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Abstract

This paper studies portfolio choice and pricing in markets in which immediate trading may be impossi-
ble. It departs from the literature by removing restrictions on asset holdings, and finds that optimal positions
depend significantly and naturally on liquidity: When expected future liquidity is high, agents take more
extreme positions, given that they do not have to hold those positions for long when they become unde-
sirable. Consequently, larger trades should be observed in markets with more frequent trading. Liquidity
need not affect the price significantly, however, because liquidity has offsetting impacts on different agents’
demands. This result highlights the importance of unrestricted portfolio choice. The paper draws parallels
with the transaction-cost literature and clarifies the relationship between the price level and the realized
trading frequency in this literature.
© 2008 Published by Elsevier Inc.
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The fact that in many financial markets completing a trade may require a significant amount
of time has motivated an increasing amount of research in the past few years. The present pa-
per contributes two-fold to the literature on this aspect of market illiquidity. First, it introduces
the important dimension of portfolio choice in the equilibrium model and shows explicitly how
the optimal choices depend on the liquidity level. Second, it shows that with no restriction on
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the portfolio choice, the equilibrium impact of illiquidity on prices is considerably smaller than
derived in this literature. I highlight clearly the mechanism delivering this result and point out
the features required to obtain, instead, a significant illiquidity price impact. In addition, I show
that this mechanism also applies in a setting with transaction costs, and explain the relationship
between the illiquidity discount and the observed trading frequency in such a setting.

Clear evidence exists that organizing a trade in financial markets may incur important delays.
Even in the Federal Funds market, for instance, which is one of the most liquid over-the-counter
markets, Ashcraft and Duffie [3] find extensive evidence of pervasive, albeit small, search fric-
tions. In the corporate- and municipal-bond markets, finding an appropriate trade counterparty
is considerably more difficult, consistent with the lack of incentives to specialize in small issues
with low turnover.2 Similarly, arranging a trade for a block of shares or complex derivatives is
time consuming.3 Investments that are essentially non-tradeable for certain periods of time, such
as private equity, are even more illiquid.4,5

This paper studies optimal portfolio choice and equilibrium prices in this type of markets.
Thus, it aims to answer such questions as: How large a stake in private equity should one take,
given that it cannot be changed for a lengthy period of time? Given an investor’s inability to
change her corporate-bond position quickly, what price should she pay for a block of these
bonds?

Delays to trading in financial markets have been recognized and studied by a variety of au-
thors, such as Duffie et al. [14], Weill [34], Vayanos and Wang [32], and others. As a reasonable
starting point, these models effectively limit the agents to two asset positions—low and high—
and study price formation when trading can only occur following successful search. The present
paper extends the literature by allowing, in a model similar to that of Duffie et al. [14], that
agents choose the sizes of their investments with no restrictions, thus enabling the study of port-
folio choice in this context. The results are interesting and intuitive: The less easily agents can
trade in the future, the less extreme positions they take currently in order to avoid holding highly
disadvantageous positions for extended periods at some later time. For instance, when expecting
difficult future trading, an institution with current high value for a particular corporate bond—
say, due to a low correlation with the rest of its portfolio—should buy a smaller amount of the
bond than it would in a perfect market, anticipating a reduction in its value for the bond. The size
of individual trades, therefore, is smaller in markets in which agents expect to be able to trade
only infrequently in the future. Of course, since more difficult search means less frequent trades,
and results in smaller trade sizes, it also reduces the volume of trade.

The second result concerns the equilibrium price, which, unlike portfolio choice, depends
little on illiquidity.6 The intuition for the mechanism at play is completely transparent: Lower
liquidity reduces the demand of agents whose value for the asset is above its long-run average,
and therefore expected to decline, but it increases the demand of agents with below-average

2 In the average municipal bond issue, for instance, there is roughly one trade a month, as reported by Green et al. [19].
3 For convertible bonds, a practitioner estimate of the monthly amount that one can sell before having to accept deep

discounts is $150 million, but a number of investment funds sometimes hold, and occasionally want to trade quickly,
many times that amount. See Mitchell et al. [27] for some examples.

4 The minimum holding period before selling restricted securities publicly, as specified by Rule 144(d), is one year.
Some securities are further restricted by IPO lockup-periods.

5 Duffie et al. [14] provide other examples and references.
6 This result is reminiscent of similar conclusions drawn when illiquidity is due to transaction costs. I discuss the

relationship in more detail below and in Section 4.2.
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value. The impact on the aggregate demand can consequently be quite small—in the present
paper, the effect is literally zero in the approximation used to obtain a closed-form solution, and
negligible when solving the model numerically for reasonable parameterizations. On the other
hand, concurrently with a small price impact of illiquidity, a substantive impact on welfare can
obtain, as the modeled gains from trade are quantitatively significant.

The result on the price effect appears at odds with the one in the search literature, which finds
the price effect to be significant. I show that the difference is due to the portfolio constraints
imposed in this literature, which keep traders from being marginal. Introducing binding short-
sale constraints, for instance, in the present set-up results in a price that increases with liquidity;
importantly, the effect can be quantitatively significant. The empirical support for the existing
results of the search literature, therefore, is likely to owe in part to such trading restrictions as
short-sale constraints or indivisibility that prevent (some) agents from adjusting their demand to
the liquidity level.

More generally, the paper shows that, in order for illiquidity to have a significant price effect
in the absence of binding portfolio constraints, one of the following conditions must hold; (i) the
agents trading at a given point in time are not representative of all investors—maybe the ones
keener to trade (say, sell) exert more effort and are therefore over-represented; or (ii) the slopes
of the marginal utilities vary significantly with the asset holdings.7 This observation constitutes
a refinement of the current theoretical understanding of the interaction between liquidity and
prices, and is of immediate practical use to researchers looking to build models of settings in
which liquidity has an important price impact, as market observers argue and empirical studies
suggest.

The paper relates to several bodies of research. First, I complement the literature on search
in financial markets8 by allowing agents to choose asset positions freely. I am consequently able
to both characterize the optimal portfolio choice and add to the theory of the price impact of
liquidity in this context.

Second, the paper relates to the more general literature on trading liquidity.9 In this con-
nection, it is worth starting with the observation that search frictions are different from both
exogenous transaction costs and information frictions. To put it succinctly, the latter generate
trading losses, exogenous in the case of transaction costs, whereas search frictions generate only
costs of waiting, i.e., of not trading. These are utility losses determined endogenously. A conse-
quence is that the current level of transaction costs or asymmetric information impacts the market
price, whereas that of the search friction does not.10 All of these frictions, however, result in asset
misallocation and reduced trading volume, due to the anticipation of the costs.11 Furthermore,
the adjustments in trading diminish the impact of the friction on the price, as explained above.

To make the relationship with the transaction-cost literature clearer, I extend the model to
incorporate transaction costs. I show explicitly that the mechanism involving the opposite effects

7 Lagos and Rocheteau [24] explores this avenue by specifying preferences directly over the asset holding.
8 In addition to the papers cited above, notable examples include Duffie et al. [12] and Vayanos and Weill [33] studying

search as friction to shorting, Duffie et al. [13] and Weill [35] considering market-maker behavior, and Gârleanu and
Pedersen [17] analyzing the equilibrium implications of risk management.

9 See Amihud et al. [2] for a recent survey of the literature.
10 Naturally, search frictions also have rich and unique implications for the dynamics of equilibria of economies outside
steady state, but I do not explore this difference in the current paper. Section 4.2 is more detailed concerning specific
differences between the implications of delayed trading and transaction costs.
11 See Gârleanu and Pedersen [16] for a simple illustration in the context of asymmetric information.
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on different agents’ demand schedules also generates the small magnitude of transaction-cost
impacts on asset prices found in the theoretical literature (e.g., Constantinides [8], Vayanos [31],
Huang [22], or Lo et al. [25]12). However, the possibly large welfare impact obtaining shows
that, in contrast to the conclusion of the transaction-cost literature, the small effect on price is
not due to agents’ utilities being relatively insensitive to their ability to trade. Also in contrast to
existing results, such as those of Amihud and Mendelson [1], I find that the trading frequency
has little or no direct impact on the price effect of transaction costs.13 Forced exit, on the other
hand, has the usual price-reduction effect reflecting the amortized future transaction costs. The
distinction between trading frequency and (the reciprocal of) market-participation horizon can
be of large importance in practice, and therefore of significance for empirical tests.

Finally, the issue of infrequent adjustment has also received attention recently. Following the
seminal contribution of Grossman and Laroque [20], such papers as Gabaix and Laibson [15],
Reis [28], and Chetty and Szeidl [7] model agents that adjust their consumption discretely. The
focus of these papers, however, is the correlation between consumption and asset returns, rather
than the price and portfolio impacts of trading frictions. Closer in spirit to the present paper is
Longstaff [26], which uses numerical techniques to calculate the effects of a “blackout” period,
during which one asset cannot be traded.

The paper is organized as follows. Section 1 presents the model and Section 2 defines and
characterizes equilibrium in the economy under study. Section 3 discusses the main properties
of the equilibrium, and provides a calibration. Section 4 addresses the relationships with the
search and transaction-cost literatures. It also presents two extensions to the basic model that,
in addition to being of independent interest, are helpful in understanding these relationships.
Section 5 concludes.

1. Basic model

This paper considers a two-asset economy. One asset is riskless, pays interest at an exoge-
nously given constant rate r , and is available in perfectly elastic supply. The other asset pays a
cumulative dividend with i.i.d. Gaussian increments:

dD(t) = mD dt + σD dB(t). (1)

Here, mD and σD are constants, and B is a standard Brownian motion with respect to the given
probability space and filtration (Ft ). The per-capita supply of this asset is Θ , and its price is
determined in equilibrium.

There are a continuum of agents, with total mass normalized to 1. Agent i has a cumulative
endowment process ηi , with

dηi(t) = mη dt + ση dBi(t), (2)

where the standard Brownian motion Bi is defined by

dBi(t) = ρi(t) dB(t) +
√

1 − ρi(t)2 dZi(t). (3)

12 Lo et al. [25] can also generate large effects. I discuss this in Section 4.2.4.
13 Vayanos [31] shows that, while the impact owing purely to the trading frequency could be substantial, the overall
impact of transaction costs is quite low, implying that the former is largely canceled by the adjustment in the risk agents
take. I add to this conclusion by showing explicitly why the cancellation happens and the observed trading frequency is
unrelated to the price discount.
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The standard Brownian motion Zi is independent of B , and ρi(t) is the instantaneous correlation
between the asset dividend and the endowment of agent i. I assume that ρi , referred to as the
type of agent i, follows a Markov process on a finite state space with J > 1 points 1 � ρ1 >

· · · > ρJ � −1. The transition intensity from state j to state l is denoted by αjl . For simplicity,
I assume that the Markov chain is irreducible.

