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1 An OLG model with constant government deficit

The model in Section 2 of the main paper is a reduced form of a basic OLG model with fiat
money whose supply is increased to finance a constant government deficit. In this section,
we outline such an OLG model, using the notation of the main paper. This material is not
new but is provided for the convenience of the reader.

Trade and consumption of a single perishable good take place in periods t € {0,1,... }.
For each period ¢, there is a representative agent, called generation ¢, who lives only during
periods t and t + 1 (youth and old age, resp.) and whose consumption in these periods is
denoted cy; and ¢y, resp. All generations have the same consumption set X C R?, the same
endowment (e1,e2) € X, and the same utility function U: X — R. There is also a storable
good called “money” that has no consumption value. The initial stock of money ism_; > 0,
which is supplied inelastically during period 0 by a generation named —1 that has no other
role. In youth, agents in other generations can choose to trade part of their endowment for
money. In old-age, agents supply their holding of money inelastically. In addition, in each
period, the government issues new money to purchase § > 0 units of the good, in order to
finance a constant real deficit.

We consider only the case in which the government can finance the deficit, and hence
money has value. Let p; be the price of the perishable consumption good in period ¢ in terms
of money, and let w41 = 1piy1/pe be the inflation factor in period t + 1. When agents
trade in their youth, they form point expectations about the price in the next period. Given
a current price p, and a price expectation p;, ; € (0,00), generation ¢ chooses planned
consumption (¢4, ¢o¢) and money purchases m; > 0 in youth that solve

(1) max Ulere, cot)
(c1t,c2¢)€X, miERY
subj. to: c1r < ep —my/py
cat < eg +my/pfy g

We assume that this problem has a unique solution, which satisfies the constraints with
equality. The solution depends only on the expected inflation factor 7, = pf,,/p:, and
we denote the net supply e; — ci; of the good during youth by S(7f, ;). The constraint
my > 0 implies S(7f, ;) > 0. Until this constraint is binding, S is equal to the ordinary
supply curve of a consumer facing relative prices 7¢, {; once the constraint is binding, S is
equal to 0.

Recall the following assumption from the main paper:
Assumption 1

1. There is m € (1,00) such that S(w) = 0 if and only if # > 7°;
2. S is continuous everywhere and is continuously differentiable on (0,7%);
3. §'(w) <0 for m € (0,7) and S"(7®) := limzyqa S’ (1) < 0;

4. limﬂ-lo S(ﬂ') > 4.

One key substantive component of this assumption is that 7 > 1, which means that when
the prices of youth and old-age consumption are equal, the consumer prefers to trade con-
sumption today for consumption tomorrow. This will lead to the potential use of money as
a medium for such trades, and is often called the “classical” case. This assumption holds,
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FIGURE 1. An illustration of Assumption 1. The wavy line, solid and dashed, is the
unconstrained net supply of a two-period household in an OLG model. The solid line,
is S, the actual supply curve given that households can save by buying money but
cannot borrow.

for example, if U is monotone and symmetric and e; > es. The other key substantive com-
ponent is that S is strictly decreasing until the constraint m; > 0 binds. This holds if ¢;
and cy are gross substitutes. Assumption 1 is illustrated in Figure 1.

Remark 1 Recall Example 2.1 in the main paper, in which S(7) = a — br for 7 € (0, 7],
where a > b > 0 and 7 = a/b > 1. S has these properties when U is Cobb-Douglas and e;
is sufficiently larger than ey. For example, if the domain of U is R and if U(cy, ¢2) = 12,
then S(7) = (e; —eam)/2 and a > b < e > es.

2 Proof of Proposition 2.1
The following is Proposition 2.1 in the main paper. Here we provide a complete proof.

Proposition 1 A price path {p;},°, € R, is an equilibrium if and only if po(S(r§) —0) =
m_y and, fort > 1,

S(n¢
@) o= o)
S(ripq) =0

PRrROOF: Recall the period-t market clearing condition stated in Section 2 of the main paper:

(3) ptS(Wf+1) = M1 +pt5.

Suppose {p; } ;. is an equilibrium. Then equation (3) for period 0 is po(S(7§)—8) = m_1.
Let t > 1. Equation (3) must hold for periods ¢ — 1 and t:

(4) pe—1S(mf) = my_o+p—16
(5) peS(Tiy1) = M1 +ped .



Substitute m;_1 = my_o+p;—1d into equation (4) and then subtract this from equation (5):
PtS(Wfﬂ) —Ptfls(ﬁf) = pd .
Divide through by p:_1, substitute 7 = p:/p;—1, and then rearrange to obtain equation (2).

Converse: Suppose that po(S(7$) — §) = m_; and equation (2) holds for ¢ > 1. Then
equation (3) holds by assumption for period 1; we show by induction that it holds for period
t > 2, given that it holds for period t—1. From equation (3) for period t—1, p;_1(S(7f)—0) =
my_o, and from my_1 = my_o + p;—19, we have p;_15(7§) = my—1. Combining this with
equation (2) for period t, S(7f) = m S(nf, 1) — ™0, yields py_1m.S(mf 1) — pr—1md = my_1,
or pyS(m§, 1) = my—1 + pd. This is equation (3) for period ¢. O

3 Steady states in the affine example

Sections 2 of the main paper identifies low and high steady states 7 (8) and 7 (5). In this
section we derive T and 7 for the affine example; see Figure 2.2 in the main paper for
the corresponding graph.

Proposition 2 Consider the affine example, in which S(w) = a — br. Let 6 > 0. For
5 €(0,0),

{rL(6), 7 (5)} = (a tb-6+/latb—0)2— 4ab> /2b .

Furthermore, for § € (0,6), 7%(8) and 77 (8) are the only steady states. If § = 6, there is a
single steady state. If § > §, there are no steady states.

ProOOF: The condition m = W (m, ) for a steady state is
a—br

a—br—9

0=0br’—(a+b—08r+a.

m =

The solutions to this quadratic equation are

a+b—6+/(a+b—0)%—4ab
2b ’

Let h(8) be the term in the square-root; h(d) := (a+b—§)? —4ab. There is a single solution
if h(8) = 0; there are two (resp., no) real solutions if h(§) > 0 (resp., h(d) < 0). To conclude
the proof, we have to show that h(S) is the cutoff above which h is negative and below which
h is positive. Since h'(§) = —2(a + b — ) < 0 (given that 6 < S(0) = a), it suffices to note

that

N 2
h(8) = <a+bfa—b+2\/%) —4ab = 0.

4 Rational expectations law of motion

Section 4 of the main paper sketches the derivation of a REFE law of motion. Here we provide
a full derivation, and find its functional form for the affine case. See Figures 4.1 in the main
paper for the corresponding graph.



First we state precisely the sense in which equation (4.1) characterizes the REE:
Proposition 3 {1:},-, is a REE inflation path if and only if S(m1) > 6 and, fort >1,

(6) S(mp1) = S(me)/m+6

PROOF: Suppose {m},-, is the inflation path associated with a REE price path {p;},.
Proposition 2.1, along with 7§ = 7, imply that po(S(m1) —0) = m_; and hence S(m1) > 4,
and that (6) holds for ¢ > 1.

