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Abstract This paper presents an analysis of diversification and portfolio value at risk
for heavy-tailed dependent risks in models with multiple common shocks. We show
that, in the framework of value at risk comparisons, diversification is optimal for mod-
erately heavy-tailed dependent risks with common shocks and finite first moments,
provided that the model is balanced, i.e., that all the risks are available for portfo-
lio formation. However, diversification is inferior in balanced extremely heavy-tailed
risk models with common factors. Finally, in several unbalanced dependent models,
diversification is optimal, even though there is extreme heavy-tailedness in common
shocks or in idiosyncratic parts of the risks. Analogues of the obtained results further
hold for efficiency comparisons of linear estimators in random effects models with
dependent and heavy-tailed observations.
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1 Introduction

Many important economic and financial variables are influenced by common mac-
roeconomic, political, legal and environmental shocks. Examples of such shocks are
given by (see the review and examples in Andrews 2003, 2005) financial crises affect-
ing individual and firm consumption, investment and production decisions; stock mar-
ket shocks influencing individual wealth and firm assets; oil price shocks and business
cycles affecting firm factor costs and production; inflation affecting nominal wages;
and employment shocks influencing economic decisions of market participants. The-
oretical and empirical frameworks with common shocks discussed in the literature
include models with output, investment and savings affected by common shocks due
to, e.g., technology changes or financial crises; microeconomic models with wages
influenced by prices for unmeasured skills and the worker and firm effects; factor mod-
els for financial asset returns (see the review and discussion in Sect. 2 in Bai 2009);
health spending and health outcomes affected by technological advances, diseases,
epidemics and other health shocks, and the implementation of new health policies
(see Moscone and Tosetti 2009); co-movements of financial and insurance variables
in different markets due to exogenous common shocks such as financial and eco-
nomic crises (see, among others, Embrechts et al. 2005, and references therein); and
numerous others.

A number of studies in economics and finance have argued that many series encoun-
tered in these fields are heavy-tailed and can be modeled using risks X with distribu-
tions exhibiting power law decline1

P (|X | > x) � x−α (1.1)

(see, among others, the discussion in Embrechts et al. 1997; Rachev et al. 2005; Gabaix
2009; Ibragimov 2009a, and references therein). The parameter α in (1.1) is referred to
as the tail index, or the tail exponent, of the distribution of X.An important property of
r.v.’s X satisfying (1.1) is that the absolute moments of X are finite if and only if their
order is less than the tail index α : E |X |p < ∞ if p < α and E |X |p = ∞ if p ≥ α.

We mention a sample of estimates of the tail index α for returns on various stocks
and stock indices: 3 < α < 5 (Jansen and de Vries 1991), 2 < α < 4 (Loretan and
Phillips 1994), 1.5 < α < 2 (McCulloch 1997), 0.9 < α < 2 (Rachev and Mittnik
2000), α ≈ 3 (Gabaix et al. 2006). Power laws (1.1) with α ≈ 1 (Zipf laws) have been
found to hold for city sizes and firm sizes (see Gabaix 1999, and Axtell 2001). As dis-
cussed by Nešlehová et al. (2006), tail indices less than one are observed for empirical
loss distributions of a number of operational risks. Silverberg and Verspagen (2007)
report the tail indices α to be significantly less than one for financial returns from
technological innovations. The analysis in Ibragimov et al. (2009) indicates that the

1 Here and throughout the paper, f (x) � g(x) means that 0 < c ≤ f (x)/g(x) ≤ C < ∞ for large x , for
constants c and C .

123



Value at risk and efficiency 287

tail indices may be considerably less than one for economic losses from earthquakes
and other natural disasters.

