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Appendix B Technical Appendix.
Additional calculations, propositions and

proofs.

Appendix B.1 Rewriting the accounting scheme (13).

The following additional lemma is important for proving the main results.

LEMMA 1 1. Let k& — {1,..., K} be any mapping from states into rule indices.
Find the implied decision function h(s) = rys)(s), the utilities u(s,ry(s)) and the
probabilities 11}, ; ; for transiting from state s; to state s;. Find the unique, invariant
distribution py, over states for the probabilities 11, ;. Make a list of all vectors
Y = [s,k, s, K], such that the rule indices are consistent with the states, k = k(s)
and k' = k(s"). For this list, find the probabilities li[Yy for transiting from some
“old” wvector Y (think: Y;) to some “new” vector Y =[5k, &,k (think: Y1) as
follows. The transition probability is zero, if the “old” state § listed in the “new”
vector Y does not coincide with the “new” state s’ in the “old” vector' Y. Otherwise,
11 coincides with the transition probability for going from the “new” state s’ in the

old vector Y to the “new” state 3 in the “new” vector Y. Formally,

A 0, if s #£ s

HY7Y/—
T T
I, fs=s=s;ands =s;

Then, there is a unique tnvariant distribution , over vectors Y for the transition

probabilities ﬂ, given by
s ([sis ks K]) = (i)
2. Define a function ¢(0) via

45(0) = Er [f(@, Y)] = Z ) (Y)f(@, Y)



Let v(k) = Zs[k(s):k (in(s) be the probability of choosing rule k. Let K = {k : v(k) #
0}. Let u € R be a vector with entries
1
= Y mls)uls,ri(s))
{slk(s)=k}
and let B € R be a matriz with entries

_ E{ﬂk:k(si)} E{ﬂl:k(sj)} fin(si)llp i j
N v(k)

By

For any vector 0, let 0 be the vector of only the entries O, k € K. Then, any vector
0 with 0 = u + BB satisfies #(0) = 0 and conversely. Furthermore, I — 3B is

invertible.
Proof

1. Since all 11, ; are strictly positive, , must be unique since any Y' can be reached
from any other Y in two “steps” with positive probability. To show the invariance

of the given distribution, calculate

7([517k/75M7k”]) - Z ’YﬂY,Y/

which was to be shown.
2. Rewrite ¢(0) = 0 for entry k as
v(k)0r = Y v (u(s,ri(s) + B0k)

For v(k) # 0, continue

v(k)0; = fin(si) (U(Sia ri(si) + 5 Z Hh,i,jek(s])>

The invertibility of I — 3B follows, since B is a Markov matrix.



With the aid of this lemma, we see that the algorithm stated in the main text for
computing candidate asymptotic attractors is equivalent to calculating solutions 6., to
#(0) = 0 as defined in the lemma above. The proofs will use this equivalent reformulation
of the algorithm. We first prove a special version of our general theorem, since that is

rather straightforward to do.

Appendix B.2 A simple special case of Theorem 1.

PROPOSITION 4 Let 0., be an asymptotic attractor. In the special situation where con-
vergence to 0., is almost sure for any value of Yy, and where the ordering of the entries
in 0; coincides with the ordering of the entries in 0., almost surely for all t > tq, 0 is

also a candidate asymptotic attractor.

Proof of Proposition 4. Take expectations with respect to the invariant distribution
, over the initial state Y;, in equation (26) and sum from t =ty to some T'. Since , is the
invariant distribution, this amounts to taking expectations with respect to the invariant

distribution over each future Y; as well. Exploiting almost sure convergence yields

o = b1y — Z%+1¢(9t)- (29)

t=to
Assume now that (17) does not hold and that instead, say, ¢(f.,) > ¢ > 0. Since

#(0;) — ¢(0) and hence ¢(0;) > ¢/2 for t > T, some T, a contradiction follows from
(29), (12) and the finiteness of 0,. o



Appendix B.3 More Proofs

Proof of Proposition 2. With equation (20), we get
val(si) = x(si) = B> iy (0n(s;) = Oxsy))
J
Taking expectations with respect to pj, and exploiting, that p) 11, = p}, one finds

B lon(s) = O] = B Tn (0n(-) = Ory) = BEu,[vn(s) — Or(s)),

where the middle term should be interpreted as matrix notation. Since 3 # 1, the first

equality obtains. For the second, calculate similarly

Euplon(s)] = (- b () + B lhoa(-) = By, [u(s, h(s))] + BE,, [vn(s)]

where the middle term should be interpreted as matrix notation.