Agents have von Neuman–Morgenstern utilities with constant-absolute-risk-aversion (CARA)
felicity functions with coefficient γ > 0 and time preference at rate β . Changes in correlation
between dividends and endowment induce them to want to trade. I assume, however, that they
may be unable to trade immediately.

This kind of illiquidity is observed in numerous real-world settings. First, and most severe,14

trading in some assets is exogenously prohibited for a period of time. A clear example is provided
by restricted securities as defined by Rule 144(a), which include issues by private companies as
well as private issues by public firms, such as private investments in public equity (PIPEs).15

These securities cannot be traded publicly for at least 1 year since issuance, while the market for
private trading is extremely thin. Similarly, many investment institutions, such as hedge funds,
impose lock-up periods on investors’ funds. Second, while legally not prohibited, trading some
assets, such as emerging-market securities, may be impossible for important periods of time
due to market closures or insufficient activity. Third, many assets are not traded in centralized
markets. Here, in order to trade, an agent may have to search for a qualified counterparty, or
an opportunity to trade. For instance, there are many assets, such as given corporate bonds,
shares in companies emerging from Chapter 11, or real-estate investments, that are only traded
by a relatively small number of market participants, who have the required expertise. Finding
such a participant that is able to take on a larger position, or willing to sell her stake, takes
time. Additional time might also be necessary to convince the counterparty that the sale is not
motivated by information. As noted in the introduction, even the most liquid over-the-counter
markets are subject to delays—see, for instance, Ashcraft and Duffie [3] and the discussion in
Vayanos and Weill [33].

I model the infrequent-trading feature by assuming that each agent can trade only at a subset
of the time line. This subset can be random or deterministic, thus being able to capture scheduled
closures and search difficulties. I describe such a general formulation, as well as the possibility
of other parameters depending on time, in Appendix A, but, for simplicity,16 I shall focus on the
assumption that each agent trades at Poisson arrival times. More specifically, I assume that each
agent comes across a trading post (or competitive marketmaker), where she takes the price as
given, at the arrival times of a Poisson process with constant intensity λ ∈ (0,∞). These Poisson
processes, B , Zi, and ρi for all i are mutually independent. The law of large numbers will be
assumed to hold throughout.17

14 Arguably, Longstaff [26] gives what may be even more extreme examples of untradeable assets, such as human
capital.
15 In the case of PIPEs, an investor’s inability to trade out of a position depends on the ease with which she can short
public shares in the firm. Tannenbaum and Pinedo [30] discuss contractual provisions that prohibit investors to engage in
hedging activities. Furthermore, they also report that the SEC has ruled, in its Telephone Interpretations, that an investor
may not short before the registration of the new securities is effective, which is typically expected to take at least 30 to
120 days (see Klein [23]). Finally, Chaplinsky and Haushalter [6] argue that, due to the specifics of the shorting market
in the underlying stocks, it is usually difficult to establish and maintain short positions.
16 More specifically, in order to obtain a stationary, rather than a time-varying, solution.
17 The results in Duffie and Sun [11] ensure the existence of a discrete-time version of the model where the law of large
numbers holds.
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An agent possessing θ shares of the asset has a value function defined as

V (w,ρ, θ) = sup
c̄,θ̄

Et

[
−

∞∫
t

e−β(s−t)e−γ c̄s ds

∣∣∣ ρ(t) = ρ, Wt = w, θ̄(t) = θ

]
, (4)

s.t.

dWt = (rWt − c̄t ) dt + θ̄ (t) dDt + dηt − Pt dθt , (5)

where W is the agent’s total cash holding at any point in time, c̄ the agent’s consumption, and θ̄

the number of shares he owns in the risky asset. The optimization problem is further constrained
by the requirement that the asset holding be chosen only at the arrival times of the Poisson
process. To avoid Ponzi schemes, I impose the transversality condition

lim
T →∞ e−β(T −t)Et

[
e−rγWT

] = 0 (6)

and require |θ | < M for some sufficiently large, but otherwise arbitrary, M > 0.

2. Equilibrium definition and characterization

An equilibrium in this setting is defined in the usual way. I concentrate on stationary and
wealth-independent18 equilibria, where all agents of type ρj trade to the same position θj , inde-
pendent of their wealth levels, at any point in time. As agents need not be able to trade instantly
in response to type changes, some agents may not hold their optimal positions. Let μij denote
the mass of agents of type ρi holding position θj . It is easy to see that, with i �= j , the rates of
change of μij and μjj are given by

μ̇ij = −μij

∑
k �=i

αik +
∑
k �=i

αkiμkj − λμij , (7)

μ̇jj = −μjj

∑
k �=j

αjk +
∑
k �=j

αkjμkj + λ
∑
k �=j

μjk. (8)

Stationarity requires that these rates of change be zero.

Definition 1. A stationary equilibrium consists of a set of masses μij , i, j = 1, . . . , J , a set of
positions θj , j = 1, . . . , J , a function c(w, θ,ρ), and a price P such that

1. Agents optimize: c(w, θ,ρ) attains the maximum in (4) and θj attains the maximum of
V (w − Pθ,ρj , θ).

2. All agent groups have constant masses: (7) and (8) hold with 0 on the left-hand side.
3. The asset market clears:

∑
j

∑
k μjkθk = Θ .

Following Duffie et al. [14], hereafter DGP,19 I conjecture a value function of the form

V (w,ρ, θ, t) = −e−rγ (w+ā+a(θ,ρ)), (9)

18 This feature is due to all agents having CARA utility.
19 In order to be self-contained, I give a sketch of the argument in Appendix A.
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where

ā = 1

r

(
log r

γ
+ mη − 1

2
rγ σ 2

η − r − β

rγ

)
(10)

is a constant.
Let aj (θ) = a(θ,ρj ) be the value-function coefficient for an agent of type ρj . These co-

efficients obey a set of Hamilton–Jacobi–Bellman equations that, after dividing across by
e−rγ (w+aj (θ)), simplify to

raj (θ) = κ(θ,ρj ) −
∑

l

αjl

e−rγ (al(θ)−aj (θ)) − 1

rγ

− λ sup
θ̄

e−rγ (−P(θ̄−θ)+aj (θ̄)−aj (θ)) − 1

rγ
, (11)

where

κ(θ,ρ) = θmD − 1

2
rγ

(
θ2σ 2

D + 2ρθσDση

)
(12)

is the (mean-variance) instantaneous benefit to the agent from holding position θ when of type ρ.
In a stationary equilibrium, all agents of the same type ρj choose the same position θj . The

positions are determined so that agents maximize their utilities, implying that, at θ = θj ,

0 = d

dθ
V (w − Pθ,ρj , θ), (13)

which simplifies to

P = a′
j (θj ). (14)

Differentiating (11) with respect to θ yields

ra′
j (θ) =

∑
l

αjle
−rγ (al(θ)−aj (θ))

(
a′
l (θ) − a′

j (θ)
)

+ λe−rγ (−P(θj −θ)+aj (θj )−aj (θ))
(
P − a′

j (θ)
) + κ1(θ, ρj ), (15)

where κ1 is the partial derivative of κ with respect to its first argument.
Eqs. (11)–(15) cannot be solved in closed form. Consequently, I resort to an approximation

that ignores terms of order higher than 1 in (al(θ) − aj (θ))—that is, I use e−rγ x−1
rγ

≈ x in (11).

The accuracy of this approximation depends on the size of rγ (al(θ) − aj (θ))2, which can be
shown to be small when r3γ 3(ρ1 −ρJ )2σ 2

Dσ 2
η is small. To make precise these statements, I follow

Vayanos and Weill [33] and consider the limit as γ → 0 while holding γ σ 2
D and γ σ 2

η constant.
In effect, this maintains risk aversion towards dividend and endowment flows, while inducing
risk neutrality towards changes in type and arrival of trading opportunities. A rigorous state-
ment is made in Theorem 1 below. The numerical example in Section 3.4 demonstrates that the
approximation is accurate for reasonable parameters.

The approximation yields

raj (θ) =
∑

l

αjl

(
al(θ) − aj (θ)

) + λ
(−P(θj − θ) + aj (θj ) − aj (θ)

) + κ(θ,ρj ) (16)

and
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ra′
j (θ) =

∑
l

αjl

(
a′
l (θ) − a′

j (θ)
) + λ

(
P − a′

j (θ)
) + κ1(θ, ρj ). (17)

Note that the approximate HJB equations (16) obtain exactly when agents are risk-neutral,
but the benefit from holding the asset is quadratic. More precisely, they obtain when the value
functions are given by

aj (θ) = sup
θ̄

Et

[ ∞∫
t

e−r(s−t)κ
(
θ̄ (s), ρ(s)

)
ds

−
∞∑
s=t

e−r(s−t)PsΔθ̄(s)

∣∣∣ ρ(t) = ρ(0), θ̄ (t) = θ

]
, (18)

where trading is only possible at the arrival times of the individual Poisson process.
An immediate consequence is that, in equilibrium, for all k = 1, . . . , J it holds approxi-

mately20 that

P = Et

[ ∞∫
t

e−r(s−t)κ1
(
θ(s), ρ(s)

)
ds

∣∣∣ θ(t) = θk, ρ(t) = ρk

]
. (19)

Eq. (19) is intuitive, stating that the price equals the sum of the stream of discounted marginal
utilities from the asset at all future times. (The equation is easily derived by considering perma-
nent deviations in holdings from the optimal ones.)

Eq. (19) holds for all agents trading at a given time. I could add the left- and right-hand
sides over these agents to obtain the price, but instead, in the interest of transparency, I follow the
route of writing out explicitly the demand of an agent given the opportunity to trade. Specifically,
rewrite (19) as

P = Et

[ τ∫
t

e−r(s−t)κ1
(
θk, ρ(s)

)
ds

∣∣∣ ρ(t) = ρk

]
+ Et

[
e−r(τ−t)

]
P (20)

and define

μ̃jk =
(

Et

[ τ∫
t

e−r(s−t) ds

])−1

Et

[ τ∫
t

e−r(s−t)1(ρ(s)=ρj ) ds

∣∣∣ ρ(t) = ρk

]

= r
(
1 − Et

[
e−r(τ−t)

])−1Et

[ τ∫
t

e−r(s−t)1(ρ(s)=ρj ) ds

∣∣∣ ρ(t) = ρk

]
, (21)

where τ is the first arrival time of a trading opportunity after time t . Thus, the quantities μ̃jk

give, for all j , the relative payoff weights of the promises to receive a unit flow of consumption
at any future time s such that ρ(s) = ρj , as long as τ has not occurred by s, given that ρ(t) = ρk .
The quantities μ̃ are easily computed using standard Markov-chain calculations.

