Belief Consistency requires that 7, = Z + Q¢ along
the equilibrium path (see ([B])). Definition Bl specifies that Z follows the same process off
the equilibrium path as well.

The belief process Z; = Z, + Q¢ is a time-homogenous H;-Markov process, meaning
the candidate equilibrium has a stationary structure, with the market belief serving as the
state variable. We will use z when referring to the state variable as opposed to the stochastic
process Z (i.e., if Z, = z, then the game is “in state z, at time ¢”). In addition, when referring
to generic states, z, we mean z € R, as opposed to the degenerate belief states z = +o0,
unless otherwise stated For convenience, let w(Z;,) = W;. Under Z(«, ), if z > [, then
w(z) = W(z) and the offer is accepted by both types. When the belief is between a and f3,
w(z) =V, which is rejected by both types, making this a no-trade region When z < a,
the offer is V7, the high type rejects, and the low type mixes precisely such that, conditional

16Within the context of Remark 2.2 this rationale relies on the fact that offers are private. It is assumed
that the offer affects Fy(t,w) only if it will be accepted. Private offers eliminate the possibility of signaling
through rejection of high offers (N6ldeke and van Dammé (1990), Hérner and Vieilld (2009)).

17Continuation play after reaching a degenerate belief at time ¢, Z; € {#+oo}, is trivial: for all ¢/ > ¢,
Zt/ = Zt, Wt/ = \P(Zt), and Ste/ = Sf, + (1 - Sf*)l{ase[t,t/]ZWSZKe}'

18 As noted previously, because both types reject, w is not uniquely pinned down for z € (a,3). The
specification used is chosen purely for simplicity.

11



on rejection, (Z;);~¢ never falls below . That is, «v is a lower reflecting barrier for Z.

The main result of this section (Theorem B.]) is that there exists a unique (o, 5*) such
that =(a*, 5*) is an equilibrium if either the Static Lemons Condition holds (i.e., Ky > Vi,
see Definition B.2]) or « is high enough. To demonstrate this, we first derive necessary
properties of and construct the value functions for each type of seller for a fixed (a, 3). We

then show there is a unique pair, (a*, 5*), consistent with our equilibrium notion.
3.1 Value Functions

Given the stationary structure, the value functions for each type of seller depend only on
the current state. Let us abuse notation slightly and write Fy(z) for the type-0 seller’s value
in state z.

Outside the no-trade region, z ¢ («, ), value functions are straightforward to compute.
For any z > 3, both types trade at ¥(z) so Fp(z) = Fy(z) = ¥(z). For any z < a, V,
is offered, and the low type mixes, implying she must be indifferent, hence Fp(z) = V.
Further, at any z < «, conditional on rejection, the belief will jump to «, so Fr(a) = Vi,
and Fy(z) = Fy(a), where Fy(a) is determined in the subsequent analysis.

For all z € (a, ) the seller rejects w(z) and takes her continuation payoff. Over an

arbitrarily short interval of time, the probability of exiting the no-trade region is negligible.
Fy(2) = rKodt + e "B [Fy(2 4 dZ)] (11)
Applying Ito’s formula to the right hand side of ([[T) gives
Fo(2) ~ rKydt + e E? | Fy(2) + F)(2)dZ + %Fg(z)(dzf

In the no-trade region, beliefs evolve based only on the news. Substituting in the law of
motion (dZ; = dZt), taking the expectation and the limit as dt — 0, yields a second-order

differential equation for each type seller’s value function in the no-trade region.

Fu(z) = Ki = 5 (F3(2) = F{()) (12)
Fu(2) = Ku + 3 (Fy(2) + Fi(2)) (13)

The differential equations have closed-form solutions

Fu(z) = Cret 4 Cle®” + K (14)
Fu(z) = Ot 4 CHe%'s 4 Ky (15)
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where (g, ¢¥) = 3 <1 + 1+ 8/7), (aff . @&") =13 <—1 +/1+ 8/7) and the four constants,
C? are yet to be determined

The constants are pinned down by four boundary conditions, three of which are value-

matching conditions.

FL(Oé+) = VL (16)
FrL(B7) = ¥(B) (17)
Fu(B™) = ¥(B) (18)

where f(z7) and f(x1) denote the left and right limit of f at x, respectively. Finally, the
belief process is reflecting at z = « for the high type A necessary condition is then:

Fy(a™) =0 (19)

For any given («a, 3), ([[G)—(I3) pin down the four unknown constants, determining Fj, and
Fy in the no-trade region, which completes the construction of the seller’s value function

generated by Z(a, ).
3.2 Identifying Equilibrium « and

We are left to determine which (if any) values of («, ) are consistent with equilibrium. The
key will be two smooth pasting conditions, which are required to ensure that the seller’s
strategy solves (S and that W satisfies the No Deals condition.

First, consider the high type at z = . If F},(67) < W/(/3), then a convex combination
of Fy(8 —€) and W¥(8 + ¢€) is strictly greater then Fy () = W(5). This implies that the
high type can profitably deviate by rejecting at all z € [3, 8+ 9) for sufficiently small §. On
the other hand, if F};(87) > ¥/(B), then there exists an e such that Fg (5 —¢€) < V(5 — ¢),
violating No Deals. Next, consider the low type at z = a. Because Fp (o) = V and Z
reflects at «, if F} (o) > 0 then rejecting at « leads to a strictly higher payoff violating her
indifference. On the other hand, if F] (a™) < 0, then again No Deals is violated (there exists
e > 0 such that Fp(a+¢€) < V).

The arguments above imply the following two additional boundary conditions are neces-

YPolyanin and Zaitsesl (2003, p. 215)

20Gee (m, Chap. 5) for a discussion of necessary boundary conditions for a function of a
reflected process.
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sary for Z(«, ) to be an equilibrium

Fi(a®) = 0 (20)
Fy(B7) = ¥(B) (21)

The question then is whether these conditions can be satisfied simultaneously. To answer
this, in Appendix B, we construct two mappings: By and By. For each type, By(«) is the
value of 3 such that the strategy S? as given in Z(a, ) solves the type-f sellers problem
starting from any z. Thus, the three boundary conditions pertaining to type 6 are satisfied
at each (a, By(a)). Further, any intersection of By and By is a solution to the system (I0)—
([2I). An intuitive interpretation is as follows. The low type is all too eager to accept W(/3)
at 3. The relevant part of her stopping problem is when to give up and accept V;,—this is
B;l(ﬁ) For the high type, the problem is the reverse. She never accepts Vg, and must
decide where to accept W(z) 2] Where she will optimally accept is influenced by the location
of the reflecting barrier a—this is By(«). Hence, the optimal stopping policy of each type
influences the stopping problem faced by the other.

Whether an intersection exists depends on parameters. As discussed in the Introduction,
of particular relevance is whether a standard static adverse selection problem can arise

depending on the market belief. We define the condition as follows:
Definition 3.2. The Static Lemons Condition (SLC) holds if and only if Ky > V.

Given a prior 7, trade breaks down in the static model when Ky > E[Vj|m]. Hence,
the SLC implies that there exists at least some non-degenerate m such that there is market
breakdown in a static setting. We define it in this way because we will characterize the

equilibrium for all possible beliefs.
Lemma 3.1.

o [f the SLC holds, then there exists a unique pair (a*,3*) such that f* = Bp(a*) =
BH(CY*)

e Ifthe SLC does not hold, then there exists ay > 0 such that for all v > v, there exists

21See (@, Sect. 3.8) for a more formal treatment of the necessity of smooth pasting conditions
or , Sect. 4.1) for a more intuitive exposition.

22By is strictly increasing (Lemma [B]), making this well defined.

ZWhile we have specified that w(z) < ¥(z) for all z < 3, this can only be part of equilibrium if Fy(z) >
U(z). In other words, it must be that w(z) = ¥(z) if the high type will accept it, so we can think of the
high type as deciding when to stop and accept ¥(z).
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a unique pair (o, §*) such that * = Bp(a*) = BH(a*)

Which brings us to the main result of this section:
Theorem 3.1.
o [fthe SLC holds, then =(a*, 5*) is an equilibrium.

e I[f the SLC does not hold and v > v, then Z(a*, 3*) is an equilibrium.

Notice that Theorem B.I] does not specify an equilibrium for all parameter configurations
(namely, if the SLC fails and 7 < 7). Using a constructive proof, we demonstrate equilibrium
existence for all parameters in Proposition Bl As Z(«*, 5*) is our main equilibrium of

interest, we postpone this analysis until Section

v | —— High type |
H [l — — Low type
rrrrrrrrr v(:)
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Market Belief (z)

FIGURE 2 — Equilibrium Value Functions under Z(a*, 8*)

Intuition for the trading dynamics of Z(a*, 5*) is as follows. When beliefs are very
favorable the seller has little to gain and a high cost from waiting. Trade occurs immediately
at expected market value. As beliefs become less favorable, the market shuts down and waits
for more news before making serious offers. In this region, the high type will not accept W(z)
because the combination of her flow payoff and the option value of trading in the future is
more attractive. The low type would be happy to accept ¥(z); however the combination of

her flow payoff and the option to trade in the future is more attractive than an offer of V.

#4The closed-form expression for v, derived in Lemma (Appendix B3), is y =

VH+VL72KH72\/(VL7KH)(VH*KH)
Vu—VL ’

2 _
(T where q, =
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Any offer that would be accepted would also earn the buyer a negative expected payoff. As
the belief decreases, so too does the low type’s option value. The belief where she is just
indifferent between accepting V;, and delaying trade is a*. For z < a* the low-type seller
mixes between accepting and rejecting V7, in a way such that, conditional on not observing
trade, the market belief jumps instantaneously to a*. In economic terms, not selling when
the market is pessimistic is an imperfect signal of high value.

The characterization of the equilibrium implies that the low-type seller trades with prob-
ability zero at z = a*. This is true; the low type cannot trade with an atom at a* because
then, conditional on rejection, beliefs would instantaneously jump upward, in which case the
low type would have strictly preferred to reject at a*. On the other hand, if the low-type
seller never traded at the lower boundary then beliefs would sometimes drift below o*, which
takes strictly positive time. This would impose a cost on the low type and cause F, to drop
below V7, violating No Deals. Clearly neither of these can be part of the equilibrium. Hence,
the low type’s strategy at the lower boundary acts as a regulator for the equilibrium belief
process. She mixes in a way such that prior to trade, the equilibrium belief process never

drops below a*.

Proposition 3.1. Starting at Z; = o, the probability that the low type trades at a price of
Vi before time t + A is approximately ¢p+/2A/m for A small.

To understand the behavior of the equilibrium belief process at o*, it is useful to consider
a discrete-time analog of the game where news arrives according to a binary random walk
(as studied in the Supplemental Appendix). Suppose that at time ¢, Z, = o*. In the next
short period of time (A), either good news or bad news will be revealed about the seller.
If good news arrives, Bayesian updating leads to Z;;o = o > o* and no trade occurs. If
bad news arrives, updating leads to Z;,an = o® < a*. At Z; an = o the low type accepts
V1, with probability %, where p(z) = €¢*/(1+ ¢*). Conditional on rejection, beliefs
jump back to a*. As A — 0, o and o — o, which becomes a reflecting barrier for the
continuous-time process Z until trade occurs.

Figure [ illustrates play according to Z(a*, 5*) for a single sample path of the news
process. In the left panel, # = L and the seller rejects V;, at z = o* until time t* at which
point she accepts. In the right panel, § = H and the seller rejects offers until reaching 3*.
Because the belief process reflects off the lower barrier, the high type imperfectly signals her

value to the market by rejecting offers when beliefs are unfavorable.
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The high type eventually
reaches z = 3* and trades

at w = U(5%)
7 . In this path of play, Z The high type
The low type mixes the seller accepts always rejects
over accept/reject w =V, at time t* at z = o

at z = a*\ /ending the game

t* t t* t
(A) The low type may eventually trade at z = o* (B) The high type never accepts an offer for z < g*

FIGURE 3 — Equilibrium dynamics for a fixed sample path

3.3 Verification

We now verify that =Z(a*, §*) constitutes an equilibrium. By construction, the belief process
is consistent with the specified strategies on the equilibrium path. To see this, note that if
Sk . SH <1 then S? =0and SE =1 — e Therefore, Z, = Z; + QY satisfies Belief
Consistency. The Zero Profit condition is immediate since only the low type trades with
positive probability for z < a* where the offer is V, and both types trade with probability
one for z > * where the offer is U(z).

Next, we demonstrate that No Deals is satisfied. For z > (*, this is immediate as
Fr(2) = Fu(z) = ¥(2). The following lemma establishes that No Deals is satisfied for all z

in the no-trade region.

Lemma 3.2. The value functions implied by =(a*, 5*) satisfy:
o [1(2) > Vy for all z € (a*, 5%)
o Iy(z) > V(2) for all z € (a*, B*)

For all z < o, F(2) = Vi, and Fy(z) = Fu(a®) > Y(a*) > ¥(z), verifying that No
Deals is satisfied in all states.

Finally, we argue that, for each type, the seller’s strategy is optimal. To do so, fix W
and Z as in Z(a*, 8*). The seller’s problem (S can be written as

Fi(z) = sup B’ { / e Kodt + e w(Z,) (22)
0

7>0
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Recall that the seller’s payoff from following S? starting from some initial state z is Fy(2).
Since S? is a feasible strategy, Fj(z) > Fy(z). We wish to demonstrate that F;(z) = Fy(2).
To do so, consider adding to the game a third-party intermediary who offers to “buy” the
type-0 seller’s problem for Fy(Z;) at any time ¢ > 0. That is, in the amended game with
the intermediary, at every time ¢, the type-6 seller receives the offer W, from the buyers and
the offer Fy(Z;) from the intermediary. Her value function in the stopping problem with the

intermediary is

G3(2) = sup EY [/ e " Kodt + e max{w(Z,), Fy(Z.)} (23)
720 0
Clearly, the intermediary cannot make the seller worse off, so Gj(z) > F;(z). The next

result implies that the intermediary also does not make the seller any better off.

Lemma 3.3. In the game with the intermediary, the type-0 seller can do no better than to
accept Fy immediately: Gy = Fy for 0 = L, H.

It follows that in the true game a profitable deviation from S? does not exist; if a higher
expected payoff was attainable in the true game, then it also would have been attainable in

the game with the intermediary.

4 News Quality, Welfare and Efficiency

This section examines how properties of the equilibrium =(a*, 5*) depend on the quality
of news . We first introduce measures of surplus and efficiency. The seller can guarantee
herself a payoff of Ky, even in the absence of buyers. Therefore let IT°(z) denote the surplus

obtained by the seller side of the market in state z
[1%(2) = p(2) (Fu(2) — Kn) + (1= p(2))(Fr(2) — K1)

where p(z) = €*/(1 + €*). Because buyers make zero expected profit, I19(z) is also the total
surplus attained in state z. Due to common knowledge of gains from trade, the efficient

outcome is to trade immediately, resulting in a potential surplus of
II"(2) = ¥(2) = p(z) Kn — (1 = p(2)) Ky

Hence, I1*(2) — I19(2) > 0, and any strictly positive difference is the efficiency loss from the
expected delay of trade.
Using IT*(z) — I19(2) to measure efficiency presents the following problem. Because IT*

can vary with z, we may wish to interpret I1*(z) — [1¥(z) = 1 differently if IT*(2) = 2 than
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if IT*(z) = 200. Therefore, define the percentage loss in efficiency as a function of z by

IT(z) — 11°(2)
IT*(2)

L(z) =

We first characterize the limit properties of the equilibrium as news quality becomes
arbitrarily high or low. We then illustrate the differences in equilibrium behavior, welfare
and efficiency between a world with no news (y = 0) and a world with news (v > 0). The
section concludes with a discussion of how the properties of Z(a*, f*) vary with v more

generally, relying in part on numerical findings.
4.1 In the Limit

The following proposition characterizes the limit properties of the Z(a*, §*) as news quality
becomes arbitrarily high. Let =5 and % denote pointwise and uniform convergence respec-

tively.
Proposition 4.1. In =Z(a*, %), as v — oo,
1. p* = o0

* Vi, —Ky,
2. a* = In <7VH_KH>

3. Fy 5 Vy
4. FL. 5V,
5 L350

Properties 1 and 3-5 are intuitive: as news quality becomes arbitrarily large, the high type
waits until the market is virtually sure of her type, each type expects a payoff arbitrarily
close to her true market value, and inefficiency is eliminated. The disparity between the
strength of convergence for Fj, and Fj is due to the fact that, even for large v, Fi(z) = ¥(z)
for all z > §*, meaning the convergence of Fy to V7 is only pointwise.

Property 2 answers a question that was less obvious a priori. Namely, what becomes of
the partial sell-off feature of Z(a*, 5*) as v limits to infinity? Intuition might suggest that
as news quality becomes arbitrarily high, the market will rely solely on the news to separate
the types (corresponding to a* — —o0). In fact, as v — oo, there are two countervailing
effects: f* — oo (Proposition (1)) and (8* — a*) — oo. The reason that (5* — a*) — oo
as 7 — oo is that the expected time spent in any finite-width no-trade region goes to zero.
Hence, for the necessary value-matching conditions (6] and (IT) to hold, (8*—«*) must tend

to infinity. That lim,_, . o* is finite demonstrates that neither effect completely dominates
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the other in the limit. Even as v — oo, the market relies both on partial sell-offs and on the
news to separate the types.