Converse: Suppose {m};-, is a sequence of inflation factors such that S(m;) > ¢ and
(6) holds for all t > 1. Let po = m_1/(S(m1) — J). Observe that py > 0 since S(mwy) > 4.
Define recursively p;y1 = mpy, so that {pt}fio is a price path with associated inflation path
{m},2,. Letting 7§ = m for t > 1, we see that py = m_1(S(n§) — §) and that (6) holds for
t > 1. Hence, by Proposition 2.1, {p;},, is a REE. |

Define S(0) := lim, | S(7) and, for § € [0,5(0)), let 7™(§) be the unique 7 such that
S(m)/m + 6 = S(0); the solution exists and is unique because S(w)/7 is a continuous and
strictly decreasing function with range [0, 00) on the domain (0, 7%]. For 7 € (7™(§), 74],
S(m)/m+ 6 < S(z7™in(§))/m™in(§) = S(0) since S is decreasing, and so S~1(S(rw)/7 + §) is
well-defined for 7 € (7™"(§), 7%). We can thus rewrite equation (6) as m; € (7™"(§), 7%)
and 7,11 = II(m;). Since S and S~1 are differentiable, so is II. This defines the notation for
and proves the following corollary:

Corollary 1 {m},-, is a REFE inflation path if and only if (a) S(m) > & and (b) for all
t>1, m € (7™0(8), 1) and Ty = ().

Example 1 Consider the affine example, in which S(7) = a — br. Then II(7) = (a + b —
d —a/m)/b, as follows: S(0) = a and the equation S(w)/m + ¢ = S(0) is

(a—bm)/m+0 = a
a—br+ér = arw

a/la+b—0) = m.
Since S71(z) = (a — 2)/b,

M(r) = S™Y(S(n)/m+6)
a—(a—0br)/m—=46)/b
a+b—0—a/m)/b.

(
(
5 Miscellaneous inequalities

The proofs of Propositions 5.1 and 5.2 in Appendixz A of the main paper require character-
izing the magnitude of the roots of a quadratic equation. This section derives certain simple
inequalities used in those proofs. Section 5.1 proves a basic lemma, and then Section 5.2
(resp., 5.83) uses this to prove a claim in the proof of Proposition 5.1 (resp., Proposition 5.2.



5.1 Characterization of roots of a quadratic equation

Lemma 1 Consider a quadratic equation of the form
22 4+2bx4+c = 0.
The largest norm of the roots is characterized as follows:

Largest norm of the roots

<1 > 1 =1
[b] > 1 always
b <1, b —c<0 c<1 c>1 c=1

b <1, 0> —c>0|2b|—c<1|2b]—c>1|2[b|—c=1

PROOF: The roots are —b & v/b? — c. One of the roots has norm at least |b|; hence |b| > 1
implies that the largest norm is greater than 1. Suppose instead [b] < 1.

Suppose b2 — ¢ < 0, so that the roots are imaginary, with real part —b and imaginary

part £v/¢ — b%. Then the norm of each root is 1/b? + (¢ — b%) = y/c.

Suppose instead b? — ¢ < 0, so that the roots are real. The largest absolute value of the
roots is |b| + v/b? — ¢. Thus, we check

bl + Vb2 —c = 1
B—c = 1
B —c 2 1-2[b+b?
200 —c = 1.

5.2 A lemma in the proof of Proposition 5.1

The following lemma is stated as an unproved claim in the proof of Proposition 5.1 in
the main paper.

Lemma 2 Consider the quadratic equation
2?2 —(A+Bxz+A =0,

with 0 < A and 0 < B < 1. Both roots lie inside the unit circle if A < 1, and at least one
lies outside the unit circle if A > 1.

PRrROOF: We rewrite this equation as
22 +2bx+c¢ = 0,

where b = —(A+ B)/2 and ¢ = A, so that we can refer to Lemma 1. Note that 2|b| —c = B.
Consider two cases:

1. Suppose A < 1. Then |b| < 1, ¢ < 1, and 2]b| — ¢ < 1; hence, both roots lie inside the
unit circle.

2. Suppose A > 1. If |b| > 1, then at least one root lies outside the unit circle. Suppose
instead that |b| < 1. Then b < 1 and hence b° — ¢ < 0. Since also ¢ > 1, at least one
root lies outside the unit circle.

(]



5.3 A lemma in the proof of Proposition 5.2

Lemma 3 Let A, B,C € R, and suppose B < C. Then

A+ B
A+C

‘ > 1 if and only if —(A+B) > A+C.

PROOF: Suppose —(A+ B) > A+ C.

1.ItA+C>0,then A+ B<0and (A+B)/(A+C) < —1.
2. fA+C>0,then A+ B<A+C<0,and (A+B)/(A+C) > 1.

Suppose —(A+ B) < A+ C.

1. f A+ B<0,then0< —(A4+ B)<A+4+Cand -1< (A4 B)/(A+C) <0.

2.IfA+B>0,thn0<A+B<A+Cand0< (A+B)/(A+C) <1.

6 Tatonnement stability

We consider the taténnement stability of equilibria for the constant-gain adaptive expecta-
tions rule using current information, which is studied in Section 5.8 in the main paper.

Fix 7f and p;—;. When the current price is p;, the excess demand for the good is

Z(p) = mu—1/pe+06 = SW(pe/pr-1, 7)) -
The condition for taténnement stability is Z’(p;) < 0. This derivative is
mi—1 Sl(')1/’7r'i('» )
p; Pi—1

Let z(pt) == (p?/pi—1)Z'(pt), so that z(p;) = —(my_1/pi—1) — 725" (-)¢ri(-,+). From the
equilibrium conditions my_1 = my_g + pr—10 and my_o = p;_1(S(7y) — ), we have my_q =

Z'(pr) = —

pi—15(mf). Hence,
2(pr) = —S(nf) = m S (w1 omi (e, 7))

Near the steady state 7 with ¢ ~ 0, we have 7f ~ 7 and S(7¢) ~ 0. Then for 7; ~ 7,

Z(pt> ~ _(ﬂ.a)2s/(ﬂ_a)wﬂ_i(ﬂ.a7ﬂ_a) > 0,

and hence 7; is not tatonnement stable.

However, a very low equilibrium inflation factor (close to zero)—which is not consistent
with the steady state 7 —might be tatonnement stable. We illustrate this with the affine
example S(7) = a — brr and with ¢ (7%, 7¢) = 7. Then

2(ps) = a+brf +br? .



As shown in Section 3 of these notes, the high steady state is

a+b—6++/(a+b—0)%—4ab

() = 2

The equilibrium condition f(m, 7f) = 0 for this example is

m(a—bmy —0) —a+brf =0
br? — (a—&)m +a—brd = 0.

The smaller solution is

a—38—+/(a—0)%—4b(a — bry)
2b '

Fi(rf) =

Thus, we have to evaluate z(p;) at n¢ = 7/(§) and 7, = F'(w1(5)). This was done
numerically using Mathematica for a random sample of size 100,000, with parameter a
normalized to 1 (this represents just a choice of units), b drawn uniformly from (0, 1), and ¢
drawn uniformly from (0, 3), where § is as defined in Section 3 of these notes. (See Appendix
A for the printout.) In all cases, the sign was negative, and hence the lower equilibrium
inflation rate (i.e., the lower equilibrium price) was taténnement stable.