Given the linearity of κ1 in ρj , Eq. (20) is therefore rewritten as

20 Throughout the paper this term will be used to mean “in the limit sense of Theorem 1.”
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P = 1

r
κ1

(
θk,

∑
j

μ̃jkρj

)
, (22)

which is easily solved for the optimal quantity choice θk as a function of P :

θk = 1

γ σ 2
D

(
mD

r
− P

)
− ση

σD

∑
j

μ̃jkρj . (23)

As is natural, these demand schedules21 depend on the liquidity level. Importantly, some de-
mands increase, while others decrease with liquidity—precise statements are made in Section 3.1
below—which leads to the price result I now derive.

Let μ·k denote the mass of all agents holding θk and μk· the mass of all agents of type k.
Note that, since the net flux into the group holding θk is λ(μk· − μ·k) = 0 per unit of time,
μk· = μ·k ≡ μk . Note further that∑

k

μkEt

[
1(ρ(s)=ρj )

∣∣ ρ(t) = ρk

] =
∑

k

Et [1(ρ(s)=ρj ,ρ(t)=ρk)]

= μj . (24)

Consequently, multiplying Eq. (23) by μk and adding over k yields

Θ = 1

γ σ 2
D

(
mD

r
− P

)
− ση

σD

∑
j,k

μ̃jkρj

= 1

γ σ 2
D

(
mD

r
− P

)
− ση

σD

ρ̄,

so that

P = mD

r
− γ

(
Θσ 2

D + σDσηρ̄
) ≡ P W . (25)

The term ρ̄ denotes the average correlation in the economy and is independent of the level of
liquidity λ. Consequently, so is P , which equals its value in a Walrasian market,22 P W . Using
this expression,

θk = Θ + ση

σD

(
ρ̄ −

∑
j

μ̃jkρj

)
. (26)

The Walrasian holdings can be obtained in the limit as λ → ∞, which gives μ̃jk → 1(j=k), thus
implying

θW
k = Θ + ση

σD

(ρ̄ − ρk). (27)

The results derived above are collected in the following theorem, and discussed in the next
section. All required proofs are provided in Appendix A.

21 Note that this equation gives the demand of an agent as a function of a price that will remain constant indefinitely. The
current price, to be paid when purchasing, can be separated from the future, resale price, to obtain the demand schedule
in the usual sense, but that will not be necessary.
22 As is the case with the holdings, derived below, this is the exact price for any value of γ . See Theorem 1.
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Theorem 1. The economy studied has a stationary equilibrium, determined by Eqs. (11), (12),
and (14). In this equilibrium, the value function and consumption are given by

V (w,ρ, θ) = −e−rγ (w+ā+a(ρ,θ)),

c(w,ρ, θ) = − log(r)

γ
+ r

(
w + ā + a(ρ, θ)

)
.

Furthermore, fix parameters γ̄ , σ̄D , and σ̄η and let σD = σ̄D

√
γ̄ /γ and ση = σ̄η

√
γ̄ /γ . Then, as

γ goes to zero, the limit price is

P = mD

r
− γ̄

(
σ̄ 2

DΘ + ρ̄σ̄Dσ̄η

)
(28)

while the limit positions equal

θk = Θ + σ̄η

σ̄D

(
ρ̄ −

∑
j

μ̃jkρj

)
. (29)

Finally, in the Walrasian economy, the price and quantities are given exactly by

P W = mD

r
− γ̄

(
σ̄ 2

DΘ + ρ̄σ̄Dσ̄η

)
, (30)

θW
k = Θ + σ̄η

σ̄D

(ρ̄ − ρk). (31)

3. Equilibrium properties

In this section I discuss the main properties of the equilibrium—the asset holdings and the
price—as well as a notion of welfare that I introduce below. I supplement the discussion with a
calibrated example that demonstrates the accuracy of the approximation for empirically relevant
parameters and thus lends support to the conclusions drawn based on this approximation.

3.1. Demand schedules and holdings

Equilibrium holdings, given by (29), and demand schedules, given by (23), depend in the
same way on liquidity and therefore have the same intuitive properties. To keep the discussion
simple, I focus on the holdings. The first term in (29) is the per-capita supply. The second reflects
the difference in vulnerability to the asset-payoff risk between the average agent and the agent
considered. Thus, if the correlation between the agent’s endowment and the asset dividend is
going to be relatively high, in expectation, until the next trading opportunity, then the agent will
hold a lower position, and vice versa. In particular, if the agent can trade continuously, then the
holding depends on the difference between the average correlation and her current correlation,
as Eq. (31) shows.

The fact that agents tilt their portfolio toward the ones desired in likely future states suggests
that they would take less extreme positions in illiquid markets: they want to avoid getting stuck
with highly disadvantageous positions if they know that trading away is difficult. As a conse-
quence of the less extreme positions, the average trade size would be smaller when the market is
illiquid, thus reducing volume beyond the direct effect of a worse ability to conduct a trade.

Although intuitive, the notion that all agents’ holdings (and demands) are less extreme in
illiquid markets, due to the cost of having to maintain undesirable positions later, is not always
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true. As Proposition 2 shows, restrictions on the transition matrix of the correlation process are
necessary. The reason is that an agent with, say, a relatively high valuation for the asset—low
asset-endowment correlation—may have an even higher expected valuation in the near future,
although her expected valuation in the long run is lower. Consequently, with lower liquidity, the
agent is more concerned about the higher future valuation and therefore takes an even higher
position, thus farther from the per-capita supply.23 The result in part (i) of Proposition 2, which
shows that, for high liquidity, the quantity that matters is the expected correlation conditional on
a correlation change, (

∑
j �=k αkj )

−1 ∑
j �=k αkjρj , makes this intuition precise. This conditional

expected correlation can be lower than ρj for some j even if ρj < ρ̄. Part (ii) of the proposition
excludes this scenario by requiring every agent’s valuation to be mean-reverting.

The following holds.24

Proposition 2. (i) For any trading frequency λ < ∞, θW
1 < θk < θW

J for all k. There exists λ < ∞
such that, for λ > λ, θk is monotonic in λ for all k. Furthermore, θk increases strictly in λ for
λ > λ if and only if∑

j �=k αkjρj∑
j �=k αkj

> ρk, (32)

and vice versa. In particular, θ1 is decreasing and θJ is increasing in λ for λ > λ.
(ii) For all k, if E0[ρ(t) | ρ(0) = ρk] is monotonic in t then θk is monotonic and |θk − Θ|

increasing in t .25

(iii) If there are only two types (J = 2), then

θ1 = Θ − α12

(
1

α12 + α21
− 1

r + λ + α12 + α21

)
ση(ρ1 − ρ2)

σD

= θW
1 + α12

r + λ + α12 + α21

ση(ρ1 − ρ2)

σD

,

θ2 = Θ + α21

(
1

α12 + α21
− 1

r + λ + α12 + α21

)
ση(ρ1 − ρ2)

σD

= θW
2 − α21

r + λ + α12 + α21

ση(ρ1 − ρ2)

σD

,

and θ1 and θ2 are monotonically decreasing, respectively increasing, in λ for all λ. The trade
size, namely θ2 − θ1, the rate with which agents trade, namely

λ(μ12 + μ21) = 2λ
α12α21

(α12 + α21)(λ + α12 + α21)
,

and the trading volume, namely

1

2
λ(μ12 + μ21)(θ2 − θ1),

all increase with λ.

23 Since the agent has a relatively high need for the asset, she takes a larger position than the per-capita supply.
24 From now on, I restrict attention to the approximation, meaning that the precise formulation of all statements involves
letting γ → 0 with σD and ση as in the second part of Theorem 1.
25 The condition holds, for instance, if αij is independent of i for all j . See Lagos and Rocheteau [24] for a related
result.
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The result in part (iii) on trade characteristics (trade size and volume) helps point out the
complex impact of liquidity on trading volume: past liquidity determines the number of agents
(μ12 + μ21) that would trade if given the opportunity (this decreases with the level of liquidity),
current liquidity determines the rate (λ) with which such agents actually get to trade, while future
liquidity determines the positions to which they wish to trade, thus influencing the average trade
size θ2 − θ1.26

3.2. Price

I now turn to the equilibrium price, also stated in Theorem 1. The main result in this connec-
tion is that the price level is the same as in a Walrasian market—in particular, it is independent
of the liquidity level. This conclusion may be surprising, as it appears to run counter to the intu-
ition that illiquidity decreases an asset’s price, an intuition formalized, for instance, in DGP and
Weill [34].

One may try understanding the result in at least two ways. The technical one rests on two
elements: the flow of marginal utility is linear in asset holding and agent type, and agents trading
today are representative of the entire population at all times. Consequently, when aggregating the
marginal utilities of the trading agents, the marginal utility of the representative agent is obtained
regardless of the liquidity level.

However, a valuable general intuition is also highlighted here: the demand (given in Eq. (23))
increases with liquidity for some agents—typically, agents whose correlation is expected to
increase27—and decreases for others. Aggregate demand, therefore, need not be affected sig-
nificantly. In other words, the market may clear without large price movements—certainly with
smaller movements than if one side of the market were constrained with respect to its holdings
so as to render its demand price inelastic, as in the search literature.

In Section 4 I discuss the relationship with this literature, including the different conclusion
regarding price sensitivity to liquidity, as well as the relationship with the transaction-cost liter-
ature. I also present a couple of extensions to the model that facilitate this discussion.

3.3. Welfare

I provide here a brief analysis of welfare in this model. It is intuitive that a higher liquidity
level λ should translate into a higher welfare, as it enables a better allocation of the dividend risk
at no cost. Formalizing the welfare effect and contrasting it with the price effect is nevertheless in-
structive. When considering welfare, the literature—starting with Constantinides [8]—concludes
that some forms of illiquidity have little effect on welfare, and therefore on prices as well. This
section and the numerical example following show that the small price effect can obtain in con-
junction with a significant welfare effect.