We now turn to the other extreme: v — 0. Such a discussion is valid only if the
SLC holds as no equilibrium of the =-form exists if the SLC fails and  is arbitrarily small
(see Proposition 5.2). Define z to be the unique z such that ¥(z) = KH

Proposition 4.2. If the SLC holds, then in Z(a*, 5%), as v — 0,
1. p* =z
2. aF = 2

3. Fyg = max{Ky, ¥(2)}

4.FLH Vi ?fz<g
U(z) ifz>z

1*(2)

s e { p(2)(Ve —Kg) if 2 <z
. —

if z> 2

To understand these results, consider the seller’s expected discount factor to reach f*. Let
T(6*) = inf{t : Z, > [*}. Starting from any state z, the expected discount factor,
E%e~m"(8)]| captures how worthwhile it is to wait until ¥ is offered. In Appendix [A1] we
show that Fy(z) = K+ E[e™ 7)) (W(8*) — Ky) for all z < 5*. Now, suppose that (3* —a*)
does not tend to zero as v — 0. Then, for any z below the limit 3*, EX[e="7(®")] — 0, im-
plying that Fy(z) — K, violating No Deals. Hence, the no-trade region must collapse
Maintaining low-type indifference also implies that EX [e7"7(?")] does not converge to one
(otherwise lim,_,o F(a*) = ¥(8*) > V). Finally, as v — 0 the expected discount factors of
the two types converge to one another—when news quality is low, there is little difference
in the news each type expects to be revealed. Hence, in the limit the high type still has
non-trivial waiting costs starting at o*. This is why the no-trade region must collapse to z:
for the high type to be willing to forego ¥(z) in the no-trade region, even though W(/5*) is

only arbitrarily better, it must be that neither are much better than her holding value, Kp.

Kuy—Vy
Vu—Kg |°

26Given that the left and right limits of the limit of F;, disagree at z, it should be expected that there are
some delicacies here, which we omit for parsimony. However, it is immediate that Ff,(z) tends to a limit in
[V, Ky, and that for any subsequence of 4 converging to 0 such that a* > z for all v, Fr(z) — Vi. In
addition, in the equilibrium constructed for v = 0, the low type’s value at z is V.

25Therefore, z exists if and only if the SLC holds, and is equal to In (
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We can construct an equilibrium that delivers precisely these payoffs, and is a natural
extension of Z(a*, *), when the SLC holds and .i: ¢ = 0. The equilibrium is nearly given
1

by Z(z, z), requiring only a modification of W t

W, — V(Z,) if Zy >zorboth Z, =zand t > t
! Vi otherwise
r(Vp—K

KH—VLL ). The random arrival of the

“high offer” when Z; = 2z is akin to having buyers play mixed strategies. The specific arrival

where t is a Poisson random variable with arrival rate

rate is necessary to ensure that the low type is indifferent between accepting V;, at Z; < z
or waiting for the high offer

One can notice that the limit value functions, and, equivalently, the value functions
endowed by the v = 0 equilibrium, are identical to the payoffs that the seller would obtain
in Akerlof’s static model. When the prior is p(z): for z < z the high type’s payoff is Ky
because she does not sell and the low type gets her market value of V, while for z > z both
types trade and receive payoff W(z)] In a heuristic sense, the static model corresponds to
~v = 0 because the agents are arbitrarily impatient, meaning the limit value functions match

value functions from the limit game, regardless of how v — 0.
4.2 Introducing News

Assume the SLC holds. Having just seen equilibrium properties when v = 0, we wish to
understand the welfare and efficiency implications of introducing news (i.e., v > 0) and
thereby transitioning to =(a*, 8*), with 5* > max{z, o™} @

Intuition may suggest that a market with better information should be more efficient.
After all, asymmetry of information between buyers and the seller is the sole cause of delay,
and indeed the market becomes fully efficient in the limit (Proposition [4.1]). This intuition
proves correct if (and only if) the market would have suffered from inefficiency, due to a
static adverse selection problem, in the absence of news: that is, if 2 < z. In fact, the
introduction of news weakly improves the welfare of both types if z < 2.

News is detrimental to efficiency for all z € (z,8*); introducing news creates a new
incentive for the high type to wait, expecting a higher offer tomorrow and leading to g* > z.
States in (z, 8*) transition from fully efficient trade (when v = 0) to no trade and strictly

positive efficiency loss from delay (when v > 0). Thus, news decreases efficiency for these

2TNotice that the profile Z(z, z) emits well-defined beliefs and seller strategies from (), [®) and (@).

28The verification that this constitutes an equilibrium is straightforward.

29Given our assumption that buyers are on the “long side” of the market.

30For any v > 0, Lemma [B.1] shows that 8* > o*, and Lemma shows that 8* > z. Section [£.3] shows
that o* can be greater or less than 2.
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intermediate beliefs by providing incentive for the high type to delay trade to attain a higher
offer. While efficiency may increase or decrease depending on the market belief, the high
type’s value function is everywhere (at least) weakly higher with news. The low type can be
made better or worse off because news negatively influences the market belief regarding her
type, but can also decrease her loss from inefficient delay.

The following corollary summarizes the implications of introducing news and follows

routinely from the structure of the =Z(a*, §*) and the v = 0 equilibrium.

Corollary 4.1. Fix all parameters such that the SLC holds. Let Fy, F? LY correspond to
the value functions and percentage loss for the v = 0 equilibrium. Let Fy, Fr,, L correspond

to the equilibrium value functions and percentage loss for Z(a*, B*) given an arbitrary - > 0.
Then,

1. Efficiency:

(a) L(z) < LO2) for 2 < 2

(b) L(z) > L%2) for all z > z, where the inequality is strict if and only if z € (z, 3*)
2. Welfare:

(a) Fy(z) > Fy(2), where the inequality is strict if and only if z < B*

(b) If a* > z, then Fr(2) < FP(2) for all z, where the inequality is strict if and only
if = € (2,8

(c) If a* < z, then Fr(z) > F(z2) for all z < z and Fr(2) < FX(2) for all z > z,

where the inequalities are strict if and only if z € (a*, 5*)

4.3 General Changes in News Quality

We now investigate how the properties of Z(a*, §*) vary with « more generally. Our first
result is that both the upper boundary and the width of the no-trade region must increase

with ~.
Proposition 4.3. §* and (5* — a*) are strictly increasing in 7.

As shown in Figure Ml o* can be increasing, decreasing or even non-monotonic in +.
That o can increase or decrease should not be surprising since, as demonstrated by Propo-
sitions Il and A.2] lim,_, o* > lim,_,o, o* if and only if Ky —V, >V, — K.

Because of their interdependence, intuition for how a* and f* vary with news quality

is a little more subtle than it may first appear. Start with Z(ag, 35) for some vy > 0 and
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consider an increase in news quality to v;. If @ and W remained as in Z(ag, 55), both types

of seller would deviate from their strategies in =(og, 55):

e Because the high type expects the belief to increase more quickly under ~;, she strictly

prefers to reject at z = 3.

e Because the low type’s expected discount factor to reach f; starting from ag, EC% [T,

increases, she strictly prefers to reject Vi, at z = of.

Consider now keeping the lower boundary fixed at af, but adjusting the upper boundary
to where the high type is indifferent between accepting ¥ or not (i.e., By(aflm) > 57).
This has two effects on the low type’s incentives at z = «. First, it decreases the expected
discount factor for the low type starting from z = o, making acceptance of V;, at z = ag
more attractive. Second, because V¥ is increasing, it leads to a higher offer upon reaching
the upper boundary, making acceptance of V, at z = o less attractive.

Depending on parameters, these forces can have different relative strengths and can lead
to aj being greater than, less than, or equal to of. However, even if these forces result in a
decrease in o*, which (in isolation) makes waiting less attractive for the high type, it is never
strong enough to undo the primary effect; increasing v gives the high type more incentive to
wait leading to a higher g*.

Let us conclude with a discussion of the welfare and efficiency implications of general
changes in news quality. Again, consider a change from 79 > 0 to 7, > 7. We partition into

two cases: either aj > ag or not. For the first case we have the following:

Proposition 4.4. Consider two news qualities o < 71, such that Z(af, 5) is an equilibrium
when v = 7;. Let Fj and L' denote the respective value functions and percentage loss in

equilibrium for v = ;. Then, if of > aof,

Market Belief (2)

i)

0 News Quality (7) 0 News Quality (v) 0 News Quality (v)

(A) Kp=—3%, Kp =1 (B) Kp=—%, Ky =1 () KL= =55, Kpy = 55
FIGURE 4 — Equilibrium boundaries as they depend on ~ for three different values of (K, Kp),

with Vi, = 0,Vy = 1, and ~ ranging from 0 to 20.
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1. For all z, F}(2) > F(2), where the inequality is strict if and only if z < [3;.

2. For all z, F}(2) < FY(2), where the inequality is strict if and only if z € (o, 7).
Moreover, there exists a 2’ € (o, B;) such that

3. LYz) < L2) for 2z < 2.

4. LY2) > LO2) for z € (¢, 57).

As in Corollary 1] an increase in news quality is weakly beneficial (detrimental) to
the high (low) type, and inefficiency decreases for low beliefs and increases for intermediate
ones. If o < af, the analysis is less tractable, and we turn to numerical results. In all such
examples we computed, the only change from Proposition 4] is in (2). Instead of the low
type being weakly worse off for all beliefs, there exists 2" € (a5, 3;) such that F}(z) > FP(2)
for all z < 2” and F}(2) < FP(2) for all z > 2” with the inequalities strict if and only if
z € (af, 2") U (2", 8), which can be viewed as the generalization of Corollary ELT|(2c).
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FIGURE 5 — The top row shows a contour of £ as it depends on z and ~ with darker shades
indicating greater loss. The bottom row illustrates £ for three different levels of news quality.
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Figure [ illustrates many of the properties we have just discussed for the same three
parameter specifications used in Figure @l The top row shows a contour of the inefficiency
as it depends on z and ~ with darker shades corresponding to greater loss. Notice that the
inefficiency is most severe for small v and z &~ z. As + increases the inefficiency becomes
more diffuse over states and less severe in the most inefficient ones. The bottom row of the
figure illustrates the loss in efficiency as a function of the market belief for three different
levels of news quality. Notice that the loss in surplus shifts towards higher beliefs as ~
increases. As most apparent in Figure 5(c,ii), an increase in the quality of the news from

7 = 0.1 to v = 1 provides little gain in surplus for z < a’_;; and substantial loss in surplus
for z € (8501, 8521)-

5 Stationary, Belief-Monotone Equilibria

—_

=(a*, %) is not the unique equilibrium according to Definition 2Tl In this section we define

a Stationary, Belief-Monotone (SBM) equilibrium and demonstrate three main results:

(i) If the SLC holds, then Z(a*, f*) is the unique SBM-equilibrium.

(ii) Without the SLC, other SBM-equilibria can exist. We investigate how behavior can
differ from =(a*, §*) and identify features common to all SBM-equilibria. In particular,
a no-trade region must exist as long as news quality is high enough, and equilibrium
payoffs converge to the full-information (and fully efficient) payoffs as news quality

becomes arbitrarily high.

(iii) Without the SLC, and with sufficient news quality, Z(a*, 5*) is the unique SBM-
equilibrium with the property that “good news” (i.e, dZ > 0) is never harmful to the

seller.

Informally, an equilibrium is stationary if, after any history, the current belief is a sufficient
summary of all past play. It is belief monotone if rejection by the seller is not inferred to be
a signal of low asset value.

Without Belief Monotonicity many unappealing equilibria can be sustained by “threat
beliefs” (e.g., a seller who does not accept immediately is considered to be a low type with
probability one). For example, suppose the SLC holds and consider the candidate Z'(a, 3)
which is identical to Z(a, 8) in all respects except that off the equilibrium path Z; = —co.
For any 8 € (z,8"), Z'(B;*(8),8) is an equilibrium. In this equilibrium, the high type is
“forced” to trade sooner (i.e., at z € (3, %)) because failure to do so convinces buyers that

the seller is the low type for sure (nullifying the effect of any future news) We restrict

31For a non-belief-monotone equilibrium when the SLC does not hold: Wy = W(Z,), W; = V. for all t > 0,
and Sif = SI =1 is an equilibrium profile for any + supported by the (consistent) off-path belief Z; = —oco
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attention to stationary equilibria for tractability.
5.1 Definitions and Preliminaries

We first enrich the definition of strategy to specify behavior off the equilibrium path.

Definition 5.1. A strategy for a type-6 seller is a family of stochastic processes {S%'}cr,

satisfying the following:

1. Measurable Distribution Functions: For all t, > 0, $%% = {S™ ¢, < ¢t < oo} is a

right-continuous, non-decreasing, H,;-adapted process on [0, 1].

2. Self-Consistency: For any t; >ty > 0, let Sf,’to = limgy, S?% and specify that Sf,’to =0.
1 0
If SthO < 1, it must be that for all t > ¢,
1

6,to 0,to
St - St;

0.t
1-87°
tl

67"’1 —
t =

For any t > 0, S?!(w) is a CDF over the type-6 seller’s acceptance time on [t, 0o] along
the sample path X (w, ), given that the game has not stopped at any time ¢ < t (regardless
of whether this is on the equilibrium path or not). Let 8% = supp(S?!). In words, Self-
Consistency mandates the following natural condition. If, given a fixed sample path of X, at
time t( the seller chose a CDF that assigned positive probability to rejecting all offers before
time t; > tg, then the CDF she chooses at t; must be the CDF from time ¢y conditioned on
having reached ¢;. Notice that S?, which we have used to denote the seller’s strategy prior
to now, is simply S%°. With this extended notion of strategy, we can extend the notion of
belief consistency from () as follows. Beliefs will be consistent starting from any history if
for all t; > ty > 0 such that StLl,’tO . Sg’to <1

H.to
(X, — X 1-52
ft1—t0( 1 to)) 4 ln t

Zy = Zy +1n — 4
" o (ftLl—to (th - Xto) 11— StLJtO
1

(24)

Self-Consistency ensures that (24]) produces the same value of Z;, for any such t.
For any given ¢, if the game has not yet ended (regardless of whether this is on the

equilibrium path or not), the seller faces an optimal stopping problem.

sup E’ [/ rKpe "ds 4+ e T WA?—Q} (SPyy)
t

T>t ’

for all ¢ > 0.
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We can now define an SBM-equilibrium.

Definition 5.2. An SBM-equilibrium of the game is a quadruple ({S™'}egr, , {97 }er, , W, Z),
where Z = Z + Q, such that

1. Seller Optimality: Given W, for every ¢, S? solves the type- seller’s problem (SP;)

2. Belief Consistency: For all t; >ty > 0 such that StL,’tO . Sﬁ’to < 1, Z;, is consistent as
1 1
given by (24))

3. Zero Profit: For any ¢y > 0, if there exists a 7 € S&% U S such that 7(w) = ¢ for
some w, then W, = E[Vp|H,, 7° = 1]

4. No Deals: For all 0,t,w: Fy(t,w) > E[Vy|H:, Vo < V]

5. Stationarity: W; = w(Z;) for some Borel-measurable function w, and Z is a time-

homogenous H;-Markov process

6. Belief Monotonicity: @ is non-decreasing

Notice that the first four conditions are just the extensions of the conditions in Definition
2.1 to behavior and beliefs off the equilibrium path. Stationarity requires that both the
current offer and the evolution of beliefs depend only on the current belief While it is
conventional to define stationarity as a restriction on strategies, which then has implications
for beliefs through the equilibrium consistency condition, it is much cleaner for us to do the
reversel”] We continue to use z to refer to the state variable (distinguishing it from the
belief process Z). In order to both motivate and interpret Belief Monotonicity, consider the
following lemma which establishes basic properties of trading behavior. Let an S-equilibrium
be defined by conditions 1-5 in Definition (i.e., Belief Monotonicity is relaxed), and
notice that because of the stationarity of the seller’s problem we can write value functions

as functions of the state variable Fy(z).
Lemma 5.1. The following properties are true in any S-equilibrium.

a. For any state z, Fr(z) < V(z) and Fy(z) < Vg.

32This implies that Z is a time-homogenous Markov process with respect to the seller’s information as
well. For any ¢, s, because the distribution of Z;, ¢ given H,; depends only on Z;, the distribution of Z;
given H; and 6 depends only on Z; and 6, since X (-, ) has stationary, independent increments.

33That is, an alternative condition for Stationarity would replace the restriction on Z with a more no-
tationally cumbersome restriction on {S%*},cp,, {S#}icr, . However, because (24) is undefined following
an unexpected rejection, we would still need an additional condition that, roughly speaking, requires the
evolution of beliefs following an unexpected rejection to depend only on the belief at the time of the rejection.
We therefore find condition 5 more useful.
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b. In any state z, there are only two prices at which trade can occur: Vi and W(z).
c. For any state z at time t, if w(z) = VU(z), then StLl’tO = S,f’t“ =1 forallty <t <t.

d. For any times ty < t1, if w(z) =V at t; and StLl,’tO <1, then StLl’tO <1

If the first property failed, then buyers would be subsidizing the seller violating Zero
Profit. The next three properties give structure to how equilibrium trading behavior must
transpire. For example, in any state, the high type either rejects or accepts w with proba-
bility one—she does not mix. Further, if the high type accepts so does the low type (with
probability one). Hence, if an equilibrium prescribes rejection with positive probability in
a certain state, Belief Consistency mandates that the act of rejection cannot decrease the
market’s belief. Thus, for any realization of X, @) is non-decreasing on the equilibrium path;
on path, rejection is always a weakly positive signal of high value. We refer to this property
as Belief Monotonicity on path. Condition 6 in Definition extends this notion off the
equilibrium path as well.

One last preliminary property will be useful for establishing further results.
Lemma 5.2. In any SBM-equilibrium, Fy, is continuous on R.