Proof of Proposition 3. Let A; = v*(s;) — z; and note that Ay > 0. Comparing

the equations for v*(s1) and z, it follows that

B(1—peq)
L — Bl

Hence Ay > Ay > 0. Since zy > z1, we find v(sz) > v(s1). o

Al - AZ- (30)

While we were not able to prove the conjecture 1, we were able to prove the following
proposition, which needs an additional assumption: max__ () vp(s) > z2. On the other
hand, the proposition is true for arbitrary policy functions A rather than just H *, the
optimal one. If one uses this optimal policy function A*, we know of examples where the
assumption max__ () vpe(8) > 23 is violated, but the conclusion nonetheless holds true

for v*: thus, conjecture 1.

PROPOSITION 5 Suppose there are two rules. Let the first rule r1 be active in all states

and coincide with some decision function h. Let the second rule ro be active in only a



strict subset S of all states. Suppose each rule is active, i.e. suppose that z, > z1, where
zp is the asymptotic strength of classifier k. Suppose that max cS® vp(s) > z9. Then,

min _ vp(s;) < max vg(s;).

eS/S8? eS®

Proof of Proposition 5. Let SV = §/S®) be the set of states in which the first rule
is active. Let h be the decision function implied by the two rules: h coincides with h on
SW. Let t;, be the stationary distribution across states, resulting from h. Subtract (20)
from equation (18) for i € ") and sum the resulting equations, using y; (s;) as weights.

Slightly rewritten, we get

Sl s —a) =8 D> > (sl (v(s;) = 21)

ieS™ ieSY jes™

= B > milslliy (ols) = z2). (31)
ieSY jeS?

Let

=Y | uals) =8 D (sl

jeSY ieS™

and note that ¥» > 0, since pj(s;) = >_; pj(si)llj; ;. For the left hand side (lhs) of
equation (31), we get

s = > A pils) =8 Y milsli, | (os;) = 21)
eSW eSW

> ¢ | min v(s)—z | .
568(1)
For the right hand side (rhs) of equation (31), we get with (21)

rhs

IA

g Z Z 5, (si)lj ;5 (maX v(s) — 22>

S®
eS8 jeS® a

= Z Buz(s;) — B Z Z NiL(Sz’)H;M»J (max v(s) — 22>

8(2)
;eSS eS8 jeSW o€



< @ (maX v(s) — ZQ) \
568(2)

where we relabelled the summation index from 1 to j in the first sum of the second line.
Comparing, we get

min v(s) < max v(s)+ (21 — z2) < max v(s)
568(1) 568(2) 568(2)

as claimed. e

We suspect that one of the key difficulties in proving conjecture 1 lies in comparing
strengths and values. The following conjecture isolates that difficulty and is implied by
conjecture 1. It has remained resilient to a proot so far, although extensive numerical

experiments did not result in a counterexample.

CONJECTURE 2 Let h be some decision function and let (8(1),8(2)) be a partition of the
state space S. Let there be two rules with the first rule ry active only on 8" and the second
rule active only on 8*, and where both rules coincide with the decision function h, when
they are active. Suppose that the asymptotic strength of the second rule is higher than the
asymptotic rule of the first rule, zo > z1. Then,

min v(s) < max v(s).

568(1) 568(2)
Appendix B.4 Calculations and Propositions for section 7

We now proceed to formal statements and proofs of the claims in the illustration section:

most of it is very simple.

PROPOSITION 6 Suppose there is only one rule r € R . Then there is a unique candidate
asymptotic altractor 0., € R and it satisfies 0, = E, v.. In particular, if r = h*, then

O = E,, 0",



Proof of Proposition 6. In this case (17) reduces to
O = (] - 6)_1Euh [uh]
We therefore need to show that

E,,[vn] = (1 = 8)7'E,, [us)

or
(1= B)p"on = prun.

But this follows immediately from (10) and from the fact that
pt = p 1y,

which completes the proof. e

PROPOSITION 7 Let h* be a decision function with v* = vy« and suppose that h* is unique.
Suppose, furthermore, that all K rules are applicable in at most one state and that for
each s € S, there is exactly one rule with r(s) = h*(s); denote its index with k*(s). Define
0.0 by assigning for each state s strength v*(s) to the classifier with index k*(s). For all
other classifiers ¢ applicable in some state s, assign some strength strictly below v*(s).
Then 0., is a candidate asymptotic attractor which implements the dynamic programming

solution.

Proof of Proposition 7. Compare equation (17) to equation (10) and note that

B=1I, and i = uy. e

PROPOSITION 8 If all rules are applicable in all states (i.e. all rules are total), then for
each rule, there is an asymptotic attractor 8., where that rule is the only asymptotically

active rule.