To make meaningful welfare comparisons among economies with different liquidity levels λ,
I move away from steady state and start each economy at time 0 with a Walrasian market where

26 This point can be made even more saliently in a model that departs from steady-state analysis to allow for liquidity
to change at some time T from λ to a different level, λ′ . It then follows, under natural conditions, that θ2(t) − θ1(t)

increases with λ′ for t � T , whereas μ12(t) + μ21(t) decreases with λ for t � T . See Proposition 5 in Appendix A.
27 See Proposition 2(i) above for a precise statement.
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all agents participate, after which trading is governed by the search-type illiquidity modeled
above.28

One measure of an agent’s utility is the certainty equivalent a(θ,ρ) + ā, which reflects the
agent’s average consumption and the total risk faced throughout his life-time. As a measure of
welfare, I use the sum of all agents’ certainty equivalents at time 0. The advantage of using
certainty equivalents is that the resulting measure is invariant to wealth transfers. The summing
over all agents’ certainty equivalents can be thought of as taking the expectation of an agent’s
certainty equivalent just before the revelation of his type at time 0.

The modification to the model does not affect its approximate solution.29 Time-0 welfare can
be written as

W = ā +
∑

k

μk

(
a(θk, ρk) − Pθk

) + PΘ, (33)

where a(θk, ρk) solves the system of Eqs. (16). Note that the masses μk and P are independent
of λ, whereas a(θk, ρk) − Pθk increases with λ. The latter statement follows from the optimality
of the trading strategy of the agent ρk : he could choose to trade only with a probability λ′/λ < 1
whenever given the possibility, and change his portfolio accordingly, but does not.

The welfare as defined here captures exclusively the hedging benefits from being able to
participate in such a market. These benefits increase with liquidity, even if the price is (approx-
imately) constant. The calibrated example below demonstrates the quantitative relevance of this
statement.

3.4. A calibrated example

To illustrate the theoretical results derived so far, as well as the appropriateness of the ap-
proximation considered, I calibrate the model. Given the difficulty of pinpointing parameters
describing markets for which the kind of illiquidity studied here is relevant, the results below
should be viewed mainly as suggestive. Extensive sensitivity analyses, however, show the quali-
tative properties of these results to be robust.

As a base-case specification, I set a number of parameters following Lo et al. [25]—in turn,
these parameters are based on the stock-market estimation of Campbell and Kyle [5]. In addi-
tion to reflecting econometrically estimated properties of a specific market, this choice enables
comparison with Lo et al. [25]. I discuss this paper and make the comparison in Section 4.2.

Thus, I start with r = 0.037, μD = 0.05, σD = 0.285, and P W = 0.741. I also let Θ = 1.
These values imply an annual dividend yield μD/P W = 0.0675, and therefore an equity return
premium μD/P W − r = 0.0305, and a volatility σD/P W = 0.385.30 In addition, I consider
two types of agents, and I set ρ2 = −0.25, ρ1 = 0.75, α21 = 0.5, and α12 = 1.5. These choices
imply that the aggregate endowment contains no traded risk, i.e., ρ̄ = 0. Furthermore, for trading

28 An alternative would be to distribute the asset in equal shares to all agents at time 0. The conclusion is identical.
29 The only subtlety is that, since μ·k(0) = μk·(0) and d

dt
(μ·k(t) − μk·(t)) = −λ(μ·k(t) − μk·(t)), it is still the case

that μ·k = μk·.
30 Results are similar if the parameters are chosen to match yield spreads and volatilities from the corporate bond
market. For instance, the average excess return on US corporate bonds has been estimated to be in the range 61bp–88bp,
depending on the authors (see, for instance, de Jong and Driessen [10]), while the average yearly return volatility is
around 6–8% (see Bao and Pan [4]). Over this range, with mD so that the bond is priced at par in a liquid market and
preserving the ratio ση/σD and the other parameters, the highest liquidity premium at λ = 1 is about 4bp and less than
1bp at λ = 12.
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Fig. 1. Impact of illiquidity on the excess return (top left panel), holdings (top right panel), welfare (bottom left panel),
and turnover (bottom right panel). Table 1 gives parameters. The continuous line plots the exact quantities computed
numerically, whereas the line made of ‘x’ marks plots the quantities obtaining in the approximation.

Table 1
Parameters used to illustrate price and position impact of variable liquidity level. See Section 3.4 for a detailed explana-
tion.

α12 α21 γ ρ1 ρ2 r mD σD ση Θ

1.5 0.5 7.52 0.75 −0.25 0.037 0.05 0.285 1 1

intensities that are not too low (e.g., λ � 10), a buyer’s holding period is approximately α−1
21 = 2

years, while for the seller it is about 8 months. Finally, fixing the difference ρ1 −ρ2, the extent of
the trading needs is controlled by the endowment standard deviation ση, which is not easy to pin
down. I start with ση = 1, so that the difference in exposure to asset risk between the two types
of agents, namely ση(ρ1 − ρ2) = 1, is approximately 3.5 times larger than the per-capita asset
risk, which appears to be a fairly large ratio. The implied risk-aversion coefficient is γ = 7.52.
I explain below the sense in which the quantitative results are robust to parameter choice.

I calculate the exact equilibrium price, as well as the linear approximation to the price, for a
range of liquidity levels (λ). I also calculate exact and approximated positions.

Rather than reporting the price, I report the more easily interpretable expected excess return
on the asset, defined as mD/P − r . Fig. 1 shows that the excess return does, indeed, vary with
liquidity, but that even for low levels of liquidity the impact is small. For instance, when λ = 12,
i.e., wait 1 month to trade, the return impact is smaller than 1bp. Here, the excess return decreases
with liquidity towards the Walrasian value, but it can also increase, for different parameter con-
figurations.
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Portfolio choice, on the other hand, is much more sensitive to liquidity, as Fig. 1 shows. For
instance, if one can trade once a month on average (λ = 12), the lower position is about −1.25,
which makes it 14.3% closer to the per-capita supply Θ = 1 than the Walrasian position, −1.63.
The same is true, of course, of the high position.31

Welfare, like portfolio choice, is also sensitive to liquidity. The bottom left panel of Fig. 1
plots the welfare loss relative to perfect liquidity expressed as a proportion of the total asset
market value. For monthly trading, the welfare loss is 24.9% of the asset price.32 Finally, the
annualized turnover, plotted in the last panel, is reasonable at a level close to 100%.

Sensitivity analyses confirm the small price impact of illiquidity. Theorem 1 implies that the
price impact can only be significant for sufficiently large γ . I consequently decrease both σD

and ση by a factor of 3 and also increase the Walrasian risk premium to 5%, which results in
an absolute risk-aversion coefficient γ = 86.1—a large value, given the value of the average
stock-holding in the economy, 0.57 in this case. The liquidity premium at λ = 12, in this case,
rises more than tenfold to about 10bp, but is still relatively small. At the same time, the welfare
impact, a function of γ (ρ1 − ρ2)σDση, increases. The turnover, which equals roughly (α−1

12 +
α−1

21 )−1 ση

σD
(ρ1 − ρ2), changes little. A higher value for ση(ρ1 − ρ2)—but not σD , so as not to

push γ down—could generate higher illiquidity return premia, but at the cost of large turnover
and relative trade size. (The size of a trade relative to the per-capita supply is very close to the
ratio of shock size to per-capita asset risk, ση

σD
(ρ1 − ρ2), which, as noted above, is about 3.5 in

the base case.)

4. Extensions and discussion

I now turn to discussing more carefully the relationships between this paper and two directly
relevant strands of literature: the one studying search in asset markets and the one on transaction
costs. I also extend the base-case model of Section 1 to allow for portfolio constraints and trans-
action costs.33 In addition to facilitating the discussion, these extensions help clarify a couple of
important results in the literature.

4.1. Search literature

The paper is obviously related to the literature on search in asset markets, in that the main
friction studied is the same: the impossibility of trading instantaneously. A number of differences
with this literature exist, however.

The main difference lies in the fact that this paper allows for a nuanced portfolio choice—all
the other papers restrict agents to a binary holding choice.34 In addition, in the literature trade is
bilateral and the price is determined by bargaining. I argue that the different conclusion I draw

31 The short positions are due to the large hedging needs
ση
σD

(ρ1 − ρ2). Reducing these hedging needs would further
diminish the liquidity impact on the excess return. This feature is helpful, however, for illustrating the implications of
prohibiting short sales (Section 4.1).
32 This welfare loss corresponds to a total transaction cost of about 1.06% of each transaction value in a market with no
delays—in other words, to q = 0.53% in the context of Section 4.2.3.
33 The set-up is sufficiently flexible and sufficiently tractable to allow for a variety of interesting extensions, which I do
not pursue here in order to keep the paper focused. Other possible extensions include allowing for multiple risky assets
or an endogenous choice of trading frequency.
34 In research conducted independently of this paper, Lagos and Rocheteau [24] starts from the premise of quasi-linear
preferences and also allows for unrestricted portfolio choice.
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concerning the price impact of liquidity has to do with relaxing the portfolio constraints, rather
than with the difference in trading mechanism. To do so, in principle I could either introduce risk
aversion and portfolio choice in a setting such as DGP or implement portfolio restrictions in the
current setting.

The first route requires solving a bilateral-trade model without restrictions on asset holdings,
which appears quite difficult. In addition, the outcome would be a range of prices—in fact, an
unbounded one, as random matching would result in unbounded asset holdings. One would imag-
ine that the intuition concerning the opposite impact of liquidity on buyers’ and sellers’ demand
curves would continue to hold on average, but the exact outcome is difficult to determine.

In contrast, modifying the current set-up by introducing portfolio constraints and then showing
that binding constraints have a significant price impact is relatively easy. In fact, exogenous
portfolio constraints, due to agency issues or market features, are quite common, in particular
for the type of assets affected by the notion of illiquidity studied here, so such an addition to the
model is of independent interest. The most common constraint is the inability to sell short, which
is sometimes imposed contractually.35 I concentrate on this inability for the sake of concreteness.

I give the details of the technical analysis in Appendix A and record the result here.

Proposition 3. Assume that positions are constrained to satisfy θk � 0 and consider parameters
for which the constraint binds. Then the following holds.

(i) There exists a value λ > 0 such that the price P increases in λ for λ > λ.
(ii) If E0[ρ(t) | ρ(0) = ρk] is monotonic in t for all k and in k for all t , then P increases in λ

for all λ.
(iii) If there are only two types (J = 2), then the price is given by

Pr = κ1(θ2, ρ2) − α21

r + λ + α12 + α21
rγ (ρ1 − ρ2)σDση (34)

and it increases in λ for all λ.

The main point of the proposition is that, even under the approximation detailed in Theorem 1,
the price is sensitive to the liquidity level λ.