5.2 Results

Our first result is the existence of an SBM-equilibrium. The proof is constructive, relying
on much of the subsequent analysis. We state the result here to avoid any ambiguity on the

matter.
Proposition 5.1. An SBM-equilibrium exists.

Under the SLC

Definition B.] does not specify seller strategies off the equilibrium path. Given that Z; =
7y + Q%" both on and off the equilibrium path, for Z(a*, 8*) to be an SBM-equilibrium,
strategies off the equilibrium path must be consistent with Z in the sense of (24]). Therefore,
extend the definition of Z(a*, 5*) such that for all 0 < ¢y < t,

gito _ { 1 if there exists s € [tg, t] such that Z, > * and W, > U(Zy)

0 otherwise

gt { 1 if there exists s € [to, t] such that Z, > f* and W, > U(Z,)

1— e_(Q?*_Q?o*) otherwise
Theorem 5.1. If the SLC holds, then Z(a*, *) is the essentially unique SBM-equilibrium.
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The uniqueness is qualified with “essentially” only because the off-path evolution of Z
when z > * and w(z) for z € (o, 5*) are not uniquely pinned down. This indeterminacy
has no effect on equilibrium outcomes or payoffs.

A brief intuition for the theorem is as follows. Lemma [E.I[b) establishes that, in any
SBM-equilibrium, the highest offer that can be made in state z is W(z). Therefore, if z < z,
then the high type rejects any equilibrium offer. The same cannot be true for the low
type, because then Belief Consistency would mandate that beliefs evolve based only on
the realization of news when z < z. But then lim._, . EL [e77@] = 0, implying that
lim, , o F1(2) = K <V}, violating No Deals. Simply put, given that high type is holding
out at least until z, there are beliefs low enough such that the low type is willing to accept
Vp.

On the opposite extreme but using a similar logic, there must exist a belief z > z such
that the high type is willing to accept ¥(z). Of course, the low type is willing to accept as
well, and therefore trade occurs with probability one in such states. Hence, there exist two
states z; < zy such that Fr(z1) = V and Fp(z2) = W(z3). The continuity of Fj, (Lemma
[.2)) implies that there exists an interval (o, 8) C (21, 22) such that V, < Fr(z) < ¥(z) for
all z € (a, ). The only behavior consistent with these conditions and Lemma [5.1]is for this
interval to be a no-trade region. Belief Monotonicity together with Seller Optimality implies
that the high type must be indifferent between rejecting or accepting W(/3) at 4 (in contrast
to the non-belief-monotone equilibria presented at the beginning of this section). The next
step in the proof shows that outside of the no-trade region, only the behavior prescribed by
=(a, ) is consistent with SBM-equilibrium. Lastly, Lemma [B1] establishes that (v, §) must

be (a*, 5%).

Without the SLC

Without the SLC, Z(a*, #*) may not be unique among SBM-equilibria (depending on pa-
rameters). To begin with, (o, 5*) does not exist unless v is large enough. Notice that

if ¥ = 0 (and the SLC fails), then our model is the (two-type) continuous-time analog of

). Correspondingly, the unique SBM-equilibrium outcome is immediate trade,
at expected market value, regardless of the market belief. This result holds even for positive,

but small, values of ~.

Proposition 5.2. If the SLC does not hold, then for all v small enough, the essentially
unique SBM-equilibrium is Z, = Z,, Wy = U(Z,) and StL’tO = StH’tO =1 forallt >ty > 0.

Without the SLC, if news quality is poor the market is fully efficient: Fgy = F, = ¥ and
L = 0. Notice that these correspond to the analogous limit expressions when the SLC does

hold and z > z. Hence, as z — —oo (i.e., as the static adverse selection problem disappears
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for each prior) the limit expressions for value functions and efficiency under the SLC converge
to those obtained when the SLC fails.

For ~ large enough, this equilibrium cannot be sustained. To see why consider the
following stopping problem, which we refer to as the naive-market game. Let W; = \I/(Zt)
for all ¢ (i.e, beliefs depend only on news, and expected market value is always offered). A
complete analysis of the seller’s optimal policy in this problem is found in Appendix[A.2l Of
relevance here is Lemma [A.3] in which we derive a closed from expression for 4° and show
that if v > 49, there exists z;; < Zpy such that the optimal policy for the high type is to
reject in any state z € (z,Zy) and accept in any state z € (zy,Zn).

Intuitively, when ~ is high and beliefs are intermediate, the high type expects a large
enough benefit from news to make it worth the wait. In any SBM-equilibrium of the true
game, Fy > W (No Deals) and @ non-decreasing (Belief Monotonicity) imply that rejecting
in a given state z is at least as profitable for the high type as doing so is in the naive-market

game.

Proposition 5.3. If the SLC does not hold and v > ~°, then in any SBM-equilibrium there

exist z1,z9 € R, z1 < 23, such that no trade occurs in any state z € (z1, z3).

In addition, as 7 — oo, we obtain similar payoff and efficiency properties to those in
Proposition [£.1]

Proposition 5.4. If the SLC does not hold, as v — oo, in any SBM-equilibrium
1. Fy 5 Vy
2. F, 5V,
8. LS50

Clearly, when it exists, Z(a*, 5*) satisfies the properties of Propositions and [5.4], but
it may no longer be the unique SBM-equilibrium. Without the SLC, we cannot immediately
rule out that the high type trades when beliefs are low. In fact, for some parameters, there

exists an SBM-equilibrium where she does exactly that.

Example 5.1. Let v > +", and consider the following profile:
e For all beliefs z ¢ (zy,Zn), w(z) = ¥(z), and both types accept with probability one.
e For all beliefs z € (z,Zn) w(z) = V7, and both types reject.

This profile constitutes an SBM-equilibrium, supported by the belief process Z = Z , if and
only if K, is above some threshold K; (proof in Appendix B).
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—— High type

— — Low type (K. < K;)

Equilibrium Payoff

ZH Market Belief (z) “H

F1GURE 6 — Value functions and equilibrium conditions for Example 5.1

The key difference between Example [5.I] and the =-profile is that when beliefs are low,
instead of a partial sell-off by the low type, there is trade with probability one by both
types. Because the low type is always willing to accept W, it is the high type’s incentives
that determine when it will be offered Consider the stopping problem for the high type
if beliefs are currently low, they evolve based only on news, and W; = V(Z,) for all t. The
expected increase in the probability the market assigns to § = H and thus W in the near
future is small, and so she has little to gain by waiting. Without the SLC, Ky < ¥(z) for
all z, so the high type does best to accept.

There are parameters under which both Z(a*, 8*) and Example B.] constitute SBM-
equilibria. Again, the key is that if the market is not expecting a partial sell-off by the low
type, rejecting when beliefs are low does not serve as any signal of high asset value. It is
therefore belief consistent (and belief monotone) for buyers to update based only on the
news, making the high type willing to accept ¥ and fulfilling the expectation that there is
no partial sell-off by the low type.

Example 5.1l is not the only possible SBM-equilibrium other than =Z(a*, 5*). However, it
does serve two purposes. First, the constructive proof of Proposition 5.1 shows that for any
parameter values, if there does not exist an (a, #) such that =(«, ) is an equilibrium, then

either the “always immediately trade” profile of Proposition or Example [5.1] constitutes

34The convergence must be weakened from uniform in Proposition [LI¥3) to pointwise here—see Example

BTl as an illustration.
35That is, the profile characterization is independent of K, and it constitutes an equilibrium so long as

the low type is willing to endure the no-trade region (z;,Zm) rather than accept Vi (which determines the
value of K ).
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an SBM-equilibrium (establishing existence of the SBM-equilibrium).
Second, it is useful for motivating the next result. Within Example BT, let z,, =

arg min, ¢ Fr(2). In Figure [l notice that even for the value of K > K, , Fp is

212 H)
decreasing on (zy, z,). Between z, and z,, beliefs evolve based only on news, so the low
type is hoping for bad news. Put another way, if the game was modified such that py was
only an upper-bound on the drift of the type-6 seller’s news process, and the seller could
continuously control her drift below py at no cost, then the low type would prefer to “sabo-
tage” herself by choosing an arbitrarily large negative drift. Any equilibrium of this modified
game would require non-decreasing value functions (NDVF). Thus, NDVF is a property that
may be appealing in some settings.

We now demonstrate that, fixing all other parameters such that the SLC fails, as news
quality increases, not only does the equilibrium from Example 51l fail NDVF, but =Z(a*, %)

is the unique SBM-equilibrium satisfying NDVF.

Proposition 5.5. If the SLC does not hold, then for all v large enough, =Z(a*, B*) is the
essentially unique SBM-equilibrium satisfying NDVF.

6 News Processes

We have modeled news via a Brownian diffusion process with type-dependent drift. This
encompasses all continuous-time stochastic processes with (i) stationary, independent in-
crements, and (7i) continuous sample paths almost surely. The first property is crucial for
our analysis because our techniques rely on the stationary structure of the game, however,
the second is not. Moreover, in many instances, information arrival is not continuous (e.g.,
using our first example, suppose the entrepreneur owns a small pharmaceutical firm that
has developed a new drug awaiting FDA approval). In this section, we consider a simple
alternative specification for a news process with lumpy information arrival. This helps to
distill the key features of equilibrium trade dynamics in the presence of news.

Suppose that news arrives according to a compound Poisson process, {X;,0 <t < oco}.
Conditional on #, X; has a constant jump rate \g and jump size distribution Gy. For
simplicity, assume that supp(Gp) N supp(Gy) = 0. This specification implies that the first
arriwval (of a jump) fully reveals the seller’s type at which point trade occurs immediately
at V. Let T' denote the (random) time of the first arrival. Our discussion below will focus
on equilibrium trade dynamics for ¢ < T'. Given a prior my and seller strategies, at any time

t < T prior to trade the posterior is

7T06_)‘Ht(1 — Sﬁ)
moe Mt (1 — SH) 4 (1 — mp)eMet(1 — SE)
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Again, taking the log-likelihood ratio we arrive at the equilibrium belief process

1—S£ o
Zt:ZO_I'()\L_)\H)t_I'ln 1—StL, ) ZOZln ]_—7T() (25)

As in Section 23] let Z, denote the process that updates only based on news
Zy = Zo+ (A — Ag)t (26)

and continue to let Q% = max{a — inf,<, Z,, 0} for any a € R (as in Definition B.1)).

From 24l), if A\, > Apy, then Z drifts upward (matching the adage that “no news is
good news”), whereas if A\, < g, then Z drifts (weakly) downward (“no news is (weakly)
bad news”). This distinction will play a key role in the equilibrium trade dynamics as
demonstrated in Proposition

Since the first arrival is fully revealing, the seller’s outside option is to consume the flow
payoff from the asset until the arrival at which point trade commences at a price of Vj.
Letting K denote the expected payoff of the outside option to a type- seller, we obtain

T
K, =E’ {/ e " Kodt + e V| = 8ot AoV (27)
0 r 4 Ng
The high type will never rationally accept an offer less than K7},. Therefore, the relevant
condition for the potential existence of a standard adverse selection problem, denoted SLC’,

is as follows.
Definition 6.1. The SL(C" is satisfied if and only if K}, > V.

Notice that the SLC’ is implied by the SLC, and if Ay = 0, then K}, = Ky and the two

conditions are equivalent.
Proposition 6.1. Suppose the SLC" holds.

1. If \p, > Mg (no news is good news): for allt < T, Z(«a, ) is an SBM-equilibrium for
the uniquely specified (o, B) below

S =In <(_; <(1 —qu)V +2qu K’ + \/(1 —qu)?V + 4qH1‘/f(f)) (28)

a1 (Y(B) - K]
o=8 qu< VL_K,L) (29)

where V. =Vy — Vi, K' = Kty =V, and g9 = {42

No-Am

36Where {51!, SHt Q*'}cr, from E(a, ) are extended as in Section .2
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2. If \p, < Mg (no news is (weakly) bad news): for all t < T, there exists an SBM-
equilibrium such that {S™', S"'}cp, and Z are as in Z(«, 8), where (a, 8) and W are

uniquely specified below:

B =a=z" where z* is defined by V(z*) = K},
W, — U(Z,) if Zy > 2" or both Zy = z* and t > ¥
! Vi, otherwise

r(VL—Kr)
K’ ’

where t' is a Poisson random variable with arrival rate k =

If A\ > Ap, then the description of the equilibrium (prior to 7') is identical to the
equilibrium in the Brownian-news model except for the exact location of the boundaries:
there is a no-trade region with efficient trade above it and partial sell-off by the low type
below it. However, there are important differences that arise because (Zt)t<T is deterministic
and increasing. In equilibrium, Z; > « for all ¢ € (0,7), meaning the low type does not
engage in any partial sell-off after time zero. Because the belief does not decrease, this aspect
of behavior (essential in the Brownian-news model) is unnecessary. This further implies that
£ can be determined independent of a: when the high type is deciding whether or not she
wants to accept W in state z, equilibrium play in states 2z’ < z is irrelevant. Hence, [ is
pinned down completely by the high type’s marginal considerations (notice that £ as given
by (28) does not depend on K or Ap). Given 3, « is then pinned down by the low type’s
indifference condition.

If, on the other hand, A, < Ap, the equilibrium does not involve a no-trade region. In fact,
it is quite similar to the v = 0 equilibrium (Section[d.1]). However, if A\, < Ay, the equilibrium
recovers the partial sell-off feature: if Zy < z*, because (Zt)t<T is deterministically decreasing,
the low type is constantly engaging in a partial sell-off to exactly offset the news and maintain
Z, = z* for t > 087 In this sense, the two cases isolate two salient features from the
Brownian-news model. The potential for gradual good news creates a no-trade region, and
the potential for gradual bad news mandates partial sell-offs by the low type to counteract
sufficiently detrimental news. We conjecture that these two features prevail when news is
modeled within in a broader class of Lévy processes.

Paralleling the analysis of the Brownian-news model, it is possible to show that in
both cases the equilibrium in Proposition is unique among SBM-equilibria (provided
the SLC’ holds). When the SLC’ fails, if news quality is poor (i.e., Ap, Ay are small),

37Clearly, if A, = Ay = 0, the model and equilibrium are identical to those when ~ = 0 in the Brownian-
news setup (Section [I]). If A\, = Ay > 0, the minimum state in which U is offered and its (random) arrival
time must be adjusted from z and t to 2* and t'.
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then immediate trade regardless of the state is the unique equilibrium outcome. Just as
in the Brownian-news model, if we increase news quality, then equilibria matching those in
Proposition exist. The subtlety now is that news quality and the SLC’ both depend
on \g. Define increasing news quality by the partial order: (A}, \}) is more informative
than (A2 0%) # (AL, AL) if (AL ML) > (A9 A%). Thus, if (AL, A}) is more informative than
(A2, 09), then max{A}, AL} > max{\}, \%}. Tt can be shown that if max{\;, \g} is large
enough (which occurs if news quality is sufficiently high), then either the SLC’ holds (be-
cause Ay is large enough), or an equilibrium with identical structure to (1) of Proposition
exists (because, just as in the Brownian-news model, the high type expects 7 to increase

fast enough to make it optimal to delay trade at intermediate beliefs).

7 Related Literature and Discussion

We have presented a continuous-time framework to analyze the effects of news in a dynamic
market with asymmetric information. Our equilibrium of interest consists of three distinct
regions: immediate trade, no trade, and partial sell-off. This paper encompasses environ-
ments in which a standard lemons problem may or may not exist. Further, we establish the
strong connection between both of the environments and their equilibria. In this section, we

discuss our contribution within the context of the literature.

7.1 Dynamic Adverse Selection and Dynamic Signaling

We start with the works of (@) and (@) There is a fundamental

strategic difference between these two models. In Akerlof’s model, the seller’s choice is
whether to trade now or never. Yet, in real markets, rejecting an offer today rarely prevents

a seller from trading in the future. In Spence’s model, prior to trade, the seller chooses a

signaling action that carries a type-dependent cost. However, as pointed out by M )
and i ), in many markets costly signaling takes time to materialize.

Indeed the signaling action in Spence’s primary application is the amount of time spent in
school. The (implicit) assumption is that the student can commit to delay trade and ignore
offers during this time. In a dynamic environment (without commitment and with durable
assets) these two strategic settings are virtually identical. In both, privately-informed sellers
choose whether to trade at each point in time based on the current offer, their expectations of
future ones and any payoffs the asset endows in the interim. Their sole difference is whether
there is a static adverse selection problem or not.

Among dynamic models, motivated by Spence’s static model, one strand of literature
assumes there is no static adverse selection problem. The papers in this strand each study a

discrete-time model in which the seller receives offers from multiple buyers in each period, and
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the length of time between offers is small. IN6ldeke and van Dammé (|L&9d) show that when

buyers’ offers are publicly observable, the unique equilibrium satisfying the never-a-weak-

best-response refinement (IKohlberQ and Merteng, h%d) closely approximates the least-cost-
separating outcome bjwkﬁ (|L&9_d) argues that their result hinges on the combination of

public offers and the refinement. He shows that when offers are kept private, all types trade

immediately in the unique sequential equilibrium outcome. When the SLC is not satisfied
and news is completely uninformative, our model is the (two-type) continuous-time analog
of [Sjmn]mlsj (|19_9d) We confirm that trade is immediate and demonstrate how this result
changes with the quality of the news.