Consider now the low steady state 7 and § ~ 0. At the equilibrium consistent with the
steady state,

z(pt) ~ _S<1) - S/(l)’(/}‘n'l(lv 1) .
This is negative—hence the equilibrium is tatonnement stable—if

(7) —5,((11)) > ri(1,1) .

If this inequality is reversed, the equilibrium is tatonnement unstable. Compare this with
the condition for 7% to be (dynamically) stable, as stated in Proposition 5.2 in the main

paper:

S(1) < 2 (1,1)
S’(1) 2 —h(1,1)

Since (2 —1p,i(1,1))/2 < 1, if 7% is stable, it is also tatonnement stable. However, if

(L1 _ S

2—vni(1,1) S'(1)

then 7 is dynamically unstable but taténnement stable.

< wwi(lv 1) 5

7 A lemma about the OLS rules

Section 7 of the main paper studies the OLS learning rules that are also the subject of
Marcet and Sargent (1989b). A fact used there is that if my — 7, then oy — 1 — 72, This is
essentially Lemma 1 in Marcet and Sargent (1989a). Here we restate and prove this result
with our notation.

Lemma 4 For the rules OLS,, , and OLS,,, if 7 — & > 1, then oy — 1 — 772,



PRrOOF: For OLS,,, ay = p?_,/ ZZ:O p2_,. Since oy for OLS,, , is equal to oy for OLS,,,
it suffices to prove the result for OLS,,.

Inverting oy and replacing p;—1/ps—1 by H;:s 7; yields, for ¢ and ¢’ such that 0 < t' <,

t t—1 ot -1 t—1 t t—1
-1 _ -2 _ -2 —2 -2
ot =2 1= = | X 1= 1I=~*+ 2 I~
s=0j=s s=0 j=s j=t’ s=t'+1j=s
t—1 t t—1
_ —1 -2 -2
=o' T+ > TIn
j=t’ s=t'+1j=s

Let m > 1 and suppose that m; > 7 (rvesp., my < 7) for ¢t > /. Then

) , ¢
a;l 2 at—llﬂfQ(tft )y Z o—2t=s)
s=t'+1
for t > /. Since the limit of the r.h.s. as t — oo is (1 — 77 2)7L, liminfy ooy > 1 — 772
(resp., limsup, ., a; <1 —772). If my — #, then the first (resp., second) inequality must

hold for any 7 such that 1 < 7 < # (resp., 7 > 7). Hence, oy — 1 — 772, O

8 The simplest constant-gain expectations rules

Section 5 of the main paper characterizes stability for constant-gain expectations rules. The
simplest example of such rules is ¥(ni, 7¢) = 7. Here we state and derive the results for
this example.

Example 2 Suppose 7f,; = m;_1 for £ > 2. Then equation (5.1) in the main paper is
e _ S(ﬂ-tefl)
t+1 S(Tff) —5
7 is unstable for § ~ 0, and 7! is stable for § ~ 0 if —S(1)/S’(1) > 1. In the affine
example, this condition is a > 2b.

Example 3 Suppose 7{ is an initial condition and 7, ; = m; for ¢ > 1. Then the equilib-
rium condition m; = W (ng, ,,7f) can be written

(8) m(S(m) = 6) = S(m) .

To apply the implicit function theorem at a steady state #, we must have S(&) — J +
S’ (7) # 0 (otherwise, the system is also unstable). Then, for 7§ in a neighborhood of 7,
the equilibrium selection 7, = F(7f) satisfies

S'(m)
S(me) — 8+ mS'(m)
Since (7, 7§) = 7, our reduced-form difference equation is 7§, ; = F(nf). At the steady
state 7 and for § ~ 0,

Fl(nf) =

S/ ()
F'(ef)y ~ ——~2_ = 1/7¢ 1.
() we S (7a) /m <
Hence, 7 is stable for § ~ 0. At the steady state 77 and for 6§ ~ 0,
S'(1)
Fl(zt) = ————2 .
@)~ S+ 5@

Hence, since S(1) > 0 and S’(1) < 0, 7 is unstable for § ~ 0 if S(1) < —25’(1). In the
affine example, 72 (6) is unstable for § ~ 0 if a < 3b.



9 Proofs for decreasing gain

The proof in the main paper of Proposition 6.3, which covers the current-information case, is
through an application of results in Evans and Honkapohja (1999). This section also provides
a direct proof of that proposition. It is merely a one-dimensional (and hence slightly simpler)
version of the proof in Evans and Honkapohja (1999).

This section was written with the research assistance of Gorkem Celik.

Lemma 5 Suppose {ou} is a sequence in (0,1) such that limy_,oo cy = 0 and Y o) o =
oo. Suppose K > —1. Let y, := [[;_;(1 + &K). Then lim,_ sy, = 0 if K < 0 and
limg_ o ys = 00 if K > 0.

PRroOOF: Taking logs of y, yields

logys = Zlog(l—i—atK).

t=1

Suppose K > 0. Then 0 < K/2 < K = %log(l + ozK)|a:0. Therefore, there is € > 0
such that log(1 4+ aK) > aK/2if 0 > a < e. Let 7 be such that a; < € for ¢t > 7. Then

T—1 00
logys > D log(1+aK) + (K/2)> oy .
t=1 t=1

From Y72 a; = oo it follows that lim,_. log ys = oo and hence lim,_, ys = 00.

Suppose instead K < 0. Since log is concave and %log(l —|—aK)|a:0 = K, log(1 +
aK) < aK for a € R. Therefore,

(oo}
logys < KZat .
t=1
Hence limg_, o, logys = —oo0 and lim,_. o ys = 0. (Il

PROOF OF PROPOSITION 6.3: When 7! = m;, our dynamic system can be written as the
nonautonomous difference equation

©) Tir = B (g a0) + (1 ams = Glat,a)
where F' is an equilibrium selection. That is, F'(7¢; «) is a solution 7 to
fmn%a) = Wlan+ (1 —a)r®,7%) —7 = 0

for any 7¢ € A and « € [0,1).

We consider a steady state 7. Observe that f is continuously differentiable, even for
negative «, as long as am + (1 — a)7® € A. Hence, since A is open, for any steady state 7
there is a neighborhood of (#,#,0) in A x A X R on which f is continuously differentiable,
and

:]>

fw(frﬂ 0) = -1,
fre(@,7;0) = Wi(7,7t) + Wa(n, @) ,
fa(@,7;0) = 0.

b

:!>

b



By the implicit function theorem, we can choose an equilibrium selection F' that is contin-
uously differentiable in a neighborhood U of (#,0), with

Fre(m;0) = Wh(7,7) + Wa(r,7) ,
Fyo(7;0) = 0.
Furthermore, we can choose F' so that F(7; ) = @ for a such that (7,a) € U.
Let 7 be such that (7, ;) € U for t > 7. For t =1,... ,7 — 1, we note that
fa(ft,T500) = aWi(f,7) — 1,
fre(@m o) = (1 — ) Wh(w, @) + Wa(r, @) .
By assumption, fr (7,7, ;) # 0. Hence, we can invoke the implicit function theorem for each

of these periods to choose F' so that (a) F(7;c4) = 7, (b) F is continuously differentiable
in a neighborhood of (#, ay), and (c)

(1 — a)Wi (7, @) + Wa(w, 7) .