The calibrated example of Section 3.4 can also illustrate this point. To that end, I assume
that short sales are not allowed and compute the price again for a variety of levels of liquidity,
given the parameters in Table 1. As can be seen in Fig. 1, and is reflected in Fig. 2, for low
levels of liquidity the optimal holdings are both positive, so the constraints do not bind and
the price is approximately equal to the Walrasian price. Beyond a certain threshold, though, the
high-correlation agents do not hold any amount of the asset, which fixes the holding of the other
agents, too. The excess return decreases as a consequence, to the effect that it becomes about
2% lower than in the illiquid market, as λ goes to infinity. The reason, once again, is the agents’
inability to adjust positions to the level of liquidity.36

35 Shorting difficulties have been documented even in the case of listed stocks—see, for instance, Geczy et al. [18] or
D’Avolio [9]—which are more liquid than most other securities. They are self evident in the case of private placements.
36 As an aside, this model can be reinterpreted so that the reasons for trade arise from different beliefs. Then, Proposi-
tion 3 adds to the conclusion of Harrison and Kreps [21] and Scheinkman and Xiong [29] that shorting constraints can
generate bubbles by showing that the bubble size increases with the future level of liquidity.
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Fig. 2. Excess-return impact of illiquidity in the presence of short-sale constraints (parameters given by Table 1). The
continuous line plots the exact unconstrained-holding excess return, the dashed line plots the approximate constrained-
holding excess return, while the dotted line shows the Walrasian level.

The numerical example shows that the direct effect of liquidity on the excess return when the
positions are constrained can be significant (2%), and at the same time virtually canceled by the
effect of the endogenous position adjustment.

Finally, whereas the extension to constraints binding on one side of the market appears to be
best motivated when assets are divisible, one can argue that it is not the most direct counterpart
to a set-up such as DGP. In DGP no agent, be it buyer or seller, is marginal—in effect, that is a
set-up with indivisible assets. However, qualitatively identical results obtain when, in the DGP
set-up, agents gain access to a centralized market with intensity λ. Provided that α12 > α21,37 the
prevailing price is given by

Pr = κ(θ2, ρ2) − κ(θ1, ρ2)

θ2 − θ1
− α21

r + λ + α12 + α21
rγ (ρ1 − ρ2)σDση. (35)

This result shows clearly that the small liquidity impact on price is due not to the centralized-
market feature in the current paper, but to the free choice of holding size in a divisible asset.

4.2. Transaction costs

The intuition behind the reduced price effect of liquidity in the sense of infrequent trading
opportunities is useful for other notions of illiquidity—in particular, for exogenous transaction
costs, such as brokerage fees. In this context, too, the (partial) cancellation of the illiquidity
effect on the demands of buyers and sellers results in a muted price impact, as shown below. I
start by comparing the two types of illiquidity, after which I give a brief review of the main results
in the transaction-cost literature. Section 4.2.3 presents a modeling extension that incorporates

37 This means there are more high-valuation than low-valuation agents in the economy. As a consequence, the price is
set by the buyers, just as it is, largely, in DGP, because of the condition s < λu/(λu + λd) in that paper’s notation.



Author's personal copy

N. Gârleanu / Journal of Economic Theory 144 (2009) 532–564 549

transaction costs in the current framework and helps clarify some of these results. I discuss the
relationship with the literature in Section 4.2.4.

4.2.1. Transaction costs and trading delays
Clear fundamental differences exist between a brokerage fee, on one hand, and the legal pro-

hibition to trade for a while, or the time-consuming phone search for a trading counterparty
together with the due-diligence process, on the other. An immediate consequence of the different
natures of these frictions can be stated as follows: Delays are costly only because they prevent
agents from trading in order to achieve the optimal portfolio, not because they make trade costly.
The size of the costs induced by waiting is endogenous, as it depends on the market conditions,
endowments, preferences, and so forth. Transaction costs, on the other hand, impose exogenous
losses whenever a trade is made. (In addition, of course, they also prevent the agent from holding
optimal positions and may affect the timing of her trades, similar to delays.)

The distinctions between trading delays and transaction costs have implications for equilib-
rium prices. From this point of view, perhaps economies outside steady state provide the most
obvious example: Search naturally delays the adjustment following a shock,38 but transaction
costs, which allow for instantaneous trade, are much less likely to do so.

Another difference in price implications is related directly to the fact that only transaction
costs impose losses when trading. For this reason, the equilibrium price reflects the current level
of transaction costs, as in Eq. (42) in Section 4.2.3, even if it does not reflect the search efficiency
(Eq. (25)). A similar conclusion with respect to the current illiquidity level holds concerning
optimal portfolio choice.

Furthermore, in the case of transaction costs, the timing of trades is endogenous: the agent
chooses to incur the costs if and only if the utility gain from adjusting her portfolio is sufficiently
large. This feature has two different implications when compared with search frictions. First, the
deviation from the Walrasian portfolio choice is bounded by the size of the transaction cost, not
by the severity of the need for trading: severely disadvantageous holdings can always be avoided.
(This implication is captured by the fact that ση and ρ do not influence the last term in Eqs. (43)–
(44).) Second, a stronger link exists between the timing of a trade and the gain from trade. With
fixed transaction costs, this link also implies a tighter relationship between the timing of trades
and the more easily observable trade sizes (see Footnote 41).

4.2.2. A brief literature review
An extensive body of work is dedicated to the study of transaction costs in asset markets.

For lack of space, I limit my discussion to some of the most important of these papers. In Sec-
tion 4.2.4, I interpret their results in the context of my own model.

Amihud and Mendelson [1] proposes a general-equilibrium model in which risk-neutral
agents must exit the market and sell to newly arriving agents, and finds that the required ex-
cess return on an asset equals the product of the asset’s turnover and the proportional transaction
cost. Constantinides [8], on the other hand, shows in a partial-equilibrium setting that an agent’s
choice of trading frequency results in a price impact of transaction costs that is an order of magni-
tude smaller than Amihud and Mendelson [1] suggests. Furthermore, Constantinides [8] assigns
the result to the small welfare loss due to transaction costs. Vayanos [31] revisits the issue by

38 DGP work out a detailed example. Weill [35] provides another good example in a setting with a market maker, who
“leans against the wind” in anticipation of a shock. The point can also be made in the current framework, but I do not
pursue this line.
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building a general-equilibrium, overlapping-generations model with long-lived agents who trade
optimally throughout their deterministic lifetimes. He shows how transaction costs affect agents’
trading decisions, and therefore risk exposures, and that this effect can largely cancel the direct
effect of a lower trading frequency, thus yielding a low price impact. Huang [22] is able to gen-
erate somewhat larger price impacts in an OLG model in which lifetime is uncertain. Finally,
unlike the other papers, Lo et al. [25] studies a general-equilibrium setting with fixed transaction
costs and high-frequency transaction needs, and exhibits parameter configurations resulting in
price impacts of the same order as the transaction costs.

4.2.3. A model extension
I now incorporate transaction costs into the basic model of Section 1. In order to keep the

analysis as simple as possible, I concentrate on the case in which transaction costs are the only
friction.39 Thus, all agents can trade instantly when they wish to do so, but they have to pay
transaction costs proportional to the number of shares traded. Specifically, the buyer pays P + q

and the seller receives P − q per share, for some q � 0.
It follows that, for any agent buying,

P + q = E0

[ ∞∫
0

e−rsκ1
(
θ(s), ρ(s)

)
ds

∣∣∣ θ(0) = θb
k , ρ(0) = ρk

]
, (36)

while, for any seller,

P − q = E0

[ ∞∫
0

e−rsκ1
(
θ(s), ρ(s)

)
ds

∣∣∣ θ(0) = θs
k , ρ(0) = ρk

]
. (37)

Note that for any type ρi there are two positions an agent would trade to, θb
i if he bought

and θs
i if he sold. Furthermore, an agent of type j holding the optimal position of an agent

of type i �= j may not trade when given the opportunity, if the transaction costs are large. If the
transaction cost q is small enough, however, such an agent always trades if he can. Consequently,
in this case, one of Eqs. (36), (37) holds for any agent in the market at time t .

In order to write the demand schedules, let τ denote the arrival time of the first type change
after time 0 for the agent considered. Note that a buyer currently considering acquiring a marginal
unit either will save P + q if he turns out to want to buy at τ—because his type decreased—or
will receive P − q if he sells next time. Consequently,

P + q = E0

[ τ∫
0

e−rsκ1
(
θb
k , ρk

)
ds

]
+ E0

[
e−rτ (P + q1(buy at τ) − q1(sell at τ))

]
,

or, using the exponential arrival times and rewriting,

P = 1

r
κ1

(
θb
k , ρk

) − q − 2q
αk+

r
. (38)

Here αk+ = ∑
j<k αkj , i.e., αk+ is the intensity with which type ρk switches to a type ρ > ρk ,

which induces the agent to want to sell. The analogous equation for a seller is

39 Appendix A contains the results for the general case.
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P = 1

r
κ1

(
θs
k , ρk

) + q + 2q
αk−

r
, (39)

with αk− = ∑
j>k αkj , and the resulting demand equations are

θb
k = 1

γ σ 2
D

(
mD

r
−

(
P + q + 2q

αk+

r

))
− ση

σD

ρk, (40)

θs
k = 1

γ σ 2
D

(
mD

r
−

(
P − q − 2q

αk−

r

))
− ση

σD

ρk. (41)

These equations are similar to (23). For the buyer, the two differences are that (i) he pays more
for the asset—P + q instead of P —and (ii) if he chooses to sell next time in the market he
will incur round-trip transaction costs. For both reasons, he demands a lower price today. Analo-
gous reasoning yields the higher price demanded by the seller. Note that higher transaction costs
increase the demand of the sellers and decrease the demand of the buyers.

Aggregating (40) and (41) yields the equilibrium price. To write it, let μb
k denote the total

mass of agents of type ρk who hold θb
k and define μs

k analogously. Also, let μb = ∑
k μb

k and
μs = 1−μb. Thus, μb (μs ) is the total mass of all agents who bought (sold) last time they traded.
With θW

k denoting the position chosen in the Walrasian market, the following holds.

Proposition 4. There exists q̄ > 0 such that, for transaction costs q � q̄ , in steady state

P = P W − q
(
μb − μs

)
(42)

and θb
k and θs

k , given by (40) and (41), can be written as

θb
k = θW

k − 2q

γ σ 2
D

(
μs + αk+

r

)
, (43)

θs
k = θW

k + 2q

γ σ 2
D

(
μb + αk−

r

)
. (44)

4.2.4. Discussion
Transaction costs impact both the equilibrium portfolios and the equilibrium price. In partic-

ular, as is natural, the buyers’ asset holdings decrease with transaction costs, whereas the sellers’
increase. As a consequence, transaction costs reduce trade volume.