Kremer and Skrz 2007) introduce exogenous information into a dynamic signaling

model with private offers. In their model, a grade is revealed at some fixed time, provided

that trade has not already occurred. In contrast to [Swi (IlQQ_d), trade is always delayed
with positive probability. A key insight of their work is that noisy information causes an
endogenous market for lemons to develop. In equilibrium, trade breaks down completely
just prior to revelation of the grade. A similar result obtains in our model. However, in an
infinite-horizon model with gradual information arrival, the region of breakdown depends on
market beliefs rather than time.

Motivated by Akerlof’s static model, a second strand of literature assumes there is a

static adverse selection problem. Lmuss&mﬁmi_ﬂmzl (lZDDj) take a Walrasian approach and

show that every equilibrium involves a sequence of increasing prices and qualities traded

over time. Trade is delayed and therefore the outcome is inefficient, but all goods are traded
in finite time. As agents become arbitrarily patient (i.e, as the interest rate tends to zero),
the inefficiency persists because the expected time to trade grows unboundedly at the same
rate. The same result obtains in our model without news (see the characterization of the
v = 0 equilibrium in Section [1). However, with news (i.e., ¢ > 0), as the interest rate goes

to zero, v goes to oo and the inefficiency disappears (Proposition [.1]). [Hérner and yigillé

) address the issue of public versus private offers in a dynamic adverse selection model.

They demonstrate that when there is a single potential buyer each period trade always
(eventually) occurs when offers are private, but often ends at an impasse when offers are
public. The stark difference between their results (with public offers) and those of other

works mentioned above (as well as the discrete-time version of our model) hinges crucially

38The least-cost-separating outcome (or Riley outcome) is the equilibrium in which each type separates
from all types below it by expending the minimum amount on signaling necessary to do so m, ).
Under the standard single-crossing assumption, it is the unique equilibrium satisfying stability-based refine-

ments (Cho and Krepd, [1987; Banks and Sobel, [1987).

36



on the assumption of a single buyer each period

Our main contribution to this literature is in analyzing the effect of exogenous news arrival
on equilibrium dynamics. We do so in a model that pertains to both strands: the difference
amounts to a parametric assumption (the SLC). We show that when news is sufficiently
informative, the distinction becomes less important, although not irrelevant, for equilibrium
behavior. Finally, from a methodological viewpoint, we introduce continuous-time techniques

to this literature, which facilitates sharp predictions and analytic tractability.

Thinking more broadly about the implications of our work, it is natural to think that news
should reduce the asymmetry between buyers and sellers and mitigate inefficiencies. We
demonstrate that this is only partially true. The welfare results have policy implications.
For example, would a social planner ever suppress or censor informative news? Are markets
more efficient when information is revealed gradually, or all at once? What is the optimal
way to reveal information to the market? Further investigation of these questions seems a

promising direction for future research.

39The force underlying Diamond’s paradox (Diamond - ) plays an important role in the impasse result
of [Horner and Vieille (IZDD_Q and would be eliminated by intra-temporal competition among buyers.

40There are also a number of papers focusing on the relationship between specific market institutions
and trade dynamics: see [Taylor (1999), Hendel and Lizzeri (1999, [2002), lJohnson and Waldman (2003),
Hendel et al! (2005). Tt is now well understood that markets can, and have, overcome certain inefficiencies
through a variety of innovations such as quality inspection, certification intermediaries and rental contracts.
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A Technical Preliminaries

A.1 Useful Formulas

In this section we derive several formulas which will be useful for a number of proofs in Appendix[Bl
For arbitrary a < 3, let T(f) = inf{t : Z; > S}, where Z is the stochastic process given by (). Let
go(z)a, B) = E%[e ™" P)] where E? denotes the expectation with respect to the probability law of
the process Z starting at Zy = z and conditional on 0 (Q?). We refer to gy as the expected discount
factor.

Fact A.1. For any z > 3, go(z|a, B) = 1. For any z < 3,

—r 1 9(z—a)t 9 (z—a)t
i) = 8 [0 = L (e i)

where (¢F, qb) :%(1j:\/1+8 ) (qff, g1 ( 1+4/1+438/ > and (x)* = max{x,0}.

PRrROOF: Let § = L. Using standard techniques (e.g., Section B), for all z € («, 8), gz, solves

9L=—19'L+g 9L

- (31)

which has a unique solution of the form g (z) = Dleqle + Dge‘ﬁ #. Solving for Dy, D, using
the boundary conditions g (a) = 0 (reflection) and gr(8) = 1 (value-matching), gives (B0) for all
z € (o, B). For any z < «, the expression follows from the fact that beliefs jump instantaneously
to a. For any z < a, gr(z|e, 8) = gr(a|a, B). The derivation for # = H is analogous. Q.E.D.

Several additional formulas follow from (B0).

e For any z € (a, ),

iig%gg(z\a,ﬂ) =0 (32)
lin gy (2]e, B) =1 (33)

e Starting from z = «, the expected discount factor can be simplified to

qf — d
= 4
alale ) gfeB(3—a) _ gfea](F—0) 39

e Taking the limit of (B0 as « — —oo gives the expected discount factor for a process that
evolves according to Z (i.e., without a reflecting barrier). Let g§(z|3) denote the expected
discount factor without a reflecting barrier. For all z < 3, we have that

Gb(z18) = lim _g(z|a, B) = et (35)

Finally, for any z, let Fg(z|a, B) denote the value to the type-6 seller who, starting from z, rejects
all offers until Z is weakly above § (i.e., plays according to T'(f)), at which point the offer is
U (max{f, z}). Then

Fy(z|ar, B) = Ko + go(z]a. B)(¥ (max{B, z}) — Ko) (36)
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Therefore, in Z(a*, 8*), Fp(z) = Fy(z|a*, ). The statement is obvious for the high type. For the
low type, it holds because in equilibrium she is indifferent between accepting at z = o, meaning
always rejecting at o must yield her equilibrium payoff.

A.2 The Naive-Market Game

In this section, we introduce and solve a pair of optimal stopping problems. The results demon-
strated here will be used in several of the proofs in Appendix The stopping problems are as
follows. Suppose that the type-0 seller faces a “naive” market that updates beliefs only based on
news, and offers W(z) at every (¢,w) such that Z;(w) = z. Define hgy(t, z) to be the payoff to a
type-0 seller from accepting (i.e., stopping) at time ¢ in state z:

t
ho(t,z) = / rKge "Sds + e "W (2) = Ky + e "N (W(2) — Kp)
0

The problem facing the seller is to find an optimal policy (a stopping time) 7y to maximize her
expected payoff given any initial state.

Nj(z) = sup EY [hg(T, ZT)] for all z (NMGy)
>0

We refer to this as the naive-market game and denote the type-6 seller’s problem as [NMGy| Note

that hg is bounded, in C2, and has lim; . hg(t, 2) = Kjy for all z. These conditions are sufficient to

ensure that an optimal stopping time (possibly infinite) exists and that Nj is lower semi-continuous
,[1978, Theorems 3.1,3.3)

Lemma A.1. The optimal policy in NMGY, is to accept W(z) immediately for all z. That is, 71, = 0.

PROOF: First, the expected payoff to the seller in NMG . starting from an initial state Zy = z and
under an arbitrary stopping rule 7 such that EX[r] < oo is, by Dynkin’s formula,

EEhy(r, Z:)] = hi(0,2) + EE [/OT ALhp (s, Zs)ds] (37)

where A” is the characteristic operator for the process Y; = (t, Zt) under QL. For all s, 2,

29 2 9?2 0
Ahi(5,2) = =L hu(s,2) 4 & hn(s,2) 4 (s, 2)
2
=7 (—%(\Iﬂ(z) — 0 (2)) —r(¥(z) — KL)> <0

where the inequality follows from ¥'(z) > max{0, ¥”(z)} for all z. Second, if EL[r] = oo, then
ELnE (1, Z.)] = K. Therefore, for all stopping rules 7, EX[hr (7, Z;)] < hr(0,z) = ¥(z). Taking
the supremum over all 7 gives Nj(z) < ¥(z). Since 7 = 0 is feasible, Nj(z) > h(0,z), and we
conclude that Nj(z) = ¥(z). The optimal policy in NMGy, is to stop immediately (i.e., 77, = 0)
for all z. Q.E.D.

The form of the optimal policy in NMGy depends crucially on whether the SLC holds. As in
(B7), the expected payoff to the high type under an arbitrary stopping rule 7, satisfying EX[r] < oo,

41 The problem has been posed only for initial states such that ¢ = 0. Since the problem is stationary, the
optimal policy will be time invariant so this formulation is without loss.
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is

B (. 2, = b 0.2) + B2 | [" Ahi(s, Z2)as|

where

¢2

A by (s,z) =e " < 5

(W'(2) + 0" (2)) — r((2) — KH>) (38)

The expression inside the outermost parentheses on the RHS of [B8]) can be interpreted as the
marginal benefit of waiting for an instant of time before accepting. The first term, %2 (V'(2)+9"(2)),
represents the expected marginal increase in the offer an instant later. This term is positive since
the high type expects good news. Further, it is single-peaked since information has its largest
effect on the posterior for intermediate priors and tends to zero in both limits (as beliefs become
degenerate). The second term, r(¥(z) — Kjp) represents the (opportunity) cost associated with
delaying trade, which is strictly increasing in z. Let M By (z) = %2(\11’(,2) +0"(2)) —r(V(z) — Ky
and Uy = {z : MBy(z) > 0}. Naturally, stopping at any z € Uy cannot be optimal (ﬁ@{
2007, p. 216).

Under the SLC, there exists 2+ such that Uy = {2z : 2 < 21} and M By is strictly decreasing
above zT. Hence, a cutoff policy of accepting above some threshold and rejecting below it is a

natural candidate.

Lemma A.2. If the SLC holds, there exists a unique zj; € R, given by ([{1)), such that the optimal
policy in NMGp is to accept W for all z > 2}, and reject at all z < zj;: Ty = inf{t : Z; > 2}, }.

PrOOF: We first demonstrate that any optimal policy must have the stated form. Let D =
{z : Nj;(2) > ¥(2)} be the open set (open by lower semi-continuity of N, and continuity of W)
representing the optimal rejection region, and note that N7 (z) = U(z) for all z € R\D. As
already established, Uy = (—o0,2") C D. Rejecting at all z cannot be optimal since in that case
Ef[e=] = limg_,00 g% (28) = 0 (from @), and EX[hg(r, Z,)] = Kp, which is inferior to the
policy that stops at all z > z. Hence, there must exist some z > 2T such that acceptance at z is
optimal. Let zj; = inf{z : Ny(z) = ¥(2)}.

To see that acceptance must be optimal for all z > zj;, suppose there exists some interval
(21,22), 21 > 2z, such that (21,22) € D. Clearly it must be that zp < oo (otherwise for z large
enough EX [hy (7, Z;)] is a convex combination of Ky and ¥(z;), which is strictly less than ¥(z)).
Starting from any z € (21, 22), the stopping time 7 = inf{t : Z, ¢ (21, 22)} > 0, Q¥ almost surely,
and EX[r] < co. Therefore, the expected payoff is hy (0, z) + EX [foT E_TSMBH(ZS)ds] < U(2)
violating z € D, since MBp(z) < 0 for all 2 > 2" and 21 > 2*. Hence no such interval can exist
and the optimal policy must be of the stated form.

We now construct the value function and solve for the unique z}; consistent with optimality.
For any z, let 79 = inf{t : Z, > 2} and Ny(z) = EH[hy (70, Z5,)]. Using standard arguments,
Ny solves

~Nu(z) + %N}{(z) + %N;;(z) Y Kp=0 forz <z (39)
Nu(z0) = ¥(20) (40)

which has a solution of the form Ny (z) = C’leqflz + CgquH ? + Ky, where C1,Cy are arbitrary
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constants and (¢ff,¢ll) = % (—1 +4/1 +8/’y>. Note that ¢if < 0 < ¢ff. Since Ny is bounded
below by Ky as z — —oo, it must be that Cy = 0. Using the boundary condition Q) gives
Ch = (\I’(Zo) — KH)E_q{{ZO.

Since hy € C?, anecessary condition for optimality is that Nz € C* (I&&kirjmiﬂhirm, |2£)D_d,
p. 151). Thus, if 7p is optimal then N, (z5) = ¥'(z9), equivalently /(o) — ¢ (¥ (29) — Ky) = 0,
which has a unique solution yielding the optimal cutoff

, 1 HA\T H i - -

where V = Vy — Vi and K = Ky — V. Since an optimal policy exists and must be of the stated
form, and zj; is the unique cutoff satisfying necessary conditions for optimality, the proof is now
complete. Q.E.D.

When the SLC does not hold, the form of the optimal policy depends on the quality of the news.

Lemma A.3. If the SLC does not hold, there exists a v°, given by (73), such that:

(i) If v < ~°, then the optimal policy in NMGy is to accept W immediately for all z: T = 0.

(ii) If v > ~°, then there exists a unique pair zy < Zp, such that the optimal policy in NMGy is
to accept U for all z ¢ (zy,Zy) and reject for all z € (zy,Zg): T = inf{t: Zy & (2, ZH)}-

PRrROOF: Note that sgn(M Bpy(z)) = sgn <\I” + 0" — %(\If - KH)) Since W', U” are bounded, if v
is small enough, then Uy = (). Define 7° = sup{y : Uy = 0}. To obtain a closed-form expression
for 4%, maximize M By over z to get z** = In (—(1 +7) + /3y —1-7)). Setting M By (2**) =0
and solving for v gives

0 8V2

7= — - e — (42)
(8V2 ~ 36KV +27V2 — VE(9K — 8V)5>

where V = Vi~V and K = Ky — V. For all v < +°, because Ug = 0, AT hy (s, z) < 0 for all s, 2.
Just as in the proof of Lemma [A1] this implies that the optimal policy is to accept immediately.
For v > 4%, Uy = (27, 2") for some 2z~ < 2+ and M By is increasing below 2z~ and decreasing
above 2. Let K1 = (—00,27), Ko = (27,00) and D = {z : Nj;(2) > ¥(2)}. Since Uy C D, there
is at least one interval in R where it is optimal to reject. Rejecting at all z € K is not optimal since
in that case lim,_, o EX[hy(7, ZT)] = Ky < lim,,_ o V(z) = V;. Hence, acceptance must be
optimal for at least some z € K7, so let 2z = sup{z € K : Nj;(2) = ¥(z)}. Similarly, rejecting at
all z € K cannot be optimal, so let Zy = inf{z € K5 : Nj;(2) = ¥(z)}. Using the same arguments
as in the proof of Lemma [A.2] there cannot exist a rejection region below z; or above Zy (since
MBpg(z) <0 for all such z). Therefore, any optimal policy must have the stated form. Q.E.D.
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B Proofs

B.3 Proofs for Section

Given the analysis in Sections B.JH3.2l we now restate the system of boundary conditions (I6])—(21])
using the closed-form expressions for value functions derived in ([4)—(I5l). The three boundary
conditions on the low type’s value function are

ClLeqlLa + CgLeq%a +KL=Vg (43)
Cletl? 4 Cle®P + K = W(pB) (44)
ghOle™ + gfCletr e =0 (45)

Similarly, the boundary conditions on the high type’s value function are

CHetl'P 1 CHew'B 4 Ky = W(p) (46)
quC’lHeq{{O‘ + qu’QHeq?“ =0 (47)
giiClet’? 4 gff Cfl P = w'(p) (48)

Definition B.1. Let B, : R = R be the correspondence such that («, 3), o < 8 satisfies ([3])—(E5])
if and only if 8 € Br(«). Let By : R = R be the correspondence such that («, 8), a < 3 satisfies

H6)—@8)) if and only if 8 € By (a).
Definition B.2. For § = L, H and for all o € R, let Bg(a) = max By(c).

Lemma B.1. For all « € R, Br(«) is singleton, and By, is increasing and continuously differen-
tiable with lim,—,_ oo Br(a) = —00.

PROOF: Given a lower boundary a, solve (@3] and (@3] to get CL, CL:
Ch(a) = Ae 1@ (49)
C¥(a) = Be5° (50)
—qf(VL—Kyp) and B = (Vi —Kp)

(aF—db) (af—af) ~
expression for any value of 8 € B («)

where A = Using boundary condition (44]) gives an implicit

Aett (B=0) | Bt (B=0) L k) — W(B) =0 (51)

The function on the LHS of (&5I) is continuously differentiable in « and 5. For any fixed «, as
B — oo, the LHS of (BI]) becomes arbitrarily large and thus is strictly positive for § sufficiently
large. Further, at 8 = «, the LHS of (EI]) is equal to Vz, — W(8) < 0. Therefore, B, () is non-empty
for all o by the intermediate value theorem.

We now apply the implicit function theorem. In order to do so, it suffices to show that for
any («, ) such that g € Bp(«), the derivative of the LHS of (EI) w.r.t. 8 is strictly positive.
Differentiating (&1) w.r.t. 5 gives

gE At (B=0) 4 oL peat (B-0) _ g/ () (52)
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Using (@4)), we have that qlLAeqlL(ﬁ_a) =qF <\I/(B) - Ky, — Beq%(ﬁ_a)> and therefore

gk Aett B=0) 4 (Lpeak (=) _ (L (‘If(ﬁ) - K - Bequ(ﬁ—a)> + gbBeti (B—)

gf (U(8) — K1) — (af — g§)Be® P~
7 (\IJ(B) — K —qf(V, - KL)eq%(B—a))

q

B _
= (V4 0 - K1 - )

1+ef
B B
L € ¥ € ¥ /
> V> V=v
% 1+ef (1+eﬁ)2 (5)

Hence, (B2)) is strictly positive for all such («a, ), implying (by the implicit function theorem)
that Br(«) is singleton and B (o) is continuously differentiable. Since the LHS of (GBIl grows
unboundedly large as o — —o0, it must be that lim,_,_~, Br(a) = —oc.