Several recent studies have analyzed value at risk and portfolio choice for heavy-
tailed risks and related problems. Bouchard and Potters (2004), Ch. 12, present a
detailed discussion of portfolio choice under various distributional and dependence
assumptions and diversification measures, including the asymptotic results in the value
at risk framework for heavy-tailed power law distributions. As was shown in Ibragimov
(2005, 2009b) in a general context based on majorization theory and arbitrary port-
folio weights comparisons (see also the review in Ibragimov 2009a), diversification
may be inferior in the value at risk framework for heavy-tailed risks whose distribu-
tions satisfy power law (1.1) with α < 1 (see Proposition 3.2 in Sect. 3). As shown
in Ibragimov (2005, 2009b), diversification is typically preferable in value at risk
models with convolutions of stable heavy-tailed risks that follow (1.1) with α > 1
(see Proposition 3.1 in Sect. 3). Recently, Ibragimov and Walden (2007) showed that,
with a value at risk approach with bounded risks concentrated on a sufficiently large
interval, diversification may be suboptimal up to a certain number of risks and then
become optimal. Ibragimov et al. (2009) demonstrate how this analysis can be used
to explain low levels of reinsurance among insurance providers in markets for catas-
trophe reinsurance. Ibragimov and Walden (2008) study portfolio diversification for
nonlinear transformations of heavy-tailed risks and for distributions that exhibit local
or moderate deviations from power tails (1.1) in the form of additional slowly varying
factors. Several examples that illustrate the phenomenon that diversification is not
always preferable are presented in Kaas et al. (2004).

While the above works provide several extensions of the value at risk analysis
for the case of dependence, including the case of multiplicative common shocks (see
Ibragimov 2005, 2009b; Ibragimov and Walden 2007, and Proposition 7.1 in Sect. 7),
exact closed-form solutions are usually available only in the setting with uncorrelated
risks. Our objective with this paper is to extend the analysis beyond independence and
uncorrelatedness. We obtain general results on portfolio value at risk comparisons for
correlated heavy-tailed risks exhibiting additive common shocks structures of the type

Yi j = Ri + C j + Ui j , i = 1, . . . , r, j = 1, . . . , c. (1.2)

In (1.2), the “row effects” common shocks Ri , the “column effects” common shocks
C j and the “error” variables Ui j are assumed to be independent of each other and to
be independent and identically distributed among themselves.

We also present the value at risk analysis for a particular case of (1.2) given by

Yi j = Ri + Ui j , i = 1, . . . , r, j = 1, . . . , c. (1.3)

Together with their multiplicative analogues

Yi j = RiUi j , Ri > 0, (1.4)

(see Ibragimov 2005, 2009b and Ibragimov and Walden 2007), models (1.2) and (1.3)
provide a natural framework for modeling risks subject to (additive) common shocks
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Ri and C j (such as political or macroeconomic ones, see the discussion in Andrews
2003, 2005). The common shocks Ri affect all risks Yi j , j = 1, . . . , c, in the i th row
(say, in the i th country) and the common shocks C j affect all risks Yi j , i = 1, . . . , r,
in the j th column (say, in the j th industry).2

The results obtained in the paper cover the case of dependent and possibly non-
identically distributed risks Ri ,C j and Ui j (see Sect. 7). Furthermore, although we
mainly work with models of the form (1.2) and (1.3), our results can be generalized
to models with varying factor loadings, such as

Yi j = β
(r)
i j Ri + β

(c)
i j C j + Ui j , i = 1, . . . , r, j = 1, . . . , c, (1.5)

(see Bai 2009). For simplicity, we first consider the unit beta case (1.2) and (1.3) and
then discuss the extensions to general factor settings (1.5) in Sect. 7. We also note that
the results in the paper can be further used to obtain value at risk and diversification
comparisons for the usual fixed effects models in the form Yit = X ′

i tβ+ Ri +Ct +Uit ,

where Xit is a p × 1 vector of (possibly heavy-tailed) regressors, β is a p × 1 vector
of unknown regression coefficients, and Ri and Ct are, respectively, individual and
time effect variables.