Fre(m; = ~ -
(7 1) 1 — Wy (7, 7)

Henceforth, normalize 7 = 0. We can linearize F' around (0,0), which means that we
define the residual r(7¢, a;) by

F(r%at) = Fre(0;0)7° 4+ r(7¢, )
(using F,,(0;0) = 0). Then we can write the difference equation (9) as
(10) i1 = (I — o + Fre)mf + our(my, o))
(henceforth all derivatives are evaluated at # = 0 and o = 0).
Let k > 0 (the specific value will be chosen below). Because F' is continuously differen-
tiable on U and F'(0; ) = 0 for all (0, ) € U, there is € > 0 such that |r(7, a)| < k|| if
|7] < € and o < €. Let Ue be the e-ball around 0, and assume (w.l.o.g. by decreasing e if

necessary) that U. x U, C U. Assume (w.l.o.g. by increasing 7 if necessary) that a; < e and
1—a;+aiFre >0fort>r.

Stability Assume W7 + Wy < 1 and hence Fye < 1. Choose k such that Fre +k < 1 and
let K := -1+ Fre+k <0. If t > 7 and 7§ € U, then the triangle inequality applied to
equation (10) yields

(1) fmfa] < (1 — o 4 o Fre ) || + cu|r (7, o)
< (1+ay(=1+ Fre + k))|my| = (1+ o K)|mg] .
Suppose ¢ € U.. One implication of equation (11) and ;K < 0 is that the sequence

{m:}22, is decreasing. Iterate the inequality in equation (11) to obtain

T4+s—1
me sl < msl T (0 eeks)

t=1
By Lemma 5, lim,_|7f, ;| = 0.
Fix any neighborhood V' C U, of 0. We show that there is a neighborhood of 0 such that

for initial conditions in this neighborhood, 7§ € V for t =1,... ,7. It then follows from the
above that 7f € V for ¢ > 7 and that 7f — 0. Hence, 0 is a stable steady state.

This final step follows in the usual way from the local continuity of G at 0. Specifi-
cally, let V; := V. Fort € 1,...,7 — 1, given Vi11, let V; C V be a neighborhood of 0
such that G(V;, at) C Viqq; such a neighborhood exists because G(-, «¢) is continuous in a
neighborhood of 0 and G(0,a;) = 0. If 7§ € V; then m € V; fort =1,... , 7.
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Instability Assume W7 4+ W5 > 1 and hence Fre > 1. Choose k so that Fr. —k > 1, and
let K :=Fre —k—1>0. If t > 7 and 7§ € U, then the triangle inequality applied to (10)
yields

(12) frial = (U= + aFre)|my| — aulr(my, o)

> L+ (=14 Fre = k))|mf| = (1+ aK)[n]

If |7¢| > 0 and 7y € U, for all ¢ > 7, we can iterating inequality (12) to obtain

T4+s—1
il = Inel [ 1+ auk) .

t=1
1 € — €1 o0 . N 3
By Lemma 5, lim,_.|7$, | = co. Hence, {nf}?2, must leave U.: a contradiction.

To conclude, we show that any neighborhood of 0 contains an open set of initial conditions
such that 0 < |7¢|. This holds if Gre(7,04) # 0 for t = 1,...,7, because then 7§ —
G(7§,ay) is a local diffeomorphism in a neighborhood of 0 as is the composition mapping
7§ e

Observe that Gre (T, ) = 1 — g + @y Fre. Hence, Gre (7, p) # 0 if Fre #£ —(1— )/ .
The latter condition is

(1 — ap)Wi (7, @) + Wa(w, ) 1oy
l—Oth1(7?r,ﬁ') Qg ’
at(l _at)Wl(ﬁ-vﬁ-) +atW2(ﬁ-7ﬁ-) 7é _(1 _at) +at(1 _at)Wl(ﬁ-?ﬁ-) )
1—
WQ(ﬁ-vﬁ-) # - & 9
Qi
which we assumed to hold (for the instability result) for all ¢. O

10 A continuous-time model

Section 8 of the main paper discusses a continuous-time analog of our discrete-time model.
Here we outline and characterize this analog.

7 now denotes a instantaneous rate of growth of prices. That is, 7y = (dp/dt)/p;. The
demand for real money balances at time ¢ is S(nf), where the domain of S is now (—o0, 00).
We assume that S satisfies an analog of Assumption 2.1 in the main paper:

Assumption 2

1. There is 1 € (0,00) such that S(m) =0 if and only if m > w°.
2. S is continuous everywhere and is continuously differentiable on (—oo, %).
3. Form € (—oo,n%), S'(m) < 0. Furthermore, S'(m) := limz1ra S’(7) < 0.

4. lim, o, S(m) > 4.
The static equilibrium condition that money demand equals money supply is

(13) S(mi) = ma/pe .

11



We take logs to obtain equation (14), differentiate to obtain equation (15), and then change
notation and substitute 7, = (dp/dt)/p: to obtain (16).

(14) log S(my) = logm: — logp: .

) Smp) e _ 1 dm Ly
S(me) dt my dt pdt
S'(x7) . Ty

1 e = g,

(16) S(mg) it my it

¢ is a rate at which the government consumes resources financed by expansion of the
money supply. Hence, the government budget constraint is

(17) 5 = (dm/dt)/p,

We define o(nf) = 6/5(m). Using again equation (13), we have o () = mh/m;. We also
define p(7f) := =5’ (n§)/S(7§) and make these two substitutions in equation (16):

(18) —p(mi)i; = o(mp) —m

We assume a standard linear expectations rule

dm®
(19) g = Blme—mi),
which can be rearranged as m; = %ﬁf + 7¢.  We substitute this into equation (18) to

obtain equation (20) and then rearrange to obtain equation (21). (Henceforth we drop the
t subscript for simplicity.)

(20) —p(r)E = o) = 53—
(21) B = T o) =) = ale).

A steady state 7 is defined by g(#) = 0. We first characterize low-inflation and high-
inflation steady states, in an analog to Proposition 2.2 in the main paper.

Proposition 4 There is §>0anda continuously differentiable function w1 (8) defined on
[0,0) such that (a) for 6 € (0,6), 7 (3) is a steady state; (b) #2(0) = 7%; and (c) for
§ €10,6), drfl /d§ < 0.

If Bp(0) # 1 and p(0) # 1, there is a continuously differentiable function ©*(5) defined
on [0,8) such that (a) for § € (0,8), 2 (8) is a steady state; (b) w“(0) = 0; and (c) for
5 €[0,0), dr*/ds > 0 if p(0) < 1 whereas dw”/d5 < 0 if p(0) > 1.