To see that B («) is increasing, by implicit differentiation we have that:

(Br) — 1) (g At =) 4 gf Bt (=) — w/(8) B (a) = 0
Rearranging and using the fact that ¢’ A = —¢' B gives

q{’A(eqf(B_a) — QQQL(B_Q))

B = 93
(@) qlLAeqlL(g_a) +q2LBeq2L(g_a) —U'(B) (53)

The numerator is strictly positive since qlLA > 0 and qlL > q2L . The denominator is the same
expression as in (52)), which we already demonstrated was strictly positive. Thus, we conclude that
By, is increasing, completing the proof. Q.E.D.

Lemma B.2. Let either the SLC hold or v > . By is a well-defined, increasing, continuously
differentiable function with limy—,_ o Br(a) = ﬁH > —o0. Further, if the SLC holds, then for all
a € R, By(a) is singleton.

PRrROOF: For a given 3, solve ({46]) and (48] to get

/ H _ "
cll(B) = ‘“ﬂ)*j{g% V() —atts (54)
AU H _ "

Using ([@T), we arrive at the correspondence
Bu(a) = {BeR: 5> a, Cfl(B)afl e+ Cff (8) gfl e = 0}
: _ i _ — 1 ag’ C3(B)
or equivalently By(a) ={f €R: > «a, a = Ag(B)}, where Ay (B) = g In (_qLHC’%{(B)>'
1 2 1 1
First, suppose that the SLC holds. Then Ag (f) is real-valued and weakly less than f if
and only if 8 > B, = inf{3 : CH(x) > 0 Vo > B}. Note that Ci(z) < 0 for all z < B

Thus, By (a) C [_H,oo). On [_H, 00), Ay is strictly increasing and continuously differentiable with
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limg_@H Ap(B) = —oo and limg_,o A (f) = oo. Thus By (a) is non-empty and singleton for all
a € R, further By = max AI_{1, is also increasing and continuously differentiable by the inverse
function theorem.

Next, suppose that the SLC fails and notice that this implies that C{/(8) > 0 for all 3 € R.
Since ¢! > 0 > ¢4, @) requires that sgn(C{!) = sgn(CH). Thus, C4(B) > 0 is necessary for any
5 € Br(o). Note that sen(CH1(8)) = sen(¥(3)). where T(8) = off (W(3) ~ Kyr) — ¥'(9). Fixing 4,
T () is decreasing in v (recall ql decreases with 7). For v sufficiently small, qf{ gets arbitrarily large
and hence Y(/3) is everywhere positive. Define v = min>o {Y(3) > 0 V5 € R}. T is minimized at

_H
B = In <1 4 > provided qf{ < 1, setting Y(5,,,) = 0 and solving for 7 gives v, = ﬁ, where
_ Vu+Vi— 2KH %/\/ I‘f/f VL) (Ku—Vh) < 1 since Ky < VL. Notice that 72 = 7. Now fix any v > 7.

_T(ﬁ) has two real roots, in between which it is negative. Let B denote the upper root and note
that as before 8, = inf{f : CH(x) > 0 Vo > B}. For all B > ﬁ Ap(B) is real-valued, weakly
less than [, Strlctly increasing and continuously differentiable Wlth 11m5_>5 Ag(B) = —oo and
limg_,o Ar(00) = co. The rest of the proof follows from the case where the SLC holds. Q.E.D.

Proor oF LEMMA BTl For existence and uniqueness of a solution, we first express the intersection
as the root of a continuous function, denoted A, of the upper boundary 5. From the lower bound
on By derived in Lemma [B.2] we can restrict attention to looking for (o, ) with 8 > By
demonstrate that A is a differentiable and strictly decreasing function on [§, ,00) that is posmve
as 8 — EH and negative as 3 — oo.

For analytical convenience, we make a change of variables from log-likelihood space to likelihood
space. We use % to denote e (similarly for &,3) and ¥(y) = ¥(In(y)) so that U(Z) = W(z). Let
B By = = exp(f H) Making the change of variables gives the following expression for & in terms of B
that solves the high type’s equations (({46])—(@S]).

R I 8 CIR TG 1C)) B
AH(B)_5<qf’ <@<5> g (K H—w)))) (56)

Let f(y) = A;(y) and note that

o[ d (@ (V= Ky) -
sgn(f'(y)) = sign <@ <x§’ + q{{(KZ - ‘i’)>>

= sgn ((aff — af)(V" (K — ) + (B'))) < 0, vy > 3,

ZH

Making the change of variables and plugging C¥(a) and C¥ () from {@J) and (E0) into (BI)) gives
L L

A<§>1+B<§>2+KL—@(5)=0 (57)

a

. o i ki

We have reduced the problem to solving two equations: (56) and (5Z)). Substituting f for =

into (B1) gives a function, denoted by A. Any real root of A is a solution to the six boundary
conditions.

A(y) = A(F W)™ + B(F ()% + K — ¥ (y) (58)
Note that A is continuous for all y > EH As y — EH, fly) = oo and since A > 0, A — oo.
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On the other hand, f(y) — 1 as y — oo and so limy o0 ANy)=A+B+ K, —Vg =V, —Vg <O.
Therefore, A has at least one root greater than 3  implying existence of a solution. To prove its
uniqueness, we show that A is decreasing for all y > é ;- Taking the derivative and simplifying
gives

N =75 (Adhset 4 Bap o) — W

Since f/ < 0, f > 0 and ¥’ > 0, it is sufficient to show that the term inside the parentheses is
positive. Since AqlL = —Bq2L > 0, this requires only that fqlL — fq2L > 0 which follows from f > 1,
¢t > 0 > ¢. Finally, from Lemmas [B1] and [B:2] it is immediate that, given that the curves
intersect exactly once, By, intersects By from below. Q.E.D.

PROOF OF PROPOSITION 3.1 Let Zy = a*. From (@) we have that for small ¢, EL[1 — e @] ~
EL[Qi] = EF[—info<s<; Zs), which is approximately ¢+/2t/m as we now demonstrate. Let M; =
— info<s<y ZSL for ZOL = 0, and note that M; = supg<s<; —ZSL Thus, the density of M; for all y > 0

is
1.2
_2 om0 g (Y20 (59)
V2wt oVt
which can be obtained from (@, m, p. 114), where ®(-) denotes the standard normal CDF.

Given the density of M;, taking the limit gives lim; ¢ E%’f} _ " yfyg Wy _ O\ 2/ Q.E.D.

fMt(y) =

PROOF OF LEMMA Twice differentiating Fy gives Fj;(z) = (qff)20{lequ + (qf)2C’§qu5{Z >0
because both terms are strictly positive. Fpg convex and F}(a*) = 0 implies Fj;(z) > 0 for all
z € (a*,B%). To see that Fy(z) > V¥(z) for all z € (a*, %), take any 8 > 3, and solve (G) and
@) for CH and C. By direct calculation, the resulting function C¥ etz 4 cH et 4 Ky > W(z)
for all z < . Therefore, the same property must hold for § = 5*. To prove the second part of the
lemma, take the second derivative of F, to get F7 (z) = (qlL)zClLeqlLZ + (q2L)2C2Leq2LZ > (. Therefore
Fy, is also convex and increasing on (o, 3*) because F}(a*) = 0. The result then follows since
F(a*) = V. Q.E.D.

The proof of Lemma requires the following step:

Lemma B.3. Let either the SLC hold or v > ~. Then 3* > z% and hence MBy(z) < 0 for all
z > (3*, where 27 and M By (z) are as defined in Appendiz[A.2.

PRrOOF: First under the SLC, from the proofs of Lemmas and [B.2] observe that B g = 2.
Since f* > B, (Lemma [B.2)) and zj; > 2% (Lemma [A2), we have that 8* > z*. When the
SLC fails, recall that v > v implies that < ¢, and therefore Y (Bm) < 0 (Lemma [B.2]). Further,

z

T'(2) = ' W'(z) = ¥'(z) = Vi (e (1 + ') = 144() >0, V2> fn (60)
In addition, Y(8,,) = 0 and
T(z) >0 = ¢I(V(2) - Ky) > V'(2), Vz> By (61)
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Recall that sgn(M By (z)) = sgn(V'(2) + ¥"(2) — %(\If(z) — Ky)). For any z > 3, we have that

V(z) + 0(z) - %@(z) — Ky) < (1+ ¢~ 2(0(z) - Kp)

Where the first inequality is from (60) and the second from (GIl) and rearranging. The result then
follows since 3* > 3, (Lemma B.T). Q.E.D.

Proor or LEMMA B3] It suffices to show that G} (z) < Fy(z). By LemmalB.2, max{Fy(z), w(z)} =
Fy(z). Therefore Gj(z) = sup,>q EY [fo(7, Z;)] where fy(t,2) = (1—€"")Kg+e " Fy(z). Start with
§ = H and note that fy is C? on U = R\{a*, 3*}. For any Zy = z > o, by Ito’s formula

t t t .
Pt Z0) = fu(0, Z) + /O AH (5, Z)1(Zs € Uds + /0 e~ Pl (Z.)dB, + /O TS (0)dQ

From (@3), A7 fy(t,z) = 0 for all 2z € (a*,3*) and A" fy(t,2) = e "*M By (z) < 0 for all z > p*
(Lemma [B.3). Therefore, A f5 < 0 everywhere on U. Since QY (Z, € U) = 1 for all z, s such that
s >0, and Fj;(a*) =0 we have that

fut,Z) < fu(0,Zo) + My = Fy(2) + M, (62)

where M is a martingale given by M; = fot pe S Fl (Zs)dBs (using Fiy(z) < max, U'(z) = YL,
it is easily verified that M is a martingale). For every stopping time 7, we have by (G2) that
fu(r,Z;) < Fp(z) + M;. Taking the Qf -expectation and using the optional stopping theorem,
we have that EX [fy (7, Z;)] < Fg(z). Taking the supremum over all 7, we conclude that G (z) <
Fy(z) for all z > o*. For any Zy < o, rejecting gives Gj;(o) < Fy(a) = Fy(Zy) and accepting
gives Fr(Zp) = Fu(o). In both cases, the payoff is bounded above by Fy(Zy). Thus, Gj;(2) <
Fy(z) for all z as desired.

The proof for # = L follows a similar argument where we use the fact that (I2]) implies that

Alfp =0 for all z € (a*, %) and A¥f;, < 0 for all z > B* (Lemma [AT]). Q.E.D.

Proor orF THEOREM [B1] By construction, the belief process satisﬁ*es Belief Consistency. To see
this, note that if StL, -Sﬁ < 1, then Sﬁ = 0 and StL, =1— ¢ 9 . Therefore, Z, = Zy + QY
satisfies equation (Bl). The Zero Profit condition is immediate since only the low type trades with
positive probability for z < a* where the offer is V7, and both types trade with probability one
for z > (* where the offer is U(z). No Deals follows from Lemma and the argument given in
Section

For Seller Optimality, we have from Lemma that Gj(z) < Fy(z). Since Fj(z) < Gj(z),
we conclude that Fj(z) < Fy(z). We are left to show that S? obtains Fy. For the high type, let
T(B*) = inf{t : Z; > *} and observe that S = {T(5*)}. By construction, Fy(z) = EH[(1 —
e TN Ky +e‘rT(5*)\I/(ZT(B*))]. Since T'(B*) is feasible, we conclude that Fjj(z) = Fy(z) and S%
solves (S Py ). For the low type, it suffices to show that both: (1) T(8*) and (2) 7, = inf{t : Z; ¢
(o, B*)} achieve an expected payoff equal to F(z) starting from any initial Zy = 2. Let Ff ;(z)
denote the expected payoff from playing according to the pure strategy (i) for i = 1,2 starting
from Zy = z. For z € (a*, f*), Fp,; must solve (I2]) and therefore is of the form (I4]). To pin down
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the constants, note that Fr; must satisfy value-matching at §* ([@4) and reflection at o* (@3,
which are sufficient to imply that Fy, 1(z) = F(2) for all z € (a*, 5*). Similarly, F7, » must satisfy
value-matching at both o [{3) and * [@4), implying that Fy2(z) = Fr(z) for all z € (o, B%).
Verifying that Fp ;(z) = Fr(2) for z ¢ (a*, 5%), i = 1,2, is immediate, completing the proof that
SE solves (SPp). Q.E.D.

B.4 Proofs for Section @

PROOF OF PROPOSITION [.]] For (1), from Lemma[3.1] for all v > v, 3% exists and 8* > . From

the proof of Lemma [B.2] the expression for C(3) (i.e., (5H)), the upper root of which determines
B e does not depend on whether the SLC holds. Thus for v > v, we have

1

B, =n <m ((1 — gV 42 K + \/V2(1 —qff)2+4qfffﬂ7>> (63)

where ¢ff = 1 <—1+ V1+8/y > V =Vyg —Vyand K = Ky — V. Since, V > max{K,0}, as
vy — 00, q1 — 0, and ﬂ — 00, establishing the claim.

For (2), we proceed in two main steps and, as in the proof of Lemma[3.1] we conduct our analysis

in likelihood space. We first establish that hmw_mo(ﬂ — ﬁ g = “//;7? Having established the

rate at which 3* — oo, we use 8] to find lim,_, &*.

For the first step, suppose first that lim (8" — é H) exists. Let 0 = limﬁ/_,oo(ﬁ* -8 H) From
([E8), we have that
(VH — VL)(KL A (5(KH + VH))
lim A ) 64
Jim A(B,, +0) = 5K — Vi) (64)

Therefore, if lim, o (6* — é ;) exists, then (64) must equal zero, and it must be that § = §* =

gg:gg . To see that the limit must exist, suppose it did not. Then, either lim sup,, _)OO(ﬁ* —B ) > 6*

or llmlnfyﬁoo(ﬁ* — 5H) < 6*. Suppose it is the former, so hmsupﬁf_,oo(ﬂ* 5 ) = 6 + ¢ for
some £ > 0. Then there exists an infinite sequence {71,72,...}, such that hmn_>C>O Yn = 00, and
(QH(’yn) +6 +¢/2) € <éH(’yn) + (5*,6*(’)/”)) for all n. A decreasing (from proof of Lemma B.1))
implies that, for all n,

By (m) + 6" +2/2) € (AB* (), Ay () + 7))

By the squeeze theorem
lim A(B () +0*+¢/2) =0

n—o0

which contradicts (64). Hence, limsup, _)OO(B* B H) < 6" An identical argument shows that
liminf, o (6* — B ) > §*, implying lim,_, . (5* —é ) =0% = VH [[gz

Next, from (IBEI) notice that Ay is continuous, so if two sequences {z,}, {yn} converge to each
other, then lim,, AH(mn) = lim,, oo AH(yn) We have just shown that, as v — oo, (ﬁ +6%) —

B*, so im0 A H(ﬁ ) = limy 00 A H(B + 0*). Using the closed-form expressions for B and ¢%,

the latter is easily obtained as “//L . Transforming back to log—hkehhood space gives the result.
For (3), the proof of Lemmaestabhshes that Fp is increasing on (a*, 5*), so min,cr F(z) =

Fr(a*). Fg < Vg by Zero Profit, so it is sufficient to show that lim, o, Fg(a*) = Vg. From

B0), recall that Fy(z|a,3) denotes the value to the type-0 seller who rejects all offers until Z, as
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given by (), reaches 8 and w(B) = ¥(3). From the proof of (1) and (2) above, for all v large
enough o < ., and further: Fy(a*) = Fu(a*[a®, %) > Fy(a®|a®, B,,), where the equality is by
definition and the inequality is by No Deals and Seller Optimality. By F 1 (z|a, B) continuous in «,

and (2), limy_oo FH(a*]a*,éH) = lim, FH(aOO]aoo,éH), where oo, = In (é%:ff{) Using the
closed-form expression for 3 H and (B4)), the latter is easily obtained as V.

For (4), given any state z, because of common knowledge of gains from trade, the maximum
total value in this game is ¥(z). In =(a*, ") the expected payoff to the seller is p(2)Fu(z) +
(1 — p(2))Fr(2). The Zero Profit condition implies that the expected payoff to the buyer side of
the market is zero. Therefore p(z)Fr(z) + (1 — p(2))Fr(z) < ¥(z). From (3) above, for all z,
limy 00 Fr(2) = V. Hence, for all z, lim,_, Fr,(z) < V. For all z, lim_,o Fr(2) > V1, by No
Deals, giving the result.

For (5), the denominator of £ is always positive, so we need to show that (IT*(z) —II°(z)) - 0.
Zero Profit and No Deals imply that for all v > v and z,

0 < IT"(2) = %(2) = W(2) — (p(2) Fr (2) + (1 = p(2))FL(2)) < p(2)(Vir — Fiu(2))
(3) above implies that p(z)(Vy — F(z)) — 0, giving the result. Q.E.D.

PROOF OF PROPOSITION For (1) and (2), we will first establish that lim,_o(5* —a*) = 0, and
then that their common limit is z. First, suppose that lim,_,o(8* — o*) > 0. Then, by (2), (34,
and continuity of g7, with respect to «, 3,

FL ((a* +,8*)/2) = KL +4r ((a* +B*)/2‘Oé*,,8*) (\I’(,B*) — KL) — KL < VL

violating No Deals. Hence, lim,_,(8* — a*) = 0.