The paper is organized as follows. Section 2 introduces the notation and definitions
of classes of moderately heavy-tailed and extremely heavy-tailed distributions dealt
with throughout the paper.

Section 3 contains the main results of the paper on value at risk analysis and optimal
portfolio choice in common shocks models (1.2). We show that portfolio value at risk
comparisons with the most diversified and the least diversified portfolio weights for
dependent risks Yi j in (1.2) under heavy-tailedness are similar to those in the case
of independence (Theorem 3.1). In particular, under moderate heavy-tailedness with
α > 1 in the shocks Ri ,C j and Ui j in (1.2), the most diversified portfolio of risks
Yi j with equal weights is optimal with respect to portfolio value at risk comparisons.
In addition, in such settings, the least diversified portfolio of Y ′

i js consisting of only
one risk maximizes the value at risk over all portfolio weights. These conclusions are
reversed under extreme heavy-tailedness with α < 1 in the common shocks Ri and C j

and the idiosyncratic risks Ui j in (1.2). Under these assumptions, the most diversified
portfolio with equal weights has the maximal value at risk among all portfolios of Yi j .

The optimal portfolio under extreme heavy-tailedness in the variables in (1.2) is given
by the least diversified portfolio that consists of only one risk. Theorem 3.2 shows
that these results continue to hold separately for the common shock and idiosyncratic
components of the returns on the portfolios of risks Yi j . Theorem 3.2 thus allows one
to compare value at risk for the portfolios of common shocks Ri or C j , or for the
portfolios of Ui j under heavy-tailedness in these variables.

Section 4 provides extensions of the results in Theorems 3.1 and 3.2 to value
at risk comparisons between portfolios that are different from the most diversified
and the least diversified portfolios (Theorem 4.1). The results provide value at risk

2 The dependence properties of additive common shock models (1.2) and (1.3) are more complicated than
those in relation (1.4) and its two-shock analogues. For instance, while multiplicative common shock models
(1.4) imply uncorrelatedness of the risks Yi j , this, evidently, does not hold for (1.3).
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comparisons for the portfolios considered in the literature on efficiency of linear loca-
tion estimators in models of type (1.2) (see the review in Appendix A). The value at
risk comparisons for these portfolios under extreme heavy-tailedness in risks Ri ,C j

and Ui j are opposite to those in the case of moderate heavy-tailedness. In addition,
some of the comparisons have a natural interpretation in terms of the optimal portfolio
choice for indices of the risks Yi j in (1.2).

In Section 5 we show that the majorization approach to value at risk analysis devel-
oped in Sections 3 and 4 can be applied in the case of unbalanced models (1.2) or (1.3)
that have unequal number of rows for each column or unequal number of columns
for each row. Building on the interpretation in Section 4, the results in Section 5 are
presented in the framework of value at risk analysis for equally weighted indices of
heavy-tailed risks in (1.3). Theorems 5.1 and 5.2 imply optimality of diversification
patterns in unbalanced dependent models, even though there is extreme heavy-tailed-
ness in common shocks or in idiosyncratic parts of the risks. These conclusions are
in contrast to variance comparisons for portfolio returns implied by the results in the
literature on linear location estimation in random effects models (see the discussion
in Sect. 5 and Appendix A).

Section 6 discusses econometric and statistical applications of the results obtained
in the paper. These applications are the analogues of the value at risk results in the
framework of efficiency comparisons of linear estimators of location in random effects
models.

To illustrate the main ideas and results, the portfolio value at risk analysis in Sec-
tions 3–5 is presented in the framework of risks (1.2) and (1.3) that are subject to two
or less additive common shocks with independence among the variables Ri ,C j and
Ui j . In Sect. 7, we discuss how most of the results can be generalized to models of
type (1.5) with varying factor loadings and to the case with more than two common
factors. In addition, we show how the results in paper can also be extended to the case
of dependence within the common shocks and the idiosyncratic risks. These depen-
dence structures include convolutions of α−symmetric distributions and models with
multiple multiplicative common shocks. Section 7 further discusses the analogues of
the results in the paper for non-identically distributed dependent risks. Section 8 makes
some concluding remarks. Appendix A reviews the results in the statistics literature
related to the problems considered in the paper. Appendix B contains proofs of the
results obtained in the paper.