The price also depends on transaction costs. Importantly, however, the price impact of trans-
action costs equals the difference between the discount buyers require and the premium sellers
require. This (partial) offsetting of opposite transaction-costs effects on demand schedules re-
duces the magnitude of the effect on the price. Viewed through the prism of the effect on demand
schedules, the sign of the price effect is also natural: the price decreases with transaction costs if
and only if more buyers than sellers have to be attracted to the market (μb > μs ). While a buyer’s
and a seller’s demands are impacted symmetrically, a larger number of buyers would make their
aggregate demand more sensitive to transaction costs.

Interestingly, the entire price effect is due to the current transaction cost, and is therefore
small relative to the price, as future costs are not relevant. This conclusion is in contrast with
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earlier results, e.g., Amihud and Mendelson [1].40 The intuition for my result is in line with the
notion that all demand schedules are affected, and not in the same way. In particular, future costs
are important because an agent may complete a round-trip transaction, and so would the agent
with whom she would trade, and so forth. This effect reduces the demands of the current buyers
while increasing those of the current sellers. In a stationary environment, the number of buyers
who turn sellers at any point in time is equal to the number of sellers becoming buyers, which
results in equal and opposite, therefore precisely offsetting, adjustments to the aggregate buyer
and seller demands. (Note that the same is true when illiquidity takes the form of trading delays,
the only difference being that delays do not impose any cost when trading, unlike transaction
costs. The price is therefore not affected at all.)

The lack of price impact of future, amortized transaction costs does not obtain in the literature
because of the life cycle of the agents: In the current paper, agents are not forced to sell at
some point regardless of the price. A reasonable conjecture is that if some trading was due to
agents’ life cycles, then the frequency of such trading would depress the price. In Appendix A
I confirm this conjecture by showing that if agents enter and exit the economy at rate π , then,
under appropriate conditions,

P = P W − q
(
μb − μs

) − 2q
π

r
. (45)

Eq. (45) refines the results of Amihud and Mendelson [1]: The price is diminished by the sum
of amortized future transaction costs, but only to the extent that the costs are incurred when the
trader is not marginal. Thus, even if the agents may trade frequently, the price impact P W − P

of transaction costs is small if π is small, that is, if investors are in the market for the long
run. Distinguishing between the total frequency with which the marginal share is traded and the
frequency with which it is forced to be traded is thus important for the purpose of determining the
required return. A clear empirical implication is that, for assets with similar turnovers, transaction
costs should have less price impact on the one in which agents have longer market horizons—
equivalently, trade more for portfolio rebalancing reasons. This conclusion is consistent with
the low impacts found by Constantinides [8], where rebalancing is the only reason for trade,
and Vayanos [31], where the market horizon is very long, as well as the moderate impact of
Huang [22], where the liquidity shocks are quite frequent (π = 0.5).

Of the transaction-cost literature, Lo et al. [25], henceforth LMW, is arguably the most closely
related paper, as it studies general equilibrium with infinitely lived agents that trade repeatedly
in a CARA-normal world to hedge endowment risk. The two noteworthy differences between
the two set-ups are that LMW considers fixed transaction costs, rather than trading delays or
proportional transaction costs, and that the hedging needs in LMW (given by X, in the paper’s
notation) follow a (continuous) random-walk process, rather than a mean-reverting (and discrete-
valued) process.

In the current model, the addition of fixed transaction costs makes no difference to demand
curves, and therefore price, as long as the costs are small enough not to affect the timing of
trades. Further, in the context of LMW, the analogous approximation to the one I use here yields

40 In this connection, see also Vayanos [31], where there is also only a small price impact, and not necessarily of negative
sign. The current framework shows clearly that the small transaction-cost impact is not due to the adjustment in trading
frequency of the marginal share, as the results of Constantinides [8] have been interpreted to show. Rather, it is due to
the adjustment in investors’ risk exposures, as suggested by Vayanos [31].
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demand curves, and therefore prices, unaffected by future transaction costs.41 (One can prove
this assertion by considering a deviation consisting of buying and holding forever an additional
ε number of shares, for small ε > 0, and using the fact that the risk exposure is a martingale in
LMW.) When moving away from this approximation, however, the fact that the marginal utility
is not linear comes into play: agents suffer more from adding risk to their original exposure (as
the per-capita risk exposure is positive) than they benefit from reducing risk. This imbalance
decreases all agents’ demands, and consequently the price. A similar effect obtains in the current
paper, but the lack of perfect symmetry (for instance, in the case J = 2, α12 = α21 is not required)
can induce an illiquidity premium as well as discount.

Finally in this connection, LMW is able to display reasonable parameters yielding non-
negligible illiquidity premia. Naturally, these premia increase with the size σX of the hedging
motive. Despite using the same common parameters, I find smaller price impacts for what I ar-
gue to be empirically relevant parameter values. However, at the cost of excessively large trade
sizes and turnover, sufficiently large hedging needs (ρ1 − ρ2)ση can generate significant premia
in this paper, too.

The last observation in the context of transaction costs concerns welfare. As I note in Sec-
tions 3.3 and 3.4, autarky can lead to a significant welfare loss relative to the Walrasian market.
Consequently, transaction costs can also have an important welfare impact, despite having a mi-
nor effect on the price.

5. Conclusion

This paper studies portfolio choice and pricing in markets in which trading may take place
with considerable delay. Examples include private placements, which may have to be held with-
out trading for one or more years, as well as assets for which finding an appropriate buyer or
seller may require lengthy search, such as small corporate and municipal bond issues and shares
in firms recently emerged from Chapter 11 proceedings.

I derive closed-form price and asset-holding expressions, based on an approximation sup-
ported by numerical results. I find that the liquidity level has a strong impact on portfolio choice.
For instance, when expecting future trading to be difficult, an institution with current high value
for a particular corporate bond—say, due to low correlation with the rest of its portfolio—should
buy a smaller amount of the bond than it would in a perfect market. The reason is that the
institution may have to continue maintaining its position for a while after its value for the bond
diminishes. Similarly, if its value from the asset could increase in the future, the institution should
hold a larger amount when the market is illiquid. A clear empirical implication is that smaller
blocks are traded in illiquid markets.

Second, the paper highlights a simple general intuition for a mitigated price impact of illiq-
uidity when portfolio choice is unrestricted. This intuition is that agents with relatively high asset
valuation diminish their demands, whereas those with relatively low valuation increase theirs, as
liquidity worsens. These opposite demand adjustments result in a smaller effect on the aggregate
demand than if one type of demands were fixed. This effect obtains both in the context of infre-

41 Current (fixed) transaction costs affect only the decision of whether to trade today. Higher such costs make agents
postpone trades, in general. With random-walk needs for trade, this means that higher transaction costs are determinis-
tically linked to larger trade sizes. In the context of search, higher illiquidity translates automatically into less frequent
trades, but, even with random-walk needs for trade, higher illiquidity only implies larger trades on average. Trade-size
variance actually increases with the illiquidity level.
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quent trading and in the context of transaction costs. Binding portfolio constraints, on the other
hand, prevent some agents’ demands from adjusting. Binding shorting prohibitions, for instance,
can generate a significant illiquidity price discount. This observation refines earlier results in the
search-in-financial-markets literature, showing that, while such a discount can obtain, it is likely
to require asset indivisibility or other restrictions on holdings. In addition, such a discount could
also obtain if sellers are over-represented in the market, perhaps due to costly participation or
other institutional reasons, or if marginal utilities are sufficiently non-linear.

In the context of transaction costs, the reasoning here shows that, contrary to the conclusion of
the literature, the frequency of trade per se does not determine the price discount. Rather, the rel-
evant frequency is that with which a trader is forced to liquidate her position, and therefore trade
without being marginal. Consequently, turnover is unlikely to be the correct empirical quantity
to use for calculating discounts due to transaction costs. Finally, the findings of the paper belie
the inference made in the literature (e.g., Constantinides [8]) that the small price impact is due to
the insensitivity of welfare to liquidity.
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Appendix A. General trading times

The fact that trading times follow independent Poisson processes guarantees stationarity and
provides simple closed-form solutions. The model, however, can easily incorporate more com-
plex distributions of trading dates for each agent, as well as time variation in other parameters,
such as αij . The key is that the formulation (18) of the objective of an agent continues to hold.

Let λt ∈ [0,∞) be measurable with respect to the Lebesgue measure on the real line. In
addition, let there be a (possibly infinite) sequence of stopping times T o

1 � T c
1 < T o

2 � T c
2 < · · ·

such that all agents (or a random subsample) have continuous access to a centralized market
between dates T o

i and T c
i .

It is not required that all agents’ trading times have the same distribution, or that all agents’
types have the same distribution, or that the type-transitions αij be time-independent. It suffices
that, for any times s � t ,

E
[
ρ(s)

∣∣ market access at t
] = ρ̄, (A.1)

E
[
θ(s)

∣∣ market access at t
] = Θ. (A.2)

Condition (A.2), which is endogenous, can be ensured by making the primitive assumption that
the identity of agents allowed to trade at any time is independent of their type and history. (This
assumption can be further weakened at the expense of additional complexity.)

It follows immediately that aggregating Eq. (19) yields the same price as when all agents trade
continuously, i.e., the Walrasian price. Of course, the quantities μ̃ are different from the case in
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the body of the paper, and so are the optimal positions θk , but the intuition for the determination
of the position choice is very similar to that in the basic model: knowing that the positions may
not be adjustable for a certain period of time, agents incorporate in their decision their future
benefits from ownership. Thus, an agent with high present need for the asset takes a smaller
position than in a perfect market, given that she may be forced to keep the same position even if
her need diminished.