PROOF: The condition g(m)

= 0 can be written 8p(r) # 1 and o(7) = 7. The latter can be
rewritten (as long as S(m) # 0)

n(m,d) == wS(r)—§ = 0.

Then 7(0,0) = 0 and n(7%,0) = 0. Furthermore,

an _ /

= S(m) + w8 ()
%(0,0) = 5(0) + S5'(0)
ag a _ a Q! a
a—ﬂ_(W,O) = 15 (n?) .
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Consider first the high-inflation steady state. Since limy;re p(m) = oo, the condition
Bp(m) # 1 is satisfied for 7 ~ 7n* and hence n(m,d) = 0 is necessary and sufficient for a
steady state 7 in a neighborhood of 7®. Since also g—i(ﬂa, 0) < 0, by the implicit function
theorem there is a neighborhood U of 0 and a continuously differentiable function 7 defined
on U such that 71(0) = 7% and 7 (§) is a steady state for § € U. Furthermore, since

g—g(ﬂ“,O) = —1, we can choose U so that drf /d§ < 0 for 6 € U.

Consider now the low-inflation steady state. We need the additional assumptions so that
Bp(0) # 1 and S(0)+57(0) # 0, which are required for the IFT. Then there is a neighborhood
U of 0 and a continuously differentiable function 7% defined on U such that 72 (0) = 0 and
7k (5) is a steady state for § € U. Furthermore, dn’/d§ at § = 0 is 1/(S(0) 4+ S’(0)). We
note that S(0) + S'(0) > 0 if p(0) < 1 and S(0) + S’(0) < 0 if p(0) > 1. O

The usual sufficient condition for stability (resp., instability) of a steady state # is that
g (%) < 0 (resp., ¢'(7) > 0). In a steady state &, o(#) = 7. Hence, ¢'(7) = ﬁ;(%)(a’(fr) —
1). Observe that

(22) o/(x°) = —38'(x°)/S(x) = p(n)o(n) .

Hence,

(A ~ A~
g'(7) = W(P(W)U(W) —-1).

Consider first the steady state 7. Observe that p(m)o(7) = —§5(7)/S(7)?. Because
S(7%) — 0 and drf /d§ is finite at 6 = 0, one can show (e.g., using I’Hépital’s rule) that
lims o p(7(8)) o(7H(5)) = co. Furthermore, since lims|o p(7) = oo, ¢'(7H) < 0 for § ~ 0.
Hence, 7' is stable for 6 ~ 0. This is the same stability property we found for the discrete-
time, constant-gain model with current information.

Consider now the steady state 7%. At § = 0, p(7%) is finite whereas o(7%) = 0. Hence,
the sign of ¢/(7%) is the sign of Bp(7l) — 1. For example, if p(0) < 1, we have ¢'(7%) < 0
if 3 < 1. Furthermore, for fixed 3, w! is stable if p(0) is close enough to zero, whereas for
fixed 7L, 7L is unstable if 3 is large enough (enough weight is put on recent information).
Qualitatively, these properties are shared by the discrete-time model whether lagged or
current information is used.

11 The case of no government debt and price
expectations

The main paper studies a model with constant deficit § > 0. This section extends the model
and some results to case in which there is no government debt, i.e., 6 = 0, which we assume
for the rest of this section. This was treated in an earlier version of the paper, but we deleted
it it because of the notational tediousness of dealing with infinite prices and having to define
an autarkic equilibrium as a special case that, for techmical reasons, is not covered by the
equilibrium conditions in the paper.

11.1 Extension of the model

We must expand the definition of an equilibrium. The definition of an equilibrium in
the main paper (Definition 2.1) is still coherent and defines, for this case, a non-autarkic
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equilibrium. There is also an equilibrium, called an autarkic equilibrium, in which money
has no value and there is no trade. Given our choice of money as the numeraire, this means
that p, = pf,, = oo for all . (It is plausible that money suddenly becomes worthless
because, even if past prices have been finite, p; = oo is a market clearing price if it induces
Py = 00. As an ad-hoc restriction, we exclude from our definition of an equilibrium those
price paths with both finite and infinite prices.) As a convention, we define the inflation
factors and expected inflation factors to be 7® in an autarkic equilibrium.

There are exactly two steady-state REE in this case. One is defined by the same condition
as in the main paper, which for § = 0 becomes S(7) = S(m)/7 and hence implies 7 = 1.
There is no inflation and prices are constant in this steady state. The other steady state
is the autarkic equilibrium, in which p; = oo and 7y = 7® in each period. Thus, one
steady state is 77(0) and the other steady state is 7 (0), where 7% and 7 are the low and
high-inflation steady states defined in Section 4 the main paper. It is because of this and
because the economy is approximately in autarky when 7y is close to 7® that we adopted

a

the convention that m; = 7@ in the autarkic equilibrium.

The equilibrium conditions that define non-autarkic equilibria, including the steady state
m; = 1, are the same as in the main paper even when § = 0. Hence, the analysis of stability of
the lower inflation steady state in the main paper applies to this case, without modification.
In the earlier version, we also verified that the stability properties of 77 with constant-gaih
expectation rules, which are derived in Section 5 of the main paper, also hold when § = 0
and 7 = 1. (Stability of 7% means that for any 7' < 72, there is 72 € (7!, 7%) such that
if the initial conditions are in (72, 7%), then the equilibrium inflation is bounded below by
7! and converges to 7®.) The proofs require minor modifications, because at § = 0 certain
formulae appearing in the proofs in the main paper would involve division by 0.

11.2 Learning about prices

As an additional example that stability results can be sensitive to small details of the
expectations rules, we study, for the case of § = 0, a class of expectations rules for which
the expected price in each period is in the convex hull of the past prices. As a matter of
convention, we will refer to these rules as “learning about prices”, and we write pf, =
Pf(Hy). In contrast, the adaptive expectations rules in the main paper have the property
that the expected inflation rate lies in the convex hull of past inflation rates.

The learning-about-prices rules include the expectations rules in Fuchs and Laroque
(1976) and Tillman (1983), and the rule

t—1
1 1 1 11 t 1
(23) - = —_— _— = + 7
Dy t+1 —~ ps t+1Ipa  t+1pf

(where p_; is an initial condition) in Lucas (1986), which sets the expected value of money
to a weighted average of the past values of money. It also includes

€

1 & 1 t
( ) Pr+1 f+1 Szgilps r 1pt 1+ T 1pt >

or simpler rules such as p§, ; = p; and p7, ; = p;—1. We show that the zero-inflation REE is
stable, whereas the autarkic REE is not. This is a summary and generalization of the some
of the results in the papers cited above; we refer mainly to Lucas (1986), but see Remark 2
at the end of Section 11.3 of these notes for a comparison with other papers.
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When 6 = 0, the market clearing condition, equation (3), becomes

(25) Pts(pf+1/pt) = Mo ,

and the low-inflation stationary REE has a constant price given by
pE = mo/S(1) .

Therefore, it is possible for this stationary REE price to be a steady state when agents
forecast that the future price is some average of past and current prices.