2 Notation and classes of distributions

A r.v. X with density f : R → R and the convex distribution support � = {x ∈ R :
f (x) > 0} is log-concavely distributed if log f (x) is concave in x ∈ �, that is, if for
all x1, x2 ∈ �, and any λ ∈ [0, 1], f (λx1 + (1 − λ)x2) ≥ ( f (x1))

λ( f (x2))
1−λ (see

An 1998, and Bagnoli and Bergstrom 2005). A distribution is said to be log-concave
if its density f satisfies the above inequalities. Examples of log-concave distribu-
tions include the normal distribution, the uniform density, the exponential density,
the Gamma distribution �(α, β) with the shape parameter α ≥ 1, the Beta distribu-
tion B(a, b) with a ≥ 1 and b ≥ 1; and the Weibull distribution W(γ, α) with the
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shape parameter α ≥ 1. Log-concave distributions have many appealing properties
that have been utilized in a number of works in economics and finance (see the sur-
veys in Karlin 1968; Marshall and Olkin 1979; An 1998, and Bagnoli and Bergstrom
2005). However, such distributions cannot be used in the study of heavy-tailedness
phenomena since any log-concave density is extremely thin-tailed: in particular, if a
r.v. X is log-concavely distributed, then its density has at most an exponential tail, that
is, f (x) = O(exp(−λx)) for some λ > 0, as x → ∞ and, therefore, all the power
moments E |X |γ , γ > 0, of the r.v. exist (see Corollary 1 in An 1998). Throughout
the paper, LC denotes the class of symmetric log-concave distributions (LC stands for
“log-concave”).

For 0 < α ≤ 2, σ > 0, β ∈ [−1, 1] and μ ∈ R, we denote by Sα(σ, β, μ) the
stable distribution with the characteristic exponent (index of stability) α, the scale
parameter σ, the symmetry index (skewness parameter) β and the location parameter
μ. That is, Sα(σ, β, μ) is the distribution of a r.v. X with the characteristic function
(c.f.)

E(eit X ) =
{

exp {iμt − σα|t |α(1 − iβsign(t) tan(πα/2))} , α 
= 1,
exp {iμt − σ |t |(1 + (2/π)iβsign(t) ln |t |} , α = 1,

(2.1)

t ∈ R, where i2 = −1 and sign(t) is the sign of t defined by sign(t) = 1 if
t > 0, sign(0) = 0 and sign(t) = −1 otherwise (expression (2.1) is one of several
possible parameterizations of c.f.’s of stable distributions). In what follows, we write
X ∼ Sα(σ, β, μ), if the r.v. X has the stable distribution Sα(σ, β, μ).

The index of stability α characterizes the heaviness (the rate of decay) of the tails
of stable distributions Sα(σ, β, μ). In particular, if X ∼ Sα(σ, β, μ), α ∈ (0, 2), then
its distribution satisfies power law (1.1). As discussed in the introduction, this implies
that the p−th absolute moments E |X |p of a r.v. X ∼ Sα(σ, β, μ), α ∈ (0, 2) are finite
if p < α and are infinite otherwise.

For two r.v.’s X and Y, we write X =d Y if X and Y have the same distribution.
Distributions Sα(σ, β, μ) with μ = 0 for α 
= 1 and β = 0 for α = 1 are called

strictly stable. If Xi ∼ Sα(σ, β, μ), α ∈ (0, 2], i = 1, . . . , N , are i.i.d. strictly stable
r.v.’s, then, for all wi ≥ 0, i = 1, . . . , N , with

∑n
i=1wi 
= 0,

N∑
i=1

wi Xi/

(
N∑

i=1

wαi

)1/α

=d X1 (2.2)

(see Zolotarev 1986; Embrechts et al. 1997, and Rachev and Mittnik 2000, for a
detailed review of properties of stable distributions).