To see that their common limit is z, note first that 8* > z by Seller Optimality (since the high
type always has the option to retain the asset forever and receive Ky). To demonstrate 8* < z, we
claim that it is sufficient to prove that lim,_,o g (a*|a*, 5*) < 1. To see this notice that for any
v >0

Fy(a®) = Ky + gu(a®|a®, B5)(¥(8") — Kg) = ¥(a7)

where the inequality follows from No Deals and is equivalent to
Kp(1=gu(a|a®,5%) = V(a") — gu(a’|a”, B5)V(8Y)
If limy—0 g (a*|a*, %) < 1, then, for all 4 small enough gy (a*|a*,5*) < 1, so we can divide
through by (1 — gy (a*|a*, 8%)), rearrange and obtain
Y(a®) —¥(B)
1- gH(OZ*|Oé*, 5*)

Ky > ¥(B*) +

Since lim,_,o(8* — a*) = 0 and ¥ is continuous, it must be that lim,_ V(5*) < Ky, implying
hmﬁ/—)O p* < z.
We are left only to establish our premise that lim,_,o gr(a*|a*, %) < 1. Recall that

FL(CM*) = KL + gL(a*\a*,B*)(\II(ﬂ*) — KL) = VL
so, for all v > 0, gr(a*|a*, f*) = % < 1. Finally, notice that i) for any fixed values of «, 3,

taking v — 0, and i7) for any fixed v, taking (8 —«) — 0 both result in (gr (o, 5) — gr(aa, B)) —
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0. Combining this with (gg(a|a, 8) — gr(ala, 8)) continuous in both v and (8 — «), and that
lim,_,o(8* — a*) = 0, yields lim,_,o g (a*|a*, %) = W <1
For (3), define the function F'j(2) = max{Kp, V(z)} for all z. Seller Optimality and No Deals
imply that, for all z, Fy(z) > Fy(z). Next, for fixed v > 0, Fg and ¥ both weakly increasing
implies that max, (Fy(z) — Fy(z)) < ¥(5*)— Kp. Continuity of ¥ and (1) then produce the result.
For (4), the result follows immediately from (1), (2), and the definition of =Z(a*, *). For (5),
the result follows immediately from (3) and (4). Q.E.D.

PROOF OF PROPOSITION [A.3] From (36), the equilibrium value function can be written as Fy(z) =
Ky + go(z|a*, 8*) (U (B*) — Ky). For § = L,H, by construction of gy, Fp(8*") = ¥(B*) and
Fj(a*T) = 0. Thus, the two remaining equilibrium boundary conditions are Fy,(5*") = ¥'(5*)
and Fy(a*T) = V. These can be written as

k| % *\ VL _KL

Using ([30), note that both %QH(5|OZ, B) and gr(ala, 3) can be written as functions of only 5 — «
and 7. For analytic convenience, define (g (c,z),(r(c,z) such that %gH(ﬂa,ﬁ) = (g(c,x) and
gr(ala, B) = Cr(e,x) for all ¢ = f — a, x = /1 + 8/~. These can easily be derived as (g (c,x) =

(z2=1)(e"—1) and <L(C,3§‘) _ 2{26%(6(171))

2(x—14e*(14x)) 1+ec®(x—1)4x*
as they depend on x, we have

Letting 5*(x) and ¢*(z) denote the equilibrium values

V(B (x))
(f*(x)) — Kn
Vi — Kp,

T U (B (x) - K

All the functions are continuously differentiable. Thus, by implicit differentiation:

% oc* aCH (\I’(,B*) _ KH)\I’//(B*) _ \I//(,B*)2 85*

ot = S 65
oc Or = Ox (U(B*) — Kg)* Ox (65)
+ +

8([, ) ac* 4 % _ —(VL —KL)\I’/(ﬂ*) ) %
Je 0Oz (W) Ku' O

The sign of the partial derivatives can be easily verified from the functional forms of (4 and ¥ for
B* > B, From (@0), we conclude that if % > 0= % > 0 and from (65]), we conclude that if
% >0= % < 0. Thus, it must be that % < 0, which implies that §* — a is increasing in +.
To prove that 5* is also increasing in 7, suppose it is not (i.e., suppose 8 > 0). This implies
that 8CL ac BCL < 0, or equivalently that % > — BCL L/ EKCL . Note that the LHS of (63]) is increasing

oc
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in %. Using the lower bound just derived on %, we have that

Kude | K, K (96,06 K

O 9z e Ox

Jc Ox dx — Oc ox ' Oc
>0  VY(x,c) € (1,00) x (0,00)

Where the strict inequality follows from the closed-form expressions for {1,y (above). Therefore,
85—5% + 65—5 > 0 implying from (65]) that 88% < 0, contradicting the original supposition, and

completing the proof that 8* is increasing in ~. Q.E.D.

The proof of Proposition [4.4] requires the following technical lemma.

Lemma B.4. Consider any two news qualities v < 7. Let (a_*, B%), (a*, B*) denote the correspond-
ing equilibrium boundaries with value functions denoted Fy, Fy. If o < &*, then Fy(z) < Fj(z) for
all z € (o*, %), 0 e {L,H}.

PROOF: From Proposition 3] 8* > B*. If @* > 8*, then for all z € (a*,8*), F}(2) =0 < Fj(z)
(from proof of Lemma [3.2]). Next, if @* < 8*, then for any z € (a*, 5*), by differentiating (I4]) and
using the equations for C¥ and C¥, (@J) and (50)) we have that:

oLl (Ve — K . Lol(v, — K .
Fi(2) = Chqberts + Chaberks = ZUAVE — K1) of ooy, 100 (Ve = KD) ofe-a)

e't +

a —af a —qf
_ (e =Dt (Vi — Kp) <eqlb(z_a*) B qu(z—m)
2¢F —1
- (af —1)af (v - Kr) <eqlb(z_a*) B qu(z—m)
2 —1
L L
> (ql — 1) @ (Ve — K1) <€q1L(z—a*) ez (z—a*)) _ Fll,(z)

2 —1

(qlL—l)qlL(VL—KL)
2¢F -1

e95 (=a")  The second follows from >k >1,¢¢ <gh <0and z > a* > a* for all z € (a*, 8%).

Finally, for any z € (a*,a*] (if the set is non-empty) F}(z) = 0 < F}(z). The proof for § = H

follows an analogous method and is therefore omitted. Q.E.D.

The first inequality follows from

. . . _ Lio_ %
increasing in qlL, qlL > q{d, and et =) >

PROOF OF PROPOSITION 4l For (1), Fj(2) > ¥(z), Vz < 87 by Lemma B2 and FY(2) = ¥(z),
Vz > B5. Since Bf > B (Proposition E3), we have F}(z) > FY(z) Vz € [B5,58F). Clearly,
FL(z) = FY(2) = ¥(z), Vz > Bf. All that is left to show is that FL(z) > Fy(2) Vz < S5

If 35 < af, then this is immediate since for all z < of, F;(2) = Fi(a}) > ¥(a}) = F§(a}) and
F Ig is increasing. If B3 > o, letting gé correspond to ([B0) for v = ; we have that for any z < §j

Fiy(2) = Kn + gy (2|ad, 55)(Fi (85) — Kn)
> Kpr + gp(zlag, 55) (Fi (85) — Kn)
> Kpr + gpr(zlag, 55) (Fi (85) — Kn)
> Kn + g (2lag, 55) (W (65) — Ku) = Fir(2)
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where the first (weak) inequality follows from af > agj, the second from gy increasing in v and the
third from Fj(85) > ¥ (63).

For (2), it is immediate that F(z) = F}(2), Vz < of and z > Bf. For any z € (af, ] (if the
set is non-empty), F}(z) =V, while F?(z) > Vi, by Lemma B2l For z € [8], 87), Fi(2) < ¥(z) =
FY(2). If Bt > o, then F}(2) < F2(2), Vz € (af, B5), follows from Lemma [B.4l

From (1) and (2), £(2) < £°%(2) for all z < of and L£1(3) > L(8;) = 0. By continuity
there exists some 2’ € (a, 8) such that £1(z) < £9(2) for all z < 2/ yielding (3). Similarly, there
must exist a 2” € (af, 8;) such that £(z) > £0(2) for all z € (2", 8}). That 2’ = 2" follows from
LEY(2) > LFL(z) and LF2(z) > LF}(2) for all z € (o, B;) (Lemma [B.4), which implies single
crossing of £° and L. Q.E.D.

B.5 Proofs for Section

Proor orF LEMMA Bl For (a), given any state z, because of common knowledge of gains from
trade, the maximum total value in this game is ¥(z). The expected payoff to the seller is p(z) F (z)+
(1 —p(2))Fr(z), where p(z) = e*/(1 + €*), and the Zero Profit condition implies that the expected
payoff to the buyer side of the market is zero. Therefore p(2)Fu(z) + (1 — p(2))FL(z) < U(z).
Combining this with the No Deals condition gives (a).

For (b), fix a state z. If w(z) > W(z), then, by definition of value function, Fr,(z) > w(z) > ¥(z)
violating (a). If w(z) < W(z), the high type must reject with probability one by the No Deals
condition. Hence, by Zero Profit, if trade occurs when w(z) < ¥(z), it must be at w(z) = V.

For (c), we will establish that if w(z) = W(z) for any z, then the low type accepts with
probability one. Zero Profit then implies that the high type accepts with probability one as well.
For the remainder of the argument fix the seller’s type as L. Recall that the optimal policy in
NMGy, is to accept immediately in all states (Lemmal[AT]). We now draw the following connection
to the seller’s problem induced by Z and w in the true game. Fix any initial state Zy = z at
time ¢ = 0. For an arbitrary € > 0, consider modified versions of both NMGy, and of the seller’s
problem in the true game in which the seller is constrained to continue for all ¢ < e. Let 7,7 > €
be optimal stopping times in the modified versions of NMGy, and the true game respectively. We
wish to establish that, for every e small enough,

T T
EEL [ / e "rKpdt + e_”w(ZT)} < EL [ / e "lrKpdt + e—”xlf(zf)} < V(Z)
0 0

The second inequality follows from Lemma [AT} in fact, 7 = € uniquely. To see the first, we will
separately consider the case where Z, < Z, and the case where Z, > Z.. If Z. < Z, then by (a),

Fr(Z.) < ¥(Z) so

EEL [/ e "rKpdt + e ""w(Z,)
0

ZE < 5:| < Ef |:/ €_Tt7‘KLdt + e_TEFL(ZE)
0

Z. < Z}

€ T
< EL [ /0 e "'rKpdt + e "V (Z)| Ze < Ze} = EF [ /0 e Kpdt + e (Z;)

Z. < Z}

If Z. > Z. then (24)) implies that SEL,’O > S:{’O. Zero Profit and (b) above then imply that there
must be positive probability that the low type accepts V7, at some time t* € [0, €] in the true game.
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Therefore

+*

/ e_TtTKLdt + et Vi
0

EEL [/ e "rKpdt + e "w(Z,) Z. > Z
0

Ze > Z] < EBF

€ T
< EL [ /0 e "rKpdt + e "V (Ze)| Ze > Ze} = el [ /0 e " Kpdt +e T (Z;)

Z. > ZE}

where the second inequality comes follows from K < W(z) for all z, and € small enough. Hence,
it is uniquely optimal for the low type to accept U(Zp) at ¢t = 0 if it is offered. Because the seller’s
problem is stationary, the argument extends to any time ¢ > 0.

For (d), suppose the claim was false for state z. Then if Z; = z, by Belief Consistency, Zy = oo
for all ¢ > t. It is immediate that Fy(co) = V7, and that low type would then do better to reject
Vi, when Z; = 2, contradicting the premise. Q.E.D.

PROOF OF LEMMA 521 For the purpose of contradiction, suppose that there exists an SBM-
equilibrium and a zy such that F7, is discontinuous at zy. This rules out that zy is an element
of a no-trade region: from Section [3.I] in any no-trade region Fp = C’lLeqle + C’2Leq2L '+ Kp,
which is continuous for any values of the constants C{, CL. Therefore, by Lemma EIIb), for any
e > 0, there must exist z; # 2y such that Fr(z1) = Vi, Fr(22) = W(22), |21 — 22| < €, and either
z1 < zg < zgor zp <z < 21

As we established in the proof of Lemma[Bdla), p(z)Fr(z) + (1 — p(2))Fr(z) < ¥(z) for all 2.
Hence for any Zy, such that F1(Z;,) = ¥(Z,,), No Deals implies that Fg(Z;,) = V(Zy,). We will
establish that if Fr(Z;,) = ¥(Zy,), then Z is continuous at time ¢y with probability one, according
to both Qgt . and Q%to, and that Z;, is not a lower reflecting barrier of Z. We then show this rules
out the existence of a z1, 2o described above, proving the lemma. Because Z is a time-homogenous
Markov, it is without loss to normalize tg = 0.

First, suppose that Z is not continuous with probability one at ¢ = 0 under ng. Then
there exists a § > 0 and P € (0,1) such that for all ¢ > 0, ng(|Z6 — Zy| < §) < P. Belief
Monotonicity implies that Z. weakly first-order stochastically dominates Z. under QIZ{O. Hence, as
e — 0, ng (Ze > Zy+0) >1— P > 0. It then follows that for small enough ¢

U (Zp) < Eg) [/ e " Kpdt + e_”\I/(ZE)] < Eg) [/ e " Kydt + e_”FH(ZE)}
0 0

where the first inequality is due to positive probability of a jump and the second follows from
No Deals. Hence, the high type has a profitable deviation from acceptance at Zy, so Z must be
continuous at time 0 with probability one under ng. Now, Belief Consistency requires

) ftH(Xt)> 1- S(I)LLO
Zo+ = Zop+ liml +In| ———
oo <ftL<Xt> M\ 1 sEo

= 0 w.p.1 under Qéoor ng

H,0
Finally, notice that the distribution of In % is degenerate regardless of the 6. We have just
—*o

shown that if 6 = H, it is equal to 0, hence it must also be 0 if § = L. Therefore, Z must be
continuous at time 0 with probability one under ng.
Second, suppose Z is a lower reflecting barrier of Z. Let 7. = inf{t : Z; > Zy+¢€}, let 77 denote
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an arbitrary element of S™'™, where S7* = supp(S%?), and consider the stopping time 7 = 7.V 7p.
Let f(Zo, €) denote the expected payoff to the high type from playing according to 7 starting from Z
and note that Belief Monotonicity implies that f(Zo,€) > Ku+g9u(Zo|Zo, Zo+€)(Fu(Zo+€)—Km).
By hypothesis, Fg(Zy) = ¥(Zy) > f(Zy, €) and No Deals requires Fy(Zy+¢€) > W(Zy+e). Therefore
we have that Fg(Zo+e€)— f(Zo,€) > VU(Zy+€)—¥(Zp). Using the lower bound above for f, dividing
both sides by € and taking the limit as ¢ — 0 gives 0 > W/(Z)), contradicting the hypothesis and
implying that Zy cannot be a reflecting barrier.

Finally, for small 6 > 0, let 77, denote an arbitrary element of S#9, and 7., = inf{t : Z; = 2,}.
Starting from Zy = zp, if the low type plays according to the stopping rule: 7 = Tz Lir, <o} T
TLlr., >4} then her payoff is

Tzg
Qi (r = 7) ES [/ K LdE + e W), < 5}
0
5
+ Qé (1= 7'L)EZL1 {/ e "rKpdt + e_r‘sFL(Z(5)|7-Z2 >0
0

For small § > 0 this payoff is greater than V;, because the Qfl (T = T,) is strictly positive and
Fr.(Zs) > Vi, by No Deals. This contradicts the supposition that F7,(z1) = Vi and completes the
proof. Q.E.D.

The proof of Proposition B.1] requires the following technical lemma.

Lemma B.5. Suppose the SLC does not hold, and let v > ~° (but not necessarily v > 7). Define
a = Ay(zZg), where Ay is defined in the proof of Lemmal[B.2 and Zy in Lemma [A.3.

(i) a<zy
(i) B is continuous for all z > «

(iii) There exists & such that Br(«) > By («) for all a > &

Proor: For the boundary conditions required at Zz in NMGj are identical to those required
at B (i.e., {@0) and ({@8)). The differential equation the value function in NMGy satisfies is also
the same (i.e., (I3])). Let ¥z (z) denote the function which satisfies (I3]), [6]), and (@S] at 5 = zZp.
Note that

Dy(z) = CH(zp)e™* + CH (zg)eB + Ky

Without a lower reflecting barrier, the lower boundary 2z in NMG g must solve ¥, (z5) = V' (2) >
0, whereas a solves ¥/, (a) = 0. Since CH (zy), CH (Zy) > 0 (Lemma [B22)), 9% (z) > 0 and therefore
Vg (zg) > Vg(a) = 2y > a

For note that for v € (’yo,l), CH(B) > 0 for all B € R. Hence,

b (BN 1 (VB + (K — ¥(8))
AnlP) = ! ( qffofw))‘ﬁ a— < of QfI(KH—‘P(B))—\If’(ﬁ)> (67)

q1 —
is real-valued, differentiable and weakly less than (5 for all § € R. Further, differentiating Az gives
sgn(A%y (z)) = sgn(—M Bpg(z)), and so Ay is increasing over R\ (27, z7) . This implies that By has
exactly one point of discontinuity which occurs at Ay (27). From Lemma[A3] 2T < zy, and since
Ap is increasing above 2T, we conclude that Ay (z") < Ay (zg) = a.
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For since Ap is increasing above 27, it is invertible and By (z) = Al}l(z) for all z > a.
From (67), limg_,oo 8 — A () = 0, which implies that lim,_,oc B (a) —a = 0. From Lemma [B.1]
Br(a) > « for all @ and By, is continuous. Therefore, limy oo Br(a) — o > 0. Suppose that
limgy 00 Br(a) — a = 0, then the LHS of (BIl) becomes A+ B+ K, — Vg = Vi — Vg < 0,
a contradiction. Hence, it must be that lim, o Br(o) — a > 0 and for a sufficiently large,
BL(OZ) > By (a) . QED

PrOOF OF PROPOSITION 5.1l The argument proceeds by partitioning the parameter space into
four subsets and then identifying an SBM-equilibrium that exists for each subset. Our first three
cases are covered by other results.