Proof of Theorem 1. Suppose first that a solution to Eqs. (11), (12), and (14) exists. Let
V (W,θ,ρ) be the value function. Given the liquid-wealth dynamics (5), V must obey the fol-
lowing HJB equation:

0 = sup
c̄∈R

{
−e−γ c̄ + VW(W,θ,ρj )(rW − c̄ + θmD + mη)

+ 1

2
VWW(W,θ,ρj )

(
θ2σ 2

D + σ 2
η + 2ρj θσDση

) − βV (W,θ,ρj )

+
∑
l �=j

αjl

[
V (W,θ,ρl) − V (W,θ,ρj )

]

+ λ sup
θ̄

[
V

(
W − P(θ̄ − θ), θ̄ , ρj

) − V (W,θ,ρj )
]}

. (A.3)

Letting

ā = 1

r

(
log r

γ
+ mη − 1

2
rγ σ 2

η − r − β

rγ

)
, (A.4)

conjecture

V (W,θ,ρ) = −e−rγ (W+a(θ,ρ)+ā). (A.5)

Since

VW(W,θ,ρ) = −(rγ )V (W,θ,ρ),

VWW(W,θ,ρ) = (rγ )2V (W,θ,ρ),

the first-order condition with respect to consumption implies an optimal consumption rate of

c̄ = − log(r)

γ
+ r

(
W + a(θ,ρ) + ā

)
. (A.6)

Using this value in (A.3) yields (11). It remains to show that the transversality condition is satis-
fied by the proposed strategy. Given that θ is bounded, it suffices to see that

e−rγ (Wt+a(θ(t),ρ(t))+ā) = e−(β−r)(T −t)Et

[
e−rγ (WT +a(θ(T ),ρ(T ))+ā)

]
,

which can be verified directly exactly as in DGP.
The approximations follow immediately from the fact that the equilibrium value-function

coefficients aj (θk) and price are bounded as γ → 0 keeping γ σDση fixed.
As for the Walrasian equilibrium, it is characterized by

−raj

(
θW
j

) =
∑

l

αjl sup
θ̄

e
−rγ (−PW (θ̄−θW

j )+al(θ̄)−aj (θW
j )) − 1

rγ
− κ

(
θW
j ,ρj

)
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=
∑

l

αjl

e
−rγ (−PW (θW

l −θ)+al(θ
W
l )−aj (θW

j )) − 1

rγ
− κ

(
θW
j ,ρj

)
, (A.7)

together with (14):

P W = a′
j

(
θW
j

)
= 1

r
κ1

(
θW
j ,ρj

)
, (A.8)

where the second equality follows by differentiating (A.7). Now the market-clearing condition
yields the price P W , and then (A.8) the optimal quantities θW

j .

Note also that the bound M on |θ | can be chosen as any number larger than maxi |θW
i |.

Finally, I give a sketch of the argument that the system (11), (12), and (14) admits a real
solution. The argument runs on the more primitive agent optimization problem and uses standard
fixed-point tools for dynamic programming. The main steps are as follows. (As ρ takes values
in a finite set, all the properties of functions Y below that hold uniformly in θ on some set A for
any value of ρ hold uniformly in θ . From now on, I refer to Y as if it were only a function of θ .)

1. Fixing a price P , define an operator O by

(OY)(θ,ρ)

= inf
c̄,θ̄

{
E

[ τ∫
0

e−γ c̄t−βt dt + e−βτ−rγ (Wτ +P(θ−θ̄ ))Y
(
θ̄ , ρ(τ )

) ∣∣∣ ρ(0) = ρ,

W0 = 0

]}
.

I need to show that it admits a fixed point.
2. O is monotone: Y 1 > Y 2 ⇒ OY 1 > OY 2.

3. OY is convex in the first argument for all Y .
4. There exists Y > 0 such that OY � Y . For instance, pick Y 0(θ, ρ) = ePθ+Aθ2+B for A and

B large enough. For all n > 0, let Yn = OnY 0.
5. There exist u > 0 and v such that Yn(θ,ρ) > euθ2+v .
6. Yn is a decreasing sequence of finite-valued positive convex functions, bounded below by a

continuous function. Let Ȳ (θ, ρ) = limn Y n(θ, ρ)—it is a (weakly) convex function on the
real line, therefore continuous.

7. Given the monotonicity in n of the finite-valued convex family {Yn}, its lower bound, and its
finite upper bound, (Y n)′ is bounded uniformly on compacts. Consequently, {Yn} is equicon-
tinuous on compacts. This ensures that the convergence of Yn to Ȳ is uniform, and therefore
Ȳ is a fixed point of O .

8. As P → ∞, the optimal θ → −∞, and vice versa. Consequently, P exists that clears the
market. �

Proof of Proposition 2. For part (i), note from Eqs. (26) and (27) that

θk = θW
k − ση

σD

(∑
j

μ̃jkρj − ρk

)
. (A.9)

Since ρ1 and ρJ are the maximum, respectively minimum, values that ρ can take, θW
1 < θk < θW

J .
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Furthermore, the quantities μ̃jk are rational functions of λ, and consequently so are θk . There-
fore, the quantities θk have only a finite number of local maxima or minima. Consider λ higher
than all such local extrema.

Up to terms in O(λ−2) for large λ, it is easily seen that, with j �= k,

μ̃kk � 1 −
∑

i �=k αki

λ
, (A.10)

μ̃jk � αkj

λ
, (A.11)

and, consequently,

θk � θW
k − 1

λ

ση

σD

∑
j �=k

αkj (ρj − ρk). (A.12)

Since θk is monotonic in λ, the sign of its dependence is given by that of
∑

j �=k αkj (ρj − ρk). It
is clear that θ1 decreases, while θJ increases with λ for λ > λ.

For part (ii), write

θk = Θ − ση

σD

∞∫
0

f (λ, t)
(
E0

[
ρ(t)

∣∣ ρ(0) = ρk

] − ρ̄
)
dt, (A.13)

where

f (λ, t) = (r + λ)e−(r+λ)t .

Note that E0[ρ(t) | ρ(0) = ρk] − ρ̄ tends to 0 monotonically as t → ∞, and that the distribu-
tion on [0,∞) with pdf f (λ1, t) first-order stochastically dominates the one with pdf f (λ2, t)

whenever λ1 < λ2.
It follows immediately that θk is monotonic in λ. In particular, θk increases with λ if and only

if E0[ρ(t) | ρ(0) = ρk] − ρ̄ increases, which is equivalent to E0[ρ(t) | ρ(0) = ρk] � ρ̄; thus, if
θk � Θ .

Finally, for part (iii), with k̄ = 3 − k one calculates explicitly the quantities

μ̃kk = r + λ + αk̄k

r + λ + α12 + α21
, (A.14)

μk· = αk̄k

α12 + α21
, (A.15)

μk̄k = α12α21

(α12 + α21)(λ + α12 + α21)
. � (A.16)

The following result analyzes the different effects of past and future liquidity levels.

Proposition 5. Consider a market with two types (J = 2), and fix a certain distribution of hold-
ings at time 0, with the types distributed as in steady state. Let the meeting intensity be given by
λ(t) = λ for t < T and λ(t) = λ′ for t � T . Then

(i) θ1(t) decreases and θ2(t) increases with λ′ for all t � T ;
(ii) μ12(t) + μ21(t) decreases with λ for t > T , provided that T > T for some T independent

of λ;
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(iii) μ12(t) + μ21(t) decreases with λ for all t , provided that μ12(0) + μ21(0) � μ∗
12(λ) +

μ∗
21(λ), where μ∗

jk(λ) is the steady-state value of μjk corresponding to λ.

The first part of the proposition shows that improved future liquidity is anticipated by more
extreme positions, and therefore larger trades, today. The second and third parts show that the
number of agents trading in the future is lower if current liquidity is high, capturing the intuition
that current trading reduces the number of agents needing to trade in the future. The only case in
which this intuition might fail is when the economy starts with a low number of traders, which
increases over time towards steady state. An increase in liquidity, then, can result in more traders
in the beginning, though not if enough time elapses. The conditions provided rule this case out.

Proof of Proposition 5. For part (i), start from

Et

[ τ∫
t

e−r(s−t)κ1
(
θk(t), ρ(s)

)
ds

∣∣∣ ρ(t) = ρk

]
= Et

[ τ∫
t

e−r(s−t)κ1(Θ, ρ̄) ds

]
.

Using the linearity of κ1, it follows that

θk(t) = Θ +
(

ρ̄k − Et [
∫ τ

t
e−r(s−t)ρ(s) | ρ(t) = ρk]

Et [
∫ τ

t
e−r(s−t)]

)
ση

σD

= Θ +
(

ρ̄k −
∞∫
t

Ψ (s;λ,λ′)Et

[
ρ(s)

∣∣ ρ(t) = ρk

]
ds

)
ση

σD

,

where Ψ is defined by the last equation, and is the only quantity that depends on λ′. To finish
the proof, make use again of the first-order stochastic dominance w.r.t. λ′, for fixed λ, and the
monotonicity of Et [ρ(s) | ρ(t) = ρk] in s.

For part (ii), let μ̄ = μ12 + μ21. For t � T ,

μ̄t = μ̄∗(λ) + e−(λ+α12+α21)t
(
μ̄0 − μ̄∗(λ)

)
, (A.17)

while for t � T ,

μ̄t = μ̄∗(λ′) + e−(λ′+α12+α21)(t−T )
(
μ̄T − μ̄∗(λ′)

)
, (A.18)

where μ̄∗(λ) is the steady-state value of μ̄ corresponding to λ. For t � T , the dependence on λ

of μ̄t is the same as that of

μ̄T = μ̄∗(λ) + e−(λ+α12+α21)T
(
μ̄0 − μ̄∗(λ)

)
.

Since

∂

∂λ
μ̄T = ∂

∂λ
μ̄∗(λ)

(
1 − e−(λ+α12+α21)T

) − T e−(λ+α12+α21)T
(
μ̄0 − μ̄∗(λ)

)
, (A.19)

part (ii) follows from the fact that μ̄∗ changes more slowly than the exponential function, for T

large enough.
As for part (iii), it also follows from (A.19) because ∂

∂λ
μ̄∗(λ) � 0 and

1 − e−(λ+α12+α21)T � 0. �
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Proof of Proposition 3. Suppose that, at all times, every position θk must satisfy θk � θ.42 Also,
let μ̂jk = μkμ̃jk . For any position θk > θ chosen optimally, the pricing equation (22) holds:

μkPr =
∑
j

μ̂jkκ1(θk, ρj ). (A.20)

Fixing λ, let us assume that θk > θ if and only if k > k0—this condition, which need not be true
in general, holds under the assumptions of the proposition, as shown below. Aggregating (A.20)
over the values of k for which it holds, i.e., k > k0, yields( ∑

k>k0

μk

)
Pr =

∑
j,k>k0

μ̂jkκ1(θk, ρj ),

or

Pr = κ1

(( ∑
k>k0

μk

)−1( ∑
k>k0

μkθk

)
,

( ∑
k>k0

μk

)−1( ∑
j,k>k0

μ̂jkρj

))
.

While lengthy, the expression above is as natural as the one obtaining without constraints: Pr =
κ1(Θ, ρ̄). The price is given by the per-capita supply of assets held away from the constraints,
and the average discounted type among unconstrained agents.