We denote by CS the class of distributions which are convolutions of symmetric sta-
ble distributions Sα(σ, 0, 0) with characteristic exponents α ∈ [1, 2] and σ > 0 (here
and below, CS stands for “convolutions of stable”; the overline indicates that convolu-
tions of stable distributions with indices of stability not less than 1 are taken). That is,
CS consists of distributions of r.v.’s X for which, with some k ≥ 1, X = Y1 +· · ·+Yk,

where Yi , i = 1, . . . , k, are independent r.v.’s such that Yi ∼ Sαi (σi , 0, 0), αi ∈
[1, 2], σi > 0, i = 1, . . . , k.
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Further, CS stands for the class of distributions which are convolutions of sym-
metric stable distributions Sα(σ, 0, 0) with indices of stability α ∈ (0, 1] and σ > 0
(the underline indicates considering stable distributions with indices of stability not
greater than 1). That is, CS consists of distributions of r.v.’s X for which, with some
k ≥ 1, X = Y1 + · · · + Yk, where Yi , i = 1, . . . , k, are independent r.v.’s such that
Yi ∼ Sαi (σi , 0, 0), αi ∈ (0, 1], σi > 0, i = 1, . . . , k.

Finally, we denote by CSLC the class of convolutions of distributions from the
classes LC and CS. That is, CSLC is the class of convolutions of symmetric distri-
butions which are either log-concave or stable with characteristic exponents not less
than one (CSLC is the abbreviation of “convolutions of stable and log-concave”).In
other words, CSLC consists of distributions of r.v.’s X such that X = Y1 + Y2, where
Y1 and Y2 are independent r.v.’s with distributions belonging to LC or CS.

All the classes LC, CSLC, CS and CS are closed under convolutions. In particu-
lar, the class CSLC coincides with the class of distributions of r.v.’s X such that, for
some k ≥ 1, X = Y1 + · · · + Yk, where Yi , i = 1, . . . , k, are independent r.v.’s with
distributions belonging to LC or CS.

In what follows, we write X ∼ LC (resp., X ∼ CSLC, X ∼ CS or X ∼ CS) if the
distribution of the r.v. X belongs to the class LC (resp., CSLC, CS or CS).

The distributions of r.v.’s X in the class CSLC are moderately heavy-tailed in the
sense that they have finite moments of all orders p ∈ (0, 1) : E |X |p < ∞, p ∈ (0, 1).
In contrast, the distributions of r.v.’s X from the class CS are extremely heavy-tailed
in the sense that, if X ∼ CS, then, for some order p ∈ (0, 1), the moment E |X |p is
infinite: E |X |p = ∞. For a more extensive discussion on the classes of distributions
discussed in this section and their generalizations, see Ibragimov (2005, 2009b) and
Ibragimov and Walden (2007, 2008).

3 Portfolio value at risk for models with multiple additive common shocks

Given a loss probability 0 < q < 1/2 and a r.v. (risk) X, we denote by V a Rq [X ] the
value at risk (VaR) of X at level q, that is, the (1 − q)−quantile of X : V a Rq [X ] =
inf{x ∈ R : P(X > x) ≤ q} (throughout the paper, we interpret the positive values
of risks X as a risk holder’s losses). For a risk X with finite second moment, var [X ]
will stand for its variance: var [X ] = E(X − E X)2.