(i) If the SLC holds, then E(a*, 5*) exists and is an SBM-equilibrium (Theorem [5.1).

(i) If the SLC fails and v < A%, then w = ¥, Z = Z, and StI,{’t = StL,’t =1forall0 <t <t
constitutes an SBM-equilibrium (see the first paragraph of the proof of Proposition [(.2)).

(iii) If the SLC fails, v > 7, and K > K, then the SBM-equilibrium of Example (.1 exists.

In the fourth and final parameter subset the SLC fails, v > 4°, and K, < K;. We now argue that
these conditions are sufficient to ensure that there exists an (g, ) such that Z(ay, 5y) constitutes
an SBM-equilibrium.

The argument relies on properties of By, and By. Lemma [B.5]lshows that there exists a unique
a such that By(a) = Zg, that a < zy, and that By is continuous at all @ > «. In addition,
Lemma [B.1] shows that By, is continuous and strictly increasing. Finally, Lemma shows that
there exists & such that Br(a) > Bp(a) for all @« > a. Putting all of this together leads to:
if Br(a) < Bp(a), then the curves must intersect at some ag € (o, a]. We now show that the
hypothesis holds. Consider the resulting low type’s value function in (z,Zp) if the interval is a
no-trade region with value-matching boundary conditions Fr(zy) = V(zy) and Fr(Zg) = V(Zg).
Because K, < K, there exists (21, 22) C (2, Zm) such that F(z) < Vf, for all z € (21, 22). Notice
that both pairs {z1,Zy} and {z9,Zy} satisfy boundary conditions ([@3)) and (44]). However, using
{21,z } fails (@) because Fy (z;7) < 0, and using {29,z } fails {@H) because F} (2]7) > 0. It follows
that BZI(EH) > 21 > zy > a. By increasing completes the argument, implying the existence of
an intersection ag, fy. As Z(ag, fo) is clearly stationary and belief monotone, the verification that
it is an SBM-equilibrium is identical to the verification in proof of Theorem Bl Q.E.D.

Proor oF THEOREM [5.1] Outline: the proof proceeds using six steps, most of which establish
necessary properties of SBM-equilibrium value functions:

1. In any SBM-equilibrium, there must exist a state zy where Fr(29) = V.

2. For any such zj, conditional on rejection, the equilibrium belief instantaneously transitions
to some ag > zg.

3. The state ag is the lower bound of a no-trade region («, 3p), that must satisfy boundary
conditions ([@3)-@8). Therefore, (ap, fo) = (a*, 5*).

4. Fr(z) = Fg(z) for all states z > (§*.

5. Fr(z) = Vg, for all states z < o*.

6. The only SBM-equilibrium consistent with the established value-function properties is Z(a*, 8*).

Step 1. In any SBM-equilibrium, there exists zg € R such that F(zy) = V.
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PROOF: For the purpose of contradiction, suppose the claim was false. Then, by No Deals, Fr(z) >
Vr, for all z € R. Recall that z is defined implicitly by ¥(z) = Kp. Therefore, neither ¥(z) nor
V1, are executable trade prices in any state z < z, so no trade occurs when z < z (Lemma [G5.1i(b)).
Now fix F,(z) at any value in the low type’s payoff bounds (Vi,, U(z)]. Let 7 = inf{t : Z, > z}.
Then from (@3), for any 2z < z, F(2) = K1, + ¢°(2|2)(Fr(2) — KL). As 2 — —oc, g* — 0, so
Fr(z) — K1 < Vg, violating No Deals and contradicting the supposition. Q.E.D.

Step 2. In any SBM-equilibrium, for any zo such that F1(zg) = Vi, there exists an ag € [z, 00)
such that

a. for any to such that Z;, = zo, QZ (Z = ag) =1,for0 =L, H
b. FL(ao) = VL

PROOF: 2 First, if F7.(z0) = Vi, then w(zp) < V. If w(zp) < Vi, then by assumption Fr(z9) >
w(zg) so Sto’ o — 0, and if w(zp) = Vi, then Lemma [5.1(d) implies that Si’to < 1. In both cases,
rejection is an on-path event, and therefore Ztg must satisfy (24)):

H (X, — X 1— g/
ap = Zy+ = Zyy + lim In fti_to( al to) +1In 7t£t > Ziy = 20
0 t1lto ft1—to (th — Xto) 1— 87

— : L H
= 0 with prob. 1 under tao or tao

to

where the inequality is an implication of (on-path) Belief Monotonicity.

(b) If vy = 20, then F(ag) = Vi, by assumption. If ag > 2, from the Belief Consistency condition,
the discontinuity is caused by an atom of acceptance by the low type in state zy. Because oy < oo,
the low type is mixing, so must be indifferent. Therefore, F7, (o) = Fr.(20) = VL. Q.E.D.

Step 3. In any SBM-equilibrium, for any zy such that F7(zp) = V7 and corresponding o from
Step 2 there exists finite Sy = min{z > «g : F1(2) = ¥(z)}. Further,

a. For all z in (ag, By), Fr(z) and Fg(z) must be of the form derived in (I4)) and (3] for some
unknown constants C?.

b. Boundary conditions ([@3)—([8]) must hold at (ag, 5p).

PROOF: First, given that ap < oo, there must exists z; > ag such that F(z1) = ¥(z1). Suppose
not; then by Lemma [EIi(b), the high type does not trade in any state z > «ap. An argument
analogous to the one used in the proof of Step [l applies. Fix Fp(ap) at any value in the high
type’s payoff bounds [V (ayp), V). Let 19 = inf{¢ : Zy = ap}. Belief Monotonicity implies that the
increments of Z weakly first-order stochastically dominate the increments of Z, therefore for any
2> o, Fu(z) < BEF[[P e "'rKpdt + e "™ Fy(ap)]. It is immediate that as z — oo, Q (r >
T) — 1 for any T > 0, and lim,_,o F(z) < Ky < ¥(z), which contradicts No Deals. Hence, such
a z1 does exist, and fy is simply the infimum of such states, which is the same as their minimum
given that Fp, is continuous (Lemma [5.2]).

(a) Let an = max{z € [ap,fo] : Fr(z) = Vi}. Hence, Fp(z) € (V1,¥(2)) for all z € (aq,fo).
Lemma [5.Ii(b) then implies that (a1, p) is a no-trade region. From Section Bl Fj, and Fy must

be of the form given by ([4)) and (IH), for some constants C?, for z € (ai, ). It is therefore
sufficient to show that ay = a;.
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Suppose ag < «aj. Because Fr(z) < ¥(z) for all z € [ap, 1], and Fr(ag) = Fr(a1) = Vi, it
must be that Fr(z) = Vg, for all z € [a, «1]. But then, for any z € (ap, 1) and any € > 0, Z
must have positive probability of a jump discontinuity at some 2’ € (z — €, z + €) under Qf. To see
this, suppose not. Then, by Lemma [(E.Id), for € > 0, but small enough such that (z — €,z +¢€) C
(o, 1), Fr(2) = Ki, + EX[e™™)(Vy, — K1), where 7€ = inf{t : t & (2 — ¢,z + ¢€)}. Given that
€ > 0, and Z is continuous by our supposition, ELX[e™"™] < 1, so Fy(z) < V}, violating No Deals.
Further, Belief Monotonicity implies that these jump discontinuities must increase Z. However,
recalling the definition of o (as it corresponds to zp), this implies that, starting from zy at time
to, Q%to(ZtO* = ap) # 1, contradicting Step 2l(a). Hence, ap = a;.

(b) The necessity of the value-matching conditions ([43)), (@4l), (@) are immediate. We now argue
the necessity of the remaining boundary conditions.

T): We first need to establish the following: there exists an ¢ > 0 such that Fp(z) = Vi, V
z € (ap — €, ap]. Suppose not, and let z; = max{z < ag : Fr(2) = VL or F(z) = ¥(2)}. By
our supposition and continuity of F7, (Lemma[(.2)), 21 is bounded away from «g. Therefore,
by Lemma BII(b), (z1,a9) is (part of) a no-trade region. It must be that F(z1) = ¥(z1),
otherwise Fr(z) would fall below V7, for all z € (21, ap), in violation of No Deals. We have
already established that (ag, Sy) is a no-trade region, and Step 2] implies that there is zero
probability of trade when z = ag. Putting all of this together: our supposition implies that
ag is an element of a no-trade region (21, 3p), where F;, = ¥ at both boundaries. Recall that
Fr(z) = ¥(2) = Fy(z) = ¥(z). From Appendix[A.2] we know that such a no-trade region
can exist only if M Bp(z1), MBg(5y) < 0 and MBg(z) > 0 for some z € (21, y). However,
also from Appendix [A2] if the SLC holds then Uy = {z : 2 < 27}, meaning no such pair
exists. Hence, there exists an open neighborhood below «g wherein F;, = V. Now, just
as in (a), Z must experience (increasing) jump discontinues in this neighborhood. The only
possibility commensurate with this and Step 2l(a), is for ag to be a lower reflecting barrier of
Z. Finally, (@, Chap. 5) shows that Fj;(agd) = 0 is a necessary condition for the
high type’s solution to her seller’s problem given that «aq is a reflecting barrier.

{@3): In order for the ag to be a lower reflecting barrier of Z, Belief Consistency requires the
low type to play a mixed strategy at z = og. Hence, she must be indifferent. Let F}, o(2),
Fr, (%) denote the value functions from following the strategy of always accept (reject) at
. Obviously, these two functions must be identical for mixing to be optimal. Since Z
reflects conditional on rejection FLT,(ozar) =0 , , Chap. 5). If FLa(aar) # 0,

indifference is violated. Thus F} (o) = 0 is necessary.

@8): No Deals and Fy(fy) = ¥(f5y) immediately imply that F7,(8,) < ¥'(5y). Suppose that

Fl(By) < ¥'(By). Consider a deviation that rejects all z € [By, Sy +¢) for e sufficiently small.
By Belief Monotonicity, such a deviation must be at least as profitable as it is if Z = Z,

where it is strictly profitable (see |D1X]$_a11d_E1nsi§Lck|, 1994, p. 130-132).

Q.E.D.

Corollary B.1. In any SBM-equilibrium, for any zy such that Fr(z9) = Vi, the corresponding
oo, Bo are o, B*

PROOF: Immediate implication of Step Bl and Lemma 3.1 Q.E.D.

Step 4. In any SBM-equilibrium, for all z > %, Fp(z) = F(z) = ¥(2).
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PrOOF: From Corollary Bl for all z > *, Fr(z) > V. By Lemma B1|(b,c), if trade occurs in
states z > (%, then both type’s trade with probability one. Hence, if the claim were false, then
there would exist zo > 21 > * such that no-trade occurs in (21, 22), and Fg(z;) = ¥(z;) fori = 1, 2.
However, the same argument used in the proof of the necessity of boundary condition ([47]) in Step
establishes that this cannot occur in equilibrium. Q.E.D.

Step 5. In any SBM-equilibrium, for all z < o*, Fr(z) = VL.

PROOF: Suppose that the claim is false. Then as we argued in the proof of the necessity of
boundary condition [@7) in Step B there must exist a z < a* such that Fr(z) = ¥(z). Let
B = min{z : F(z) = U(2)}. Since Fi(z) = ¥(z) only if Fy(z) = U(z), B > 2. Using the same
argument given in the proof of Step [, there must exist a largest & < 3 such that F. (&) = V.
In addition, the continuity of F (Lemma [52) and Lemma 5.I(b), imply that (&, 3) is a no-trade
region, so F, and Fjy must follow the forms in Step Bl for some unknown constants C¥, CL, Cf, CH.

The necessary boundary conditions for (&, ﬁ) are weaker than those given in Step Bl (43)), (@4,
([g)), and ([8)) are still necessary for the same reasons given in the proof of Step[Bl However, because

& need not be a reflecting barrier, (A7) and (@) can be weakened as follows.

e Fj(&7) <0: By the same argument given for the necessity of boundary condition (@7 in
StepBl & must be a lower barrier of Z. However, because it does not have the constraint from
Step 2l(a) as «p did, it may not necessarily be a reflecting barrier. The only other possibility
is that Z experiences a jump discontinuity at &. If so, we proceed in a similar manner to
that of Step [ with & playing the role of zy: there exists a; € (&, 00) such that if Z;) = &,
then Ztg = «aj. Further, since a; < oo the low type is mixing, and therefore indifferent,

so Fr(aj) = Vi. Because Fr(z) > Vi for all z € (&, ), a; > 3. Because the jump is

instantaneous F (&) = Fy(a;), and by No Deals, Fg(aj) > V(ay) > V(B) = Fr(8) > Kg.
Therefore, & = arg max,, 3 Fy(z), and Fj(a™) <O0.

e F/(&")>0: This follows immediately from F7,(&) =V, and No Deals.

We now establish that the only solution to these boundary conditions, and the constraint that
B < p*is (a*, B*), implying that Fr(z) < ¥(z) for all z < *, and completing the proof. We do
this by establishing two facts. Fact [B.Ilestablishes that any pair (21, 22) that satisfies the necessary
conditions for Fp lies weakly above the curve By (Lemma [B2). Similarly, Fact establishes
that any pair (21, 29) that satisfies the necessary conditions for Fp, lies weakly below the curve Bp,
(Lemma [B.1). From the last statement in the proof of Lemma 1] for all z < o*, Br(z) < Bu(z),
establishing (&,ﬁ) = (o, B%). Q.E.D.

Fact B.1. Fiz any z1 € R and Fyg of the form in (I3) for all z < z that solves ({40) and {{8) for
,8 = z1:

1. If z1 < zj; then Fy(2) > 0 for all z < z};.

2. If z1 > 2 then for any z < B'(21), Fiy(2) <0 and for any z > B (21), Fy(2) > 0.
PROOF: First take 21 < 2. From Lemma[B.2] this implies that solving (@6]) and (8] for C{ and
CH results in Cff > 0 and CH < 0. Hence Fy;(z) = C’lquIe‘Z{{Z —I—C’quequ > 0 for all z € R. Next
take any 21 > 2};. Again from Lemma[B.2] solving (6] and [{R) gives CH, C4 > 0. Hence Fjj(2) =
(qff)20{leqffz + (qQH)2C’QHeq§Z > 0 for all z. Since F;(z) is increasing and Fl’ﬁI(z)|z:B;11(z1) =0: if
z < By'(#1) then Fiy(z) < 0 and if 2 > By (21) then Fy(2) > 0. Q.E.D.
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Fact B.2. Take any 2o < 21, (20,21) € R? and Fy, of the form in (TJ) for all z € (29,21) that
solves (43) for o = zp and [{4) for B =z1. If zp < Bgl(zl) then Fj(z9) <0, and if zy > Bgl(zl)
then Fj (zp) > 0.

PRrOOF: For analytical convenience and without loss of generality, normalize Vg = 1 and V; = 0,
so K, < 0. Given the functional form of ([4]), equations (@3) and (@) are linear in C¥,C¥. Fix
21 and for any zyp < 21, denote the solution by C¥(zg|21),C4(20]21). Given these constants, the
slope of the low type’s value function at zg is given by ¢ECE(z0]z1)et# + ¢ECL(z)z1)e% 7. By
definition, this expression is equal to zero at any (zg,z1) such that zy = Bgl(zl). Hence, it is
sufficient to show that it is increasing in zy. The derivative is equal to

M q{Le(1+q1L)Z1+q§ZO + (_q2L)e(1+q2L)b+q1LZO —Ki(1+e™) (q{d(equwqﬁzo — M)+ q2L(eq1Lzo+q§z1 _ 621)):|

e(q1L+q2L)20

where M =

PSRV ST s e g (¢F — ¢&) > 0. The first two terms inside the square

brackets are strictly positive. Since —K(1+ €*') > 0, it is sufficient to show that qlL(eqlel+q2LZ0 —
e?) — gk (eqlL 20+a5z e*) is strictly positive for all zg < z1. We first show that this term is strictly
decreasing in zy:

0

L L L L L L L L
(qlL(eql z1+93'z0 _ 621) _ qu(eql z20+qy'z1 _ 621)) _ q1Lq2L <eq1 z1+43y'20 _ pq1'%0+43 Z1> <0
8Z0
M Loatz1+qkz0 _ 21 _ ,L(pabz0+qkz1 _ 21 d h it 3 ictl i3
oreover, as zg — 21, ¢y’ (€%t 2 ) — gy (en 2 e*1) — 0 and hence it is strictly positive
for all zg < 21. Q.E.D.

Step 6. The only SBM-equilibrium consistent with the value-function properties established in
Steps [[HAl is E(a*, 5*).

PROOF: In states z > %, Fr(z) = Fg(z) = ¥(2). Given Lemma [5.1] the only behavior consistent
with this is w(z) = ¥(z) and both types accepting with probability one. In states z € (o, 3*),
Fr(z) € (V,¥(z)), therefore, by Lemma [B.I|b), this must be a no-trade region as described
in Definition Bl Finally, for states z < o, Step Bla) establishes that Z jumps from z to a*
immediately following a rejection. Belief Consistency implies that the low type must be accepting
Vi, with the probability given in =(a*, 8*). Q.E.D.

This completes the proof of Theorem B.11 Q.E.D.