It is clear that the price dependence on the liquidity level is determined by the term∑
j,k>k0

μ̂jkρj , on which I now concentrate.

For part (i), note first that, for λ high enough, |θk − θW
k | is sufficiently small for all k that

θ1 � θ2 � · · · � θJ , so that k0 exists as assumed. Up to terms in o(λ−1),∑
j,k>k0

μ̂jkρj =
∑

j,k>k0

μkμ̃jkρj

�
∑
k>k0

μk

(∑
j �=k

αkj

λ
(ρj − ρk) + ρk

)

=
∑
k>k0

μkρk + 1

λ

∑
k>k0,j �=k

μkαkj (ρj − ρk).

The ranking of ρj and
∑

k,j �=k μkαkj (ρj − ρk) = 0 imply that
∑

k>k0,j �=k μkαkj (ρj − ρk) > 0.

For part (ii), note that the assumed monotonicity in k implies monotonicity in k of θk , ensuring
the existence of k0. Write∑

j,k>k0

μ̂jkρj =
∑

j,k>k0

μkμ̃jkρj

= (r + λ)
∑
k>k0

μk

∞∫
0

e−(r+λ)tE0
[
ρ(t)

∣∣ ρ(0) = ρk

]
dt.

Since E0[ρ(t) | ρ(0) = ρk] decreases if and only if ρk � ρ̄, and ρk0 > ρ̄ by virtue of the
fact that θ < Θ ,

∑
k�k0

μkE0[ρ(t) | ρ(0) = ρk] decreases with t . Given that
∑

k μkE0[ρ(t) |
ρ(0) = ρk] = ρ̄, it consequently follows that

∑
k>k0

μkE0[ρ(t) | ρ(0) = ρk] increases with t .

42 Any value θ < Θ would work.
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Using first-order stochastic dominance once again shows that
∑

j,k>k0
μ̂jkρj decreases in λ, and

therefore that the price increases in λ.
Part (iii) follows immediately from direct computation. �

A.1. Transaction costs

Suppose that agents may still trade exclusively at the Poisson times specified in Section 1,
in addition to which they pay transaction costs proportional to the number of shares traded. It
follows that, for any agent buying,

P + q = E0

[ ∞∫
0

e−rsκ1
(
θ(s), ρ(s)

)
ds

∣∣∣ θ(0) = θb
k , ρ(0) = ρk

]
, (A.21)

while, for any seller,

P − q = E0

[ ∞∫
0

e−rsκ1
(
θ(s), ρ(s)

)
ds

∣∣∣ θ(0) = θs
k , ρ(0) = ρk

]
. (A.22)

Note that Eq. (A.21) holds for all agents of type (θb
j , ρj ), while Eq. (A.22) holds for all agents

of type (θs
j , ρj ). Consequently, one of Eqs. (A.21)–(A.22) holds for any agent in the market at

time t .
In order to write the demand schedules, let us denote the event of buying at t , or being in-

different to doing so, when of type k, by (b, k)t . Define (s, k)t similarly. As in the case with
immediate trade, a buyer currently considering acquiring a marginal unit either will save P + q

if he turns out to want to buy next time in the market, or will receive P − q if he sells next time,
so that

P + q = E0

[ τ∫
0

e−rsκ1
(
θb
k , ρ(s)

)
ds

∣∣∣ (b, k)0

]

+ E0
[
e−rτ (P + q1(buy at τ) − q1(sell at τ))

∣∣ (b, k)0
]
, (A.23)

or, using the exponential arrival times and rewriting,

P = 1

r
κ1

(
θb
k ,

∑
j

μ̃jkρj

)
− q − 2q

r + λ

r
E0

[
e−rτ 1(sell at τ)

∣∣ (b, k)0
]
. (A.24)

The analogous equation for a seller is

P = 1

r
κ1

(
θs
k ,

∑
j

μ̃jkρj

)
+ q + 2q

r + λ

r
E0

[
e−rτ 1(buy at τ)

∣∣ (s, k)0
]

(A.25)

and the resulting demand equations are

θb
k = 1

γ σ 2
D

(
mD

r
−

(
P + q + 2q

r + λ

r
E0

[
e−rτ 1(sell at τ)

∣∣ (b, k)0
]))

− ση

σD

∑
j

μ̃jkρj , (A.26)
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θs
k = 1

γ σ 2
D

(
mD

r
−

(
P − q − 2q

r + λ

r
E0

[
e−rτ 1(buy at τ)

∣∣ (s, k)0
]))

− ση

σD

∑
j

μ̃jkρj . (A.27)

Aggregating (40) and (41) yields the equilibrium price. To write it, let μb
jk denote the

total mass of agents of type ρj who hold θb
k and define μs

jk analogously. Also, let μb =∑
j,k: j>k μjk + ∑

j μb
jj and μs = 1 − μb. Thus, μb (μs ) is the total mass of all agents who

would be taking the position θb
j (θs

j ) for some j if able to trade. The following holds.

Proposition 6. There exists q̄ > 0 such that, for transaction costs q � q̄ , in steady state

P = P W − q
(
μb − μs

)
− 2q

r + λ

r
E0

[
e−rτ (1(buy at 0, sell at τ) − 1(sell at 0, buy at τ))

]
(A.28)

and θb
k and θs

k , given by (40) and (41), can be written as

θb
k = θW

k + q

γ σDση

Ab, (A.29)

θs
k = θW

k + q

γ σDση

As (A.30)

with Ab and As independent of q and Ab < As .

Proof of Propositions 4 and 6. Note that Proposition 4 is a special case of Proposition 6, on
which I can consequently concentrate.

First, I show that, for q low enough, all agents able to trade do so if their types do not cor-
respond to their positions. With zero transaction costs, a strategy of never trading when of kind
(ρj , θk) for some j �= k results in positive utility loss that is bounded below away from 0 re-
gardless of λ. Since J is finite, by continuity, trading is optimal also for q < q̄ , if q̄ is small
enough.

It is immediate from (A.26)–(A.27) that θs
k > θb

k , or As > Ab. �
A.2. Agent life cycle and exogenous transaction costs

In the context of Section 4.2.3, assume that agents have finite life spans. Specifically, suppose
that every agent may have to leave the economy with intensity π . In this case, the agent has
immediate access to the market, where he liquidates his position. The bequest function is defined
as if the agent could only invest in the risk-free asset from then onwards:

V̄ (W) = −e−rγW . (A.31)

Consequently, Eqs. (A.21)–(A.22) become

P + q = E0

[ τπ∫
0

e−rsκ1
(
θ(s), ρ(s)

)
ds

∣∣∣ ρ(0), buy at 0

]

+ E0
[
e−rτπ (P − q1(θ(τπ )>0) + q1(θ(τπ )<0))

∣∣ ρ(0), buy at 0
]
, (A.32)
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P − q = E0

[ τπ∫
0

e−rsκ1
(
θ(s), ρ(s)

)
ds

∣∣∣ ρ(0), sell at 0

]

+ E0
[
e−rτπ (P − q1(θ(τπ )>0) + q1(θ(τπ )<0))

∣∣ ρ(0), sell at 0
]
, (A.33)

where τπ is the arrival time of exit.
To preserve stationarity, entry is assumed at the same rate as exit, types being drawn from

the stationary distribution. When aggregating the pricing equations above, only agents choosing
their position freely are considered: agents already owning positions and trading to different
positions, and agents trading for the first time. Eqs. (A.32)–(A.33) do not hold for agents exiting
the economy.

Let αk+ = ∑
j<k αkj , αk− = ∑

j>k αkj , and αk = αk+ + αk−. To simplify matters, consider
the case when the exogenous transaction costs constitute the only trading friction, i.e., λ → ∞.
Let μb

k be the mass of agents of type k who bought the last time they traded, and similarly for μs
k .

In addition, μi = ∑
k μi

k for i ∈ {b, s}. Denoting by τ k
α the first arrival time after time 0 of a type

switch for an agent of type k, the pricing equations are

P + q = E0

[ τk
α∧τπ∫
0

e−rsκ1
(
θb
k , ρk

)
ds

]

+ E0
[
e−rτ k

α (P − q1(ρ(τπ )<ρk) + q1(ρ(τπ )>ρk))1(τ k
α<τπ )

∣∣ ρ(0) = ρk

]
+ E0

[
e−rτπ (P − q1(θ(τπ )>0) + q1(θ(τπ )<0))1(τ k

α>τπ )

∣∣ ρ(0) = ρk

]
, (A.34)

P − q = E0

[ τk
α∧τπ∫
0

e−rsκ1
(
θs
k , ρk

)
ds

]

+ E0
[
e−rτ k

α (P − q1(ρ(τπ )<ρk) + q1(ρ(τπ )>ρk))1(τ k
α<τπ )

∣∣ ρ(0) = ρk

]
+ E0

[
e−rτπ (P − q1(θ(τπ )>0) + q1(θ(τπ )<0))1(τ k

α>τπ )

∣∣ ρ(0) = ρk

]
, (A.35)

which yield

P + q = 1

r
κ1

(
θb
k , ρk

) − 2q
r + αk + π

r

× E0
[
e−(r+π)τk

α 1(ρ(τπ )<ρk) + e−(r+αk)τπ 1(θb
k >0)

∣∣ ρ(0) = ρk

]
= 1

r
κ1

(
θb
k , ρk

) − 2q

r

(
αk+ + π1(θb

k >0)

)
, (A.36)

P − q = 1

r
κ1

(
θs
k , ρk

) + 2q
r + αk + π

r

× E0
[
e−(r+π)τk

α 1(ρ(τπ )>ρk) + e−(r+αk)τπ 1(θs
k <0)

∣∣ ρ(0) = ρk

]
= 1

r
κ1

(
θs
k , ρk

) + 2q

r

(
αk− + π1(θs

k <0)

)
. (A.37)

Aggregating Eqs. (A.36)–(A.37) over all agents in the economy results in
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Proposition 7. There exists q̄ > 0 such that, for transaction costs q � q̄ and with entry and exit,
the steady-state price equals

P = P W − q
(
μb − μs

) − 2q
π

r

(
1 −

∑
k

(
μb

k1(θb
k <0) + μs

k1(θs
k <0) + μk1(θb

k <0)

))
. (A.38)

If there is no shorting in equilibrium, this equation simplifies to

P = P W − q
(
μb − μs

) − 2q
π

r
. (A.39)

Proof. Eq. (A.38) owes to the zero-flow condition for the mass μb:∑
k

μb
kα

k+ + πμb =
∑

k

μs
kα

k− + π
∑

k

μk1(θb
k >0). �
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