Proof of Proposition 8. To find 0., let h the decision function from that chosen
rule, assign asymptotic strengths Fj[vy] to that rule and assign strictly lower strengths

to all other rules. (17). o

Here is the promised example, where the union of two rules can no longer be active.

Let g = 0.999, let there be n = 4 states, K = 4 rules, and m = 2 actions. The utilities

are
5 =81 5 = 83 5 = 83 5= 54
a=ay: u(s1,a1) =10, u(sy,a1)=3.8, wu(ss,a1) =059, u(ss,a1)=0.12
a=ay: u(sy,az) =308, u(sg,az)=3.05 wu(ss,a)=—1, u(ss,a1)=—1.
Given the first action, the transition probabilities 754, (s') are :
s’ = s s’ = 59 s’ = s5 s’ = sy
§=81: Tsa(81)=0.001, 7y 4 (s2)=0.997, 75 a,(83) =0.001, 75 4 (s4)=0.001,
§= 82 Wsya(81)=0.001, 74 (s2)=0.001, 75,4, (s3)=0.997, 7,4 (s4) =0.001,
§ =831 Wsya(81)=0.001, 7y 4 (s2)=0.997, 75, 4, (s3)=0.001, 75,4 (s4)=0.001,
§= 847 Tsya(81)=0.997, 75 0, (82) =0.001, 75,4, (83) =0.001, 75,4, (s4)=0.001.
Given the second action, the transition probabilities 7, 4, (") are
s =5 s = sy s = s3 s = sy
§=81: Tsap(81)=0.001, 7y 4,(82)=0.001, 75 4,(83)=0.997, 75 4,(54) =0.001,
§= 82 Tsya(81)=0.001, 7, 4,(82)=0.001, 7s,4,(s3)=0.001, 75, 4,(54) =0.997,
§ =831 Tsyap(81)=0.997, 7y, 0,(82) =0.001, 7, 4,(53) =0.001, 7, q,(s4) =0.001,
§=84: Tsap(81)=0.001, 7 0,(82) =0.997, 75, 4,(83) =0.001, 75, 4,(s4) =0.001.

The rules are initially

5= 5 5= 89 5= 583 5= 84
i ori(sy) =1, r(s2) =0, ri(ss) =1, ri(sq) =0
ra: ra(s1) =0, ra(s2) =1, ro(ss) =0, ra(se) =1
rs: ra3(s1) =2, r3(s2) =0, rs(ss) =0, rs(sq) =0
re: ra(s1) =0, ra(s2) =2, ra(ss) =0, ra(sq) =0
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One can calculate, that there is an asymptotic attractor with the ordering (3,1,4,2) for
the rules. The strength vector is given by (3038.9;3036.0;3039.0;3036.1). Imagine now,

merging rules r3 and ry4 into a single rule 73, given by

s = 81 s =

VA
)

VS
w

YA
i

S
T3 7:3(81) = 2, 7:3(52 = 07 7:3(54) = 0.

S
= 2, 7:3(83

~—
~—

In other words, now there are only the three rules ry, ry and r3. Then, there is no

asymptotic attractor in which rule 73 is asymptotically active:

1. The ordering (3,1,2) results in strengths (3040.4;3034.6; 3037.5),
2. The ordering (1,3, 2) results in strengths (4392.5; 4388.2;4386.9),

3. The ordering (2,3,1) results in strengths (4843.3;4842.3;4841.5).

In all three cases, the consistency condition is violated.

For the example in subsection 7.2, here are the calculations for cases I and 1I:

Case I: z; > z3: In this case, classifier 1 is activated in states s = 1 and s = 3 and
classifier 2 is activated in state s = 2. Thus, action a = 1 is taken in all three states:

h(s) = 1. It follows that p(1) = un(2) = pr(3) = 1/3. To find the strengths solve

the equations
_ p
a = w(l,1)+ 520+ 2)

Z9 = §(221 + 22).

This case can thus be obtained if and only if
u(1,1) > 0. (32)

Case II: z3 > z: The decision function in this case is h(1) = 2, h(2) = 1, A(3) = 1.
Consequently pn(1) = pn(3) = 1/4 and p,(2) = 1/2. The strengths are calculated
by solving

7z o= u(l,1)+ g(zl + 2z5)

1 23
z3 = g(u(lﬂ) + Bz3) + ?(21 + 22).
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It is easily checked that this case can be obtained if and only if

u(1,2) > 3u(1,1). (33)

Here are the calculations to arrive at the inequality (25) in section 7.3. Similar to case

I above, one needs to solve the equations
_ s
kizr = wu(l, 1)+ §(2/<;121 + z3)
Z9 = §(2/€121 + 22).