PROOF OF PROPISITION Given the seller strategies, verification that the given candidate sat-
isfies conditions 2-6 of Definition is immediate. Condition 1, Seller Optimality, follows from
Lemmas [A] and [A3] for all v < 4°.

For uniqueness, we first establish that if v is low enough there cannot exist a no-trade region:
(21, 22) such that no trade occurs in any state z € (z1,22). The same argument used in the
proof of Step [ establishes that, in any SBM-equilibrium, for any z, there must exist 2’ > z such
that Fy(2') = ¥(2') (otherwise Fyy would fall below ¥ for high values of z, violating No Deals).
Hence, if there exists one (or more) no-trade region(s) in a given SBM-equilibrium, there must
exist a no-trade region (21, z2) such that either i) Fy(z;) = ¥(z;) for i = 1,2, or i) Fr(z1) = Vg,
Fr(z3) = Fr(z2) = ¥U(22), and z; is a reflecting barrier conditional on rejection.

We now show that neither is possible if « is sufficiently small. The necessary conditions for a
no-trade region corresponding to (i) are studied in Appendix [A.2] Lemma [A.3] Such a no-trade
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region can exist only if v > 4% > 0. For (i), recall that such a no-trade can exist only if A(Z3) = 0.
However, when the SLC fails, for all y > 0, lim,—oA’(y) = —¥'(y) < 0. Because A(0) = 0 for all
v, no such no-trade region can exist.

Having established that there cannot be a no-trade region, Lemma [B.1] implies that for any
z either Fr(z) = Vi or Fr(z) = ¥(z). Since there must exist at least one state z such that
Fr(z) = ¥(2), continuity of Fy (Lemma [5.2]) then implies that Fy(z) = W(z) for all z. As argued
in the proof of Lemma [Bla), F7(z) = ¥(z) implies that F(z) = ¥(z). It is immediate that the
only strategy profile and consistent on-path beliefs generating these value functions are those given
in the Proposition. Q.E.D.

PROOF OF PROPOSITION 5.3l Fix 7 > 4°. Then in NMGy there exists z; < Zy where the high
type rejects in all states z € (zp,Zg) (Lemma[A3). In any SBM-equilibrium, Belief Monotonicity
implies that Z; weakly first-order stochastically dominates Z; under QH for all t, and No Deals
implies that Fg > W, so it must still be optimal for the high type to reject in all states z € (zp,Zm).
In addition, the same argument used in the proof of Step Blestablishes that there must exist at least
one zg € R such that the high type accepts ¥ in state zg. From Lemma Bl Fr(z0) = Fr(20) =
\I’(ZQ).

Now suppose there does not exist a no-trade region. Then the low type must be willing to
accept in all states z where the high type rejects, meaning Fr(z) = Vi, by Zero Profit. Hence, R
is partitioned into two non-empty sets: {z € R : F1(z) = ¥(2)} and {z € R : F1(z) = V}. This
violates the continuity of Fj, established in Lemma Q.E.D.

PrROOF OF PROPOSITION [5.4] For (1), Belief Monotonicity and No Deals imply that in any SBM-
equilibrium, for all z and v > v, Vg > Fy(2) > Nj(2) (recall that N is the seller’s value function
in NMGy from Appendix [A2]). Hence, it is sufficient to show that N7 (z) ™ Vy. In NMGpg,
consider paying according to the stopping rule: T'(3,,) = inf{t : Z; > 3 H}‘ Since this is a viable
strategy, from (B5)), for all z < 8,

H)

N (2) = Ef by (T(8,,), 8,)] = Ku + ¢ 72 (0(B,) — Kn)

Taking the limit as v — oo gives 8, — oo and Ef[hH(T(ﬁH),éH)] — Vi for all z, completing the
proof.

For (2), the proof of Proposition [.1}(4) relies only on pointwise convergence of Fi to Vi (i.e.,
it does not rely on uniform convergence, nor any other feature specific to value functions under
=(a*, 5*)), and hence applies here as well.

For (3), fix an equilibrium endowing value functions Fy, Fr,. We will show that for any € > 0,
there exists a 7. such that for all v > v, £(z) < ¢ for all z. Fix an arbitrary £ > 0. Notice that

IT*(2) —11%(2) _ p(2)(Vir — Fu(2)) + (1 = p(2)) (Vi — Fi(2))

S TR () :

p(2) (Ve — Fu(2))
IT*(2)

since Fr, > Vi, by No Deals. Next, Fz(z) bounded from below by ¥(z), IT*(z) bounded away from
0, and lim,,_o p(z) = 0, imply that there exists a z. such that, for all z < z,
p(2)(Ve — Fu(2))

€ > T (2) > L(z)

regardless of . Therefore, it is sufficient to show that Fp “ Vi on the domain [2¢,00). Recall
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from the proof of (1) that for all z
H(,_
Vi 2 Njp(2) 2 B hia (T(8,,). 8,)) = K + e 20 (U(8,,) - Kn)

Notice that the final term is increasing in z. Therefore, that EX [hy (T(8 1) By)l = Vi asy — o0
(see the proof of (1)) establishes the result. Q.E.D.

VERIFICATION OF EXAMPLE [5.1] It is immediate that, from Definition (2] Belief Consistency,
Stationarity, and Belief Monotonicity are all satisfied. To verify Zero Profit, notice that for z ¢
(2, Zm) at time t, w(z) = V(z) = E[Vp|Hi| = E[Vp|He, 7F = t], where the last equality follows from
the fact that both type’s accept with probability one. For z € (zy,Z ), there is zero probability of
trade, so Zero Profit has no implication. To verify Seller Optimality and No Deals for § = H, notice
that there is no meaningful distinction between the high-type’s seller’s problem in the candidate
equilibrium and NMGy: the belief process is the same, and the offer only differs by being lower in
states where high type rejects in NMGpy. Lemma [A 3] ensures the conditions are satisfied.

The key conditions to check are Seller Optimality and No Deals for § = L. Recall that in NMGp,
the low type’s optimal policy is to accept immediately. In Example 51, Z = Z, but w(z) < U(z)
for all z, meaning it is still optimal for the low type to accept ¥ whenever it is offered. However,
if she adheres to the candidate equilibrium prescription, for z € (z2,Zn),

Fr(z) = (1 — EZL[e_”H]) K+ EZL [e_”H\I/(ZTH)]

where 7y = inf{t : Z; ¢ (2p,Zu)}. Note that 2z < Zy for all ¥ > 7 and (z,Zg) are independent
of K, (Lemma [A3). Hence, for z € (z,%Zn), EX[e™"™] < 1 and F(z) is linearly increasing
in K with some cutoff value K;(z) such that Fy(z) = Vi if K = K;(z). Now define K; =
max.e(,, =) K1 (), and the proposition is established. Q.E.D.

PROOF OF PROPOSITION 5.5l Let v > max{y’,~}, and fix an SBM-equilibrium (existence of
which is guaranteed by Proposition [B.1]). Proposition implies there exists a no-trade region.
Define § = inf{z : F;(2) = ¥(2)}, whose existence is implied by the same argument used in the
proof of Step Bl For any SBM-equilibrium satisfying NDVF, Fy(z) > ¥(8) > Vi for all z > 3.
Therefore, if trade occurs at z > 3, then it occurs with probability one and at a price of ¥(z)
(Lemma [BII(b,c)). Now, either (i) both types trade for all z > 8, or (ii) there exists a no-trade
region (z1,29), 21 > .

If (i), then, f > —oo, otherwise there would not exist a no-trade region. By definition of g,
Fr(z) < ¥(z) for all z < (3, which implies that the low type and, therefore, also the high type,
are not trading at a price of ¥(z) for any z < § (Lemma [(.J[b)). By continuity of Fy, (Lemma
52), ¥(z) > Fr(z) > Vi, for all z in an open neighborhood below /. Hence, there is a no-trade
region whose upper boundary is 8. Given that the high type does not trade at any z < [, the
same argument given in the proof of Step [ establishes that there must exist some zg < 3 such
that Fr(z9) = Vi. Let o = sup{z : Fr(2) = Vi}. By NDVF and No Deals, F1(z) = V, for all
z < a. Therefore, (a, ) comprise a no-trade, below which Fy, =V, and above which F;, = W. The
only SBM-equilibrium candidate consistent with this is =(«, 3). Because v > 7, Theorem B.] and
Lemma [B.E] establish that («, 3) must be (a*, 3*) and that Z(a*, 5*) is a valid SBM-equilibrium.

If instead (i7), then Fy(z;) = W(z;) for both § = L, H and and i = 1,2. Belief Monotonicity and
No Deals imply that (zp,Zm) C (21, 22). In addition, (21, 22) # (2p,ZH), only if the evolution of
Z differs from the evolution of Z for some states in (21, 22). However, this fails Belief Consistency;
hence (z1,22) = (27,Zm). As in the proof of Lemma B we now make the change of variables to
likelihood space, letting (QH’ Tr), (W=, y"), Fy, ¥ be the transformations of (27, Zx), (2, 21), Fy, U.
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From the proof of Lemma [Ad] y, < y~ and sgn (M Bpy(2)) = sgn (i” + 0" —2/y (if — KH>>
Let n = 1/. The high type strictly prefers to reject for all y € (y~,y"). To shorten analytic
expressions, and WLOG, normalize V, = 0, Vg = 1 (and hence Ky < 0). Straightforward
calculation shows that lim, o y_m _ # Therefore Yy must converge to zero at a rate at least

"
~ L L
proportional to 7 (i.e., y,, = O(n) asn — 0). Recall that F7(y,,) = gl Clyit +abCLyE . Asn— 0

L L
gl — 17, CF — 0T (at the same rate as /%), yj; — 07 and yj} = O(y~(n)1) = O(n™) = o(n).
L
This implies that ¢“CFyr is O(n*?). In the second term: ¢f — 0~ (at the same rate as 1), C5 —

L
(VL —Kp)~, g‘}j — 17 implying that the second term is O(n). The first term goes to zero faster
and hence the second term dominates the sign of the derivative for small 7, and since the second

term is negative the derivative converges from below. To see this, note first that sgn(F7 (y,,)) =

L
~ L LL, 92

sgn(Fi(yH)/qlLClLy(}}) then take the limit as n — 0, lim, o1 + ‘120% <1+ 0_(2—3(72)) = —o0.

B B 0 Clyn

Hence for all 5 small enough (conversely, v large enough), F7 (y,,) < 0 violating NDVF (given that

the transformation to likelihood space is an increasing one). Q.E.D.

B.6 Proofs for Section

PROOF OF PROPOSITION Checking conditions 2, 3, 5, and 6 of Definition is straightfor-
ward in both cases. To verify Seller Optimality and No Deals, we will construct the equilibrium
value functions. Because of Stationarity, whether or not these conditions are satisfied is history
independent. Thus, it is without loss of generality to verify them for any Zy = z.

1. If A\p, > Ag: For all z € (o, ) and t < T, dZ; = (A, — A)dt. Thus, the differential equation for
the value function in the no-trade region is

A AL — A
Fy(=) = Ko + =2 (Vo = Fp(2)) + =

which has a unique solution (Polyanin and Zaii;sgyl, m, p. 4) of the form

rKg+ XVp
T+ Ag

Fy(z), Vze (a,B) (68)

Fy(z) = + Cpeto: (69)

where gy = /\TLt);\"H and Cy is an arbitrary constant to be determined.

To determine 3: given W, Z, the high type must be indifferent between accepting and rejecting
at z = 3 (see Section B.2). Since Fy(z) = ¥(z) for all z > 3, value matching and smooth-pasting
require Fy(87) = U(B) and Fj;(8~) = V(). Using the functional form in (G9)) and solving these
two boundary conditions yields Cy = (¥(3) — K’ )e~%# and (28] for 3. Unlike when news arrives
according to a diffusion, 8 can be determined independently of «. Note that S solves

V' (2)(Ap = Am) — (r+ Am)(¥(2) — Kjy) =0 (70)

The LHS of (70), is analogous to MBy in NMGy (Section [A2]). S is the unique real root, and the
expression is positive (negative) for all z < (>)3. § also corresponds to the optimal cutoff at which
the high type would stop in the analogous version of NMG g with Poisson information arrival.

Given [, two value-matching conditions on the low type’s value function determine a: namely
Fr(a™) =V and FL(87) = ¥(B). Solving these two (given B from [28)) yields Cp, = (¥(8) —
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K!)e 98 and 29) for a. To summarize, we have that,

Vi, z <«

FLz) = Kj+enH(W(@) ~K]) =€ (a,8)
\Il(z) z>p
Kl + om0 (¥(9) - K 2 <a

Fr(z) = K' +etE (W(8) - Kyy) 2 € (o, B)
U(z) z>p

For No Deals, by inspection, Fr(z) > V, for all z since Fy(a) = Vi (by construction) and FJ, is
weakly increasing. To see that F(z) > ¥(z) for all z < 3,

Fp(2) = Kpy + (9(8) — Kp)e™ =9 > 0(z)
& (U(B) — Kpy)e P > (U(2) — Kjy)e 7

Therefore, it suffices to show that (¥ (z) — K};)e” 97 is increasing for z < 3. Taking the derivative
gives e~ 1% (V'(z) — qu(V(z) — K};)), which has the same sign as the LHS of (Z0)) and hence strictly
positive for all z < .

For Seller Optimality, we proceed in a manner analogous to the proof of Lemma B3 First, note
that the expected payoff from stopping at an arbitrary 7 can be calculated as

B (1= e M) Kp + e Vo) Loy + (1= €7 ) Kp + e Tw(Zr)) Ly
— Eg |:/ ((1 - e—rs)Ke + e—rs‘/e) )\96_)\98618 + e—)\@T ((1 i e—rT)Ké + C_TT'LU(Z—,-))
0
_ Eg |:<1 - e—(r+)\9)7> Ké + e—(r+)\9)7w(ZT):|
Therefore, let fy(z,t) = (1 — e_(”')“’)t) K+ e~ (r+20)ty(2) and write the seller’s problem as

Fj(2) = sup E? [fo(Z-,7)] (71)

As in the proof of Lemma [B.3] consider the problem in which the type-6 seller can choose the
maximum of w(Z,) and Fp(Z;) when stopping at time 7. Since Fyp(z) > w(z) (from No Deals above),
is suffices to consider only policies that select Fy upon stopping. Let jg(z,t) = (1 — e_(“r)‘@)t) K+
e~ (rto)t gy (z) and consider the alternate stopping problem

Ji (2) = sup EY [99(Z7,7)] (72)

From No Deals, it is immediate that J;j(z) > Fj(z). Thus, for Seller Optimality, it suffices to show
that Jj(z) < Fy(z). Note that

9(Zr,7) = 36(Z0,0) /A%a )8

where A%jg(2,1) = %8 4 BNy — Ngy) = e=>0+H2) (F)(2) (A1 — Air) — (1 + M) (Fy(2) — K})). By
©8), A%79 = 0 for all s, ze( ,). For any z > f3,

Algp(t, z) = e U (W (2) (A, — Apr) — (7 + X)) (¥(2) — Kp)) (73)
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For § = L, the RHS of (3] is strictly negative for all z (analogous to MBp(z) < 0 for all z in
NMGy). For § = H, the RHS of (73]) is positive for z < 3, equal to zero at z = [ and negative
for z > B (see ([T0)). Hence, A%gy < 0 for all z implying that 75(Z,,7) < 70(Z0,0), taking the
supremum over all 7 gives J;(2) < 79(Zp,0) = Fy(z) as desired.

2. If A\p, < A First, Fy(2) = Ky + (U(2) — Ky)1>.+) > ¥(2) for all z since Ky = ¥(z*) by
definition and W increasing. Next, F(z) = VL +(¥(2) = VL)1{;5.+y = Vi forall z (that Fp(2*) =V,
will be verified shortly) and so No Deals is satisfied. For Seller Optimality, we first claim that the
low type is indifferent between accepting V7 and rejecting for any z < z*. To see this, consider
the payoff to a low type who upon reaching z* rejects Vz, for some arbitrary 7 € (0,7). Since z* is
an absorbing state for the equilibrium belief process, the value function from this strategy evolves
according to

Fr(2*) = Kpdt + e (A\pdtVy, + kdt K}y + (1 — kdt — \dt)Fy (2*))
Isolating the Fy terms, dividing by dt and taking the limit gives

rKp + AL Vo -I-KK}{
r+ AL+ K

FL(Z*) =

r(VL—Kp)
Ky, —VL
indifference over any such 7. The same logic as used above following (73)) implies that accepting
U(z) whenever it is offered is optimal for the low type. Thus, the low type’s strategy solves SPy.
For the high type, clearly it is optimal to reject for all z < z* and she is indifferent at z = 2*
conditional on W(z*) being offered. Consider any Zy > z*, the expected payoff to the high type
from stopping at any arbitrary time 7 € (0,7) is

Inserting the expression for xk = and solving yields F7(z*) = V, verifying the low type’s

/0 (1—e ™)Ky +e "Vy) e MSds 4 e AT (1—eMKy+ e w(Z;))

= (1 — e PN 4 e FATY (7))
< (1 o e—(r—i—)\H)T)K}{ + e—(r-i—)\H)T\Ij(ZT)
< \IJ(Z(])

The third line is a convex combination of K}, and ¥(Z,). Hence, the strict inequality follows from
the fact that conditional on 7 < T', (i) Z, < Zj (i.e., no news is bad news) thus U(Z,) < ¥(Zj), and
(ii) W(Zo) > K}, since Zy > z* by supposition. The above holds for all 7 > 0, Zy > z*. Therefore
it is optimal for the high type to stop immediately for all z > z*, which completes the verification
of SP H-

Q.E.D.
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