For the case where U(cyy, cor) = (c11)'/? + 2(cat), Lucas (1986) finds that this steady
state is stable for the adaptive rule in equation (23). More generally, we need only require
that the expectations rule P¢ have the following properties. Assumption 3 is the “expected
prices lie in the convex hull of past realized and expected prices” condition by which we
defined “learning about prices” expectations rules.

Assumption 3 There are 0 < p* < p' < oo such that P*(po,... ,p:) lies in the convex
hull of {p*,p",po,--. ,pt} for all t.

Assumption 4 states that agents do not ignore persistent information forever; e.g., if the
price is always above 15, eventually the agents believe the price will always be near or above
15.

Assumption 4 For all sequences {p;};=, in (0,00]:

limsup P°(po, ... ,p:) < limsupp; , and

t—o0 t—o0o
liminf P®(pg, ... ,p:) > liminfp, .
t—o00 t—o0

Under these assumptions, we can show that in every equilibrium except the autarkic
steady state, the price converges to p”.

Proposition 5 Under Assumptions 3 and 4, for any mon-autarkic equilibrium {pt}fio,
limy oo pr = p¥. Furthermore, if P¢(H;) does not depend on p;, then there is a unique
equilibrium and it is non-autarkic.

PROOF: See Section 11.3. O

Section 11.3 provides a detailed explanation of this result. A brief summary of the
intuition is as follows. Prices can only increase if price expectations, i.e., if inflation is
expected. Since agents form their expectations by averaging past prices, they will expect
prices do go down after the price has risen in the past. Thus prices cannot rise forever and
inflation has to converge to unity. This, in turn, means that prices converge to k.

To illustrate the difference between price expectations and inflation expectations, it helps
to think of the stochastic models that could justify the expectation rules. For example, the
price expectation rules pf,; = p; and pf,; = p;—1 satisfy pf,; = E[pi+1|H;] and p§,, =
E[pi41|He—1], respectively, if {p;},-, follows a random walk. If pf , = (1/t +1) Z’;;l_lpt
orpj. = (1/t+1) Zi:o ps, then pf, ; is the OLS estimate of p;11 given {p_1,... ,ps—1} or
{po, ... ,pt}, respectively, for the model p; = p+¢;. For inflation expectations, analogous to
Piy1 = pt and pf,; = pi11, we have the examples 7y, ; = m; and 7§, ; = ;1. These are the

Bayesian forecasts if {m },-,, rather than {p,},°, follows a random walk. Other examples
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are the OLS estimates for the models 7, = T 4 €; and p;y1 = Tp; + €, considered in Section
7 of the main paper. The “learning about prices” rules are plausible enough for the case
where there is no government debt. However, when we think of this as just a special case
of a more general model in which § > 0, inflation expectations seem more plausible. E.g.,
there is always a steady state that is consistent with inflation expectations, but if 6 > 0
there is no steady state consistent with price expectations.

Note that if constant-gain expectations rules use current information, then the stability
properties under “learning about prices” rules (7 is stable and 77 is unstable) are the op-
posite of those under “learning about inflation” (7 is unstable and 7# is stable). Thus, we
find again that a simple or innocuous change can reverse stability properties. For example,
Marimon et al. (1993) point out that the inclusion of current information does not make a
difference for stability when agents forecast price levels. In contrast, we have shown (in the
main paper and in Section 11 of these notes) that this does matter when agents forecast
inflation factors as averages of past inflation factors.

11.3 Proof of stability under learning about prices

The following three lemmas and example are preliminary results for the proof of Propo-
sition 5. Recall that the market clearing condition when ¢ = 0 is

(26) pts(pr/Pt) = mo -

Lemma 6 For pf,, € (0,00), there is a unique p; € (0,00) that solves (26). Let P(p§,,)
be this solution. The function P: Ry, — R, has the following properties:

1. P is continuous and strictly increasing.

2. The stationary monetary equilibrium price p* is the unique fized point of P.

3. Ifpfq > pl, then p < P(p¢, ) < p§,s.

4. If iy <P, then pfy < P(pfyy) <p".

5. lim, oo P™(p) = p* for all p > 0.
PROOF: Let pf,; > 0. Since S'(-) < 0, pS(p§,1/p¢) is strictly increasing in p;, and it is
continuous. Hence, there is a unique solution to (26) if p;S(pf, /p:) takes on values less than
and greater then mg. When p;, = pf, /7%, pS(f1/pe) = peS(7*) = 0. Since S’(-) > 0,

S(p§1/pe) > 0 for py > pg y /m* and limy,, oo peS(pfy,/pt) = 0.
Differentiating (26),

Qe
(27) Opy _ S (pt+1/pt) > 0.

apte+1 S(pf+1/pt) - Sl(pf-s-l/pt)(pf-s-l/pt)

Therefore, P is continuous and strictly increasing.

From (26), a fixed point p of P satisfies pS(p/p) = myg, or p = my/S(1), and hence is
the unique stationary monetary equilibrium price p’. From (27),

P'(pt) = =S'(1)/(S(1) - §'(1)) < 1.

Hence, the graph of P crosses the 45° line once at p’, from above, which implies the
remaining three properties of P. [
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Example 4 For example, if S(7) = a — bm, then P is linear: P(pf,,) = (mo + bp{,,)/a.
The equation of motion for the REE is p; = P~%(p;_1). From the properties of P, we can
see that if p; > p”, then the path increases monotonically and the inflation factor converges
monotonically to 7. There is no equilibrium path with p, < p, because the path would
decrease monotonically until P~1(p;_1) is not defined. Hence, p” is unstable, and all other
equilibria converge to autarky. However, when prices are predicted as the average of past
prices, the dynamics are inverted. This is the most obvious if we look at the adaptive rule

(28) p§+1 = Pt—1 -

Then, starting with a price expectation p$ = p_1, we get po = P(p$). This then becomes
the next price expectation, and so p; = P(p§) = P?(p_1). For any t > 0, p; = P**1(p_1),
whereas with perfect foresight expectations p; = (P~1)**!(p_1). The model has the same
stationary equilibria, but the stability is reversed. Most paths converge to p” with this adap-
tive rule, and a single perturbation from the autarkic equilibrium begins a path converging
to pL.

Lemma 7 Under Assumption 4, ifliminf p; > 0 and limsup,_, . pr < 00, then lim;_, pr =

p~.

PROOF: Suppose that liminf; ., ps > 0. Then

lim inf p; (:) liminf P(p{ ;) (:b) P(liminfp{, ;) > P(liminfp;) .
a (c)

Equality (a) follows from p; = P(p§, ;). Equality (b) follows from continuity of P. Inequality

(c) follows from liminf p§,; > liminf p; (according to Assumption 4) and the fact that P is

increasing. That P is increasing and that lim inf p; > P(lim inf p;) imply that P(liminf p;) >

P?(liminf p;), and by induction liminfp, > P"(liminf p,) for all n € N.

Since lim,, o, P*(p) = p’ for all p > 0, liminf; .., p; > p’. By a mirror argument,
limsup, . p+ < p%, and hence lim p; = p~. (I

Lemma 8 Under Assumption 3,
min{p”,p*} < p; < max{p®,p"}

fort>0.