One gets kz; = u(l, 1) 4+ 22, which can be used in the second equation to calculate zs,

29 30 _ﬂ)u(l,l)
and thus 5 4
=L 2
2] — 29 = 3= 7) u(1,1)

Since < 1 and u(1,1) < 0, we get z; — z3 > 0 if and only if % — 28 > 0 and thus
equation (25).

Appendix B.5 A Theorem about Markov Stochastic Approxi-

mation Algorithms

In this section, we use the notation of Métivier and Priouret (1984). For a general overview
and introduction to stochastic approximation algorithms, see Sargent (1992) and Ljung,
Pflug and Walk (1992).

For each 6 € R? consider a transition probability ﬂg(y; dx) on R”*. This transition
probability defines a controlled Markov chain on RY.

Define a stochastic algorithm by the following equations:'?

Opi1 =0, — 7n+1f(0n7 Yn+1) (34)

13The algorithm here is subscripted with n rather than t.
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where f(0,y) is a function f:R? x R* — R,
PYawr € B F] = g, (Ya: B) (3)

where P [Y,41 € B | F,] is the conditional probability of the event {Y, 11 € B} given
Oo,..., 04, Yo, ..., Y.
We call 1 — II4¢ the operator ﬂg@/}(:p) =/ ;/)(y)ﬂg(x; dy). Assume the following:

(F) For every R > 0 there exists a constant Mp such that

sup sup | f(0,2) |< Mpg.
bl<R o

(M1) For every 6, the Markov chain II, has a unique invariant probability , 4.

(M2) There exist p > 2 and positive constants ap < 1, Kg for which supjgcp [ |y 7
y(x;dy) < ap |z |P +Krg.

(M3) For every function'? v with the property | v(z) |< K(14 | = |) and every 6,6’
|0 |< R, [0 |<R,

1 2 - v(xz) —v(z
sup | Tgo(2) ~ Mlao() | K |00 | sup LD =CED ],
“ rFz

(M4) For every 6 the Poisson equation
(1= Mojes = 0.~ [ F(0.0). ol (36)
has a solution vg with the following properties of (Mb)).
(M5) For all R there exist constants Mp and Cg so that
a) supjg<n | vo(z) —vo(a') |< Mg [z —2'|,

b) suppg<r | va(z) [< Cr(1+ | 2 |),

c) |vg(a) —vg(x) |KCr|0—0"|(1+|x|) for |0 |<R,| ¢ |<R.

'The functions v here and in the next two assumptions have no (or at least no apparent) connection

with the value functions in the main body of the paper.



13

Let
o(0) = / £(0. ). o(dy) = By, [F(0. )],

Métivier and Priouret (1984) have shown the following theorem.

THEOREM 2 Consider the algorithm defined by (34) and (35) and assume that (F) and
(M1) through (M5) are satisfied. Suppose that (v,) is decreasing with Y ~, = +oo and
> 7%+(p/2) < 00, where p > 2 is the constant entering (M2). Let Oy = {sup,, | 0, |< co}.
Then there is a set Oy C Qy such that P(Ql\(ll) = 0 and with the following property: for
every 0% that is a locally asymptotically stable point of the equation

do(t)

L 00),

with domain of attraction D(6%) and for every w € QO such that for some compact A C
D(0%), 0,(w) € A for infinitely many n, the following holds:

limé,(w) = 0"
Remarks:

1. Suppose Y is always a member of some finite set {y1,...,y,} and assume that (M1)
is satisfied. The operator [I5 can then simply be understood as a matrix operating
on RY via Ilyv; = Ej(ﬂg)ijvj, where v; = v(y;) for any given function v ‘R* - R.
In particular, the ¢-dimensional vector corresponding to the function vy in (M4)
can always be found by inverting the matrix (I — ﬂ@) on its range and applying it
to the ¢-dimensional vector corresponding to the right-hand side of equation (36),
noting that the right-hand side of that equation is indeed in the range of I — ﬂg,
since 1t is orthogonal to the ¢g-dimensional vector representing the unique invariant

probability , 4.

2. Suppose 0 is always in some compact subset of R? and Y is always a member of
some discrete, finite subset of R*. Then assumptions (M2), (M4) and (Mb5a) and
(M5b) are trivially satisfied and p in (M2) can be chosen to be p = oo.

3. Suppose, I, is independent of §. Then assumption (M3) is trivially satisfied.