PROOF: Assumption 3 implies that py < p', hence max{po,... ,p:} < max{p®,p'}
holds for t = 1. Let t > 2 and suppose that max{po,... ,pt—1} < max {pL,pT}. In
the former case, p; < p” and hence max{pg,...,p;} < max {pL,pT}. In the latter
case, since by Assumption 3 p7, ; < max {pT,po,... ,pt} and since pf,; > P, pf; <
max {pT7p07... ,pt,l}. Since also p§,; > pl and max {po,... ,pi—1} < max {pL,pT}7
it must be that p7 > p’ and PPy < pT. Since also p; < Pii1, max{po,...,pt} <
max {pL,pT}. By induction, max {po, ... ,p:} < max {pL,pT} for all ¢t > 1. |

Now we complete the proof of the proposition:

PROOF OF PROPOSITION 5: 1. Lemma 8 implies that the condition in Lemma 7 is satisfied,

and hence lim;_,o p; = p*.

2. If p* > p* (resp., p" < p%), then Lemma 8 implies that p; > p” (resp., p; < p’) for
all ¢.
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3. If P£, | does not depend on p;, the equilibrium in each period is determined uniquely
by p; = P(Pf_,(-)) and price expectations are then uniquely determined by past prices.
Hence, there can be only one equilibrium path. (If pf,; depends on p;, then p; is on both
the left and right side of the equation p; = P(Pf,{(po,-.. ,pt)), and there could be multiple
solutions.) O

Remark 2 Fuchs and Laroque (1976) study a version of this OLG model (with § = 0),
allowing for any finite number of goods and consumers (with heterogeneous expectations).
Part (i) of Corollary 1 in Section 3 in their paper shows that the monetary steady state
is (locally) stable, which is analogous to our (nearly) global stability result. They assume
that S’(7) < 0 rather than $'(7) < 0. Expectations are a stationary function of the current
price and the past T prices. Le., there is ¢: RTT! — R such that Pf(H;) = ¥(ps—7,--. ,pt)
for t > T + 1. Their assumption that v is continuously differentiable, that ¥ (p,... ,p) =p
for all p, and that %(pt,qw, ceoypt) > 0 for s = 0,...,T imply that Pf satisfies our
Assumptions 3 and 4.

Tillman (1983) studies a single good OLG model (with § = 0) with multiple consumers.
Part (a) of Proposition 3 is a global stability result analogous to ours, but with more
restrictive assumptions on the expectations rule. He assumes there is ¢: R? — R such that
Pg(Hy) = Y (pi—1,pt) for t > 2, with ¢(p, p) = p for all p and assumptions on the derivatives
of ¢ that imply that our Assumptions 3 and 4 are satisfied. In one version of the result, he
assumes a specific form of the utility function that implies that S’ (m) < 0, and in another
this assumption is replaced by an additional restriction on the derivatives of 1.
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Conjecture.nb 1

Appendix B Mathematica input/output for proof of Proposition 6.4 in main paper

Stability with decreasing gain and lagged information

We linearize the difference equation, obtairing =M; é;, and diagonalize the matrix, writidd; = S A; S~*. Hence,
Oriks1 = Sk Atsk Tiske1 -+ Tt S 6, wherel; = S,17* S A¢. Our task is to obtain a bound on the norrirof

m Definitions:

Mia ] : = (1 - a1+aW a(;/\é)

Eigval [a_] : = Eigenvalues [M[a]]

A[a_] : = DiagonalMatrix [EigVval [a]]

S[a_] : = Transpose [Eigenvectors [M[a]]]

m Let's see what these look like:

TableForm [{
{"M[a]:", MatrixForm [M[a]1},
{"M[07]:", MatrixForm [MO]1}

}
M) (l—aIaV\{ aa/\é
woi: (1 o

TableForm [{
{"Eigval [a]:", MatrixForm [Eigval [a]l]},
{"Eigval [0]:", MatrixForm [Eigval [0]1]1}

1
Eigval [a] 3 (1-osaW -y (-1ra-aW)Z-d4aw
igval [a]:

%(1—O(+O(V\{+\/(—1+O(—01W)2+4O‘V\é)
Eigval [0]: (2)

TableForm [{{"A[a]:", MatrixForm [A[al]}, {"A[O0]:", MatrixForm [A[0]1]1}}]

(1-avaW -~/ (-1ea-aw)?idaw] 0
Ala]
’ 0 %(l—a+a\M+\/(—l+a—o¢W)2+4o¢V\é |
a0 [ )
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TableForm [{{"S [a]:", MatrixForm [S[all}, {"S[0]:", MatrixForm [S[01]1}}]

Stal: [;(1a+aw\/<1+aaw>2+4aw) %(1—a+aW+\/(—l+a—aV\{)2+4aV\é
1 1

s (7 )

TableForm [

{{"S ' [a]:", MatrixForm [Inverse [S[alll}, {"S-'[01:", MatrixForm [Inverse [S[0]11}}]

1 1-o+a W+ (-1+a-a W) 24 o}
Sfl[al: (-1+o-aW)2+4 oW 2/ (-1+a-aW)2+4 a W
1 _ l—ot+otV\{—x/(—l+otfotV\{)2+4otV\é
(-1+o-aW)*+4 a W 2~ (-lra-aW)2+4 a W
_ . -1 1
S 1 o

= Here we check thatM; = S A St

TableForm [{
{"M[a]:", MatrixForm [Mlal],
"Sy A S 71", MatrixForm [Simplify [S[a]. Ala] .Inverse [S[all1]1},
{"M[07]:", MatrixForm [M[O1],
"Se Ao So 1", MatrixForm [Simplify [S[0]. A[O] .Inverse [S[01111}

1
W (PN W) g g [LoareW aw
wol: (1 g s.nost (B0
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Conjecture.nb

= Also curious whether Si;1 71 S is approximately the identity:

SS = Inverse [S[at,1]1]1-S [at]

{{_ 170& +V\i0(t *\/4V\é0ﬁt + (—l+O(t *WO('()Z
2 /AW oa . + (-1 +an - W a,)?

170{14 JrV\iO(lth jL\/4\/\é 14t + (71+O(1+t ’Wa1+t>2
2\/4V\é ogt + (-1+oga -Wag)?

’

1—O(t +WO{1 +\/4V\é0{[ + (—1+O(1 —WO([)Z
2\/4V\é A1+t + (_1+al+t _V\ial+t)2

1 -1 +W aaut +\/4V\é o + (-1 +ara - W age)?
2 /AW oa + (-1 +ani - W aae)?

1,

1o +Woar —/4Wor + (-1+or ~Wa)?  1-oau +Wona —[4War + (-1 + 01 - W o )2

2~ /AWang + (-1 + a1 - W ans )2 2/4W an + (-1 4o -Woang )2

170('[ +WO(( +\/4V\é0(t + (71+O(t 7WO(1>2
2\/4V\é0<1+1 + (-1+og -Woagg)?

1-oca. +W o —\/4V\é ot + (-1 +an - W o) ?
2/4W ot + (-1 +aa - Woag )2

}

Simplify  [94

{{*(*1+W)O&+\/4V\éat+(1+(*1+W>Olt)2 +(*1+W)Ot1+t+\/4V\éOt1+t+(1+ ~1+W) g )?
2\/4\/\é0(1+t+(1+ -1 +W) ag.t)

—<—1+w>at—J4V\éat+<1+<—1+w>at>2+<—1+w>al+t+J4V\éal+t+<1+ S1W) o)
2/4Wor + (1+ (-1 W) a)?

{<—1+w>at—J4V\éat+<1+<—1+w>at>2—<—1+w al+t+J4V\éal+t+<1+ S1W) ogp)2
2[4 ar + (1+ (-1+W) ara)

(-1+W) o +/4Wor + (14 (-1+W) 0g)2 - (-1+W) ozm+J4V\éa1+t+<1+<—1+w>al+t>2
2[4 ar + (1+ (-1+W) 1)

H
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Conjecture.nb 4

» Definel; = Syt S A

Ty =Inverse [S[at,1]] - S[at] . Alag]

_l*O(t+WO(t *\/4V\é0(t +(—l+O(t*WO(t)2 .

{{% (l—O(t +WO(t —\/4\/\é0(t + (—1+O(t —WOQ)Z)
2 /4W oa + (-1 +any - W ag,)?

1-ane +W o + AW aga + (<1 +ou - W ag.e )2
2\/4V\é on + (-1+agg -Wag)?

1o +Wag +~/4Wag + (-1 + o - W ar )2
- +

% 1o +War +/4W o + (-1 + 0 W )? )
2\/4V\é o + (-1 +ag -Woaga)?

1-o1.4 +W aaat +\/4V\é ot + (-1 + oz - W 0.t )?
2 /4W oa + (-1 +ani - W ae)?

1,

1o +Wog ~~/4Wag + (-1 + o - W ar )2
2 /AW ou . + (-1 +oa - W a)?

[EnY

{7 (1_% +W o _\/4V\éat + (-1 + o4 —V\iOﬁt)z)

1-o014 +W aaat *\/4V\é ot + (-1 + a1 - W ot )? ]
2 /aW oa + (-1 +any - W a)?

1o +Wop ++/4War + (-1 + o0 - W ar )2
2\/4V\é011+t +(-l+oga -Wara)?

%- 1-o4 +WO<t+\/4V\éO(t+(*1+O‘t*WO‘t>2)

1-oa. +W agu —\/4V\é0ﬁ1+t +(-l+aga -Wag)? ]}}
2\/4V\é o + (-1 +aa -Woga)?
m Check the norm ofT.

We need to check the normIgf We use the norm that is the maximum of the sum of the absolute values of the columns
(because it is the simplest in this case). Assume first that all the tefinarefpositive. Then the sums of the first and
second columns are quite simple:

norml = Simplify [T [[11]1[[1]] + Tt [[2]11[[1]]]

% (1+ (-1 +W) o —\/4\/\éoq + (1 + (—1+W)at)2>

norm2 = Simplify [T [[11]1[[2]] + Tt [[2]1]1[[2]] ]

(1 1wy e fAW o+ (Te (14 W) ar)?

For smalle;, norm1 is close to zero and norm2 is close to 1. Hence, the overall norm is norm2. We can derive an upper
bound on norm2 that allows us to complete the proof.
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Conjecture.nb 5

Let us consider the assumption that termk; @fre positive. We assume thigtanda;, 1 are close to zero.

The top-left and bottom-left terms are close to zero becéuseoq +W o - \/4 Wooar + (-1+or ~W g )2 | is
close to zero. Hence, even if either of these terms is negative, the sum of their absolute values is close to zero.

The top-right term is close to zero because

(_ 1-oq +W oq +V/4W o + (~1+0o -W oy )2 4 Loona W oan +VAW oa + (1ran W cae )?
2 /AW oq. + (-Trona -W oz )2 2\4W g+ (-1+oa -W g ) ?

) is close to -1+1=0.
The bottom-left term is close to 1.

Hence, the possibility we need to consider is that the top-right term is negative. This complicates our lives because then th
sum of the absolute values of the right-hand column is

normz2alt = -T¢ [[1]]1[[2]] + Tt [[2]1[[2]]

2
% (1*0{[+W(1t+\/4\/\é0{t+<*1+0{1 ’Wat>2) {10& +Woit+\/4V\éO(t+(*1+O(t’V\iOft> _

2\/4V\é ot + (-1 + a1 - W ot )?

1_al+t +WO(1+[ _\/4V\é A1+t + (_1+O(l+t _Wal+[)2 } B
2\/4V\é ot + (-1 + g -W o) ?

T-cp +Wog +~/4Wag + (-1 + o0y - W ag )2
2\/4\/\é o + (-1 + g - W o) ?

% 1-o4 +W o +\/4V\éat+(*l+atfwat)2)

1-o1.4 +W o +\/4V\é on + (-1 +agg -Wag)?
2\/4\/\é A4t + (71+O(1+t ’Wal+t>2

Even simplified this is ugly:

Simplify ~ [norm2alt ]

(2 (-1ew)2a? - (1+\/4V\éozt L+ (1W) og)2) (<1 % (“1+W) o) +

o (—3+4V\é—2\/4V\éozt L+ (“1+W) a)? -
3424Woy + (1+ (-1 +W) )2 r2a4))]/
(24/aWare + (14 (-1 +W) a1.0)? |

Q1+t _V\i A1+t +W

Let's decompose the upper-right termipfas glfr 192[x ]

Tip = Tt [[1]11[[2]]

1o +Wog +~/4W ag + (-1 +oq - W o )2
2\/4V\é A1+t + <_1+al+t _Wal+t)2

% 1—oq+WOtt+\/4V\éOtt + (-1+o —Wat>2> {

1-a1 +W aat +\/4V\é o + (-1 +ara - W o) ?
2 /AW oa i + (-1 +aai - W aaae)?
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Conjecture.nb

We can writd'1, = + h?;f‘i) (9(s1) — 9(@y)), where

gla_] :

1+ (W-1) a+s AW a+ (-1+a-W a)?

hla_] : \/4\l\éa+ (-l+a-W a)?

One can show (separate notes??)gh@l) < 0. Thus,'12>0 if @1 < ot

If not, what can we say about norm2? Recall:

norm2alt

2
-:ZL- (1—ott+Wott+\/4V\éott+(fl+at *WO(I)Z) {10& +Wat+\/4wat+(fl+atfwa‘> _

2\/4V\é ogt + (-1 +ag -W g )?

1-o01.0 +W aast —\/4V\é o + (-1+aga -Waga)? } -
2\/4V\é o + (-1 +an - W o) ?

Toap +Wag +~/4Wag + (-1 + 00 - W ag )2

% 1—O(t+Wat +\/4V\éoq+(—l+o(t—WO(t)2>

2-/AW ou i + (-1 +oai - W o0 )?

1-o01. +W aast +\/4V\é o + (-1+aa -Waga)?
2\/4V\é o + (-1 +an - W o) ?

This is equal toy ot (gar) — 1 - (Wi — 1) a141)

... Giving up here. Just assumg; < .
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