In what follows, R+ stands for R+ = [0,∞). For N ≥ 1, denote IN = {w =
(w1, . . . , wN ) ∈ RN+ : ∑N

i=1wi = 1}. In addition, given the w = (w1, . . . , wN ) ∈
RN+ and N risks X1, . . . , X N , we denote by X (w) = ∑N

i=1wi Xi the return on the
portfolio of X ′

i s with weights w.
Let wN = (1/N , 1/N , . . . , 1/N )︸ ︷︷ ︸

N

∈ IN stand for the vector of equal portfolio

weights and let wN = (1, 0, . . . , 0)︸ ︷︷ ︸
N

∈ IN stand for the weights in the portfolio

consisting of only one risk.
A vector a ∈ RN is said to be majorized by a vector b ∈ RN , written a ≺ b,

if
∑k

i=1 a[i] ≤ ∑k
i=1 b[i], k = 1, . . . , N − 1, and

∑N
i=1 a[i] = ∑N

i=1 b[i], where
a[1] ≥ . . . ≥ a[N ] and b[1] ≥ . . . ≥ b[N ] denote the components of a and b in decreas-
ing order. The relation a ≺ b implies that the components of the vector a are less
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diverse than those of b (see Marshall and Olkin 1979). In this context, it is easy to
see that the following relations hold for the vectors wN = (1/N , 1/N , . . . , 1/N ) and
wN = (1, 0, . . . , 0) with the least diverse and the most diverse components:

wN ≺ w ≺ wN (3.1)

for all w ∈ IN .

A function φ : A → R defined on A ⊆ RN is called Schur-convex (resp., Schur-
concave) on A if (a ≺ b) �⇒ (φ(a) ≤ φ(b)) (resp. (a ≺ b) �⇒ (φ(a) ≥ φ(b)) for
all a, b ∈ A. Evidently, ifφ is Schur-convex or Schur-concave on a symmetric set A (so
that (a1, . . . , aN ) ∈ A implies (aπ(1), . . . , aπ(N )) ∈ A for all permutationsπ of the set
{1, . . . , N }), then φ is symmetric on A, that is, φ(aπ(1), . . . , aπ(N )) = φ(a1, . . . , aN )

for all permutations π.
Suppose that v = (v1, . . . , vN ) ∈ RN+ and w = (w1, . . . , wN ) ∈ RN+ ,

∑N
i=1 vi =∑N

i=1wi , are the weights of two portfolios of N risks (indices or assets’ returns). If
v ≺ w, it is natural to think about the portfolio with weights v as being more diversi-
fied than that with weights w (see the discussion in Ibragimov 2005, and Ibragimov
2009b). Thus, for example, the portfolio with equal weights wN in (3.1) is the most
diversified among all the portfolios with weights w ∈ IN . In contrast, the portfolios
with weights given by the components ofwN or their permutations consist of one risk
and are the least diversified among the portfolios with weightsw ∈ IN . In this regard,
the notion of one portfolio being more or less diversified than another one is, in some
sense, the opposite to the majorization comparison for the vectors of weights of the
two portfolios.

Recently, Ibragimov (2005, 2009b) obtained the following results on VaR and diver-
sification comparisons for heavy-tailed portfolios of independent risks. According to
the results in Proposition 3.1 provided by Theorem 4.1 in Ibragimov (2009b), in the
case of independent moderately heavy-tailed risks Xi , diversification of a portfolio
leads to a decrease in the riskiness of its return X (w).

Proposition 3.1 (Ibragimov 2009b, Theorem 4.1) Let q ∈ (0, 1/2) and let Xi , i =
1, . . . , N , be i.i.d. risks such that Xi ∼ CSLC. Then

(i) V a Rq [X (v)] ≤ V a Rq [X (w)] if v ≺ w (in other words, the functionψ(w, q) =
V a Rq [X (w)] is Schur-convex in w ∈ Rn+).

(ii) In particular, V a Rq [X (wN )] ≤ V a Rq [X (w)] ≤ V a Rq [X (wN )] for all weights
w ∈ IN .

According to the results in Proposition 3.2 provided by Theorem 4.2 in Ibragimov
(2009b), the results in Proposition 3.1 are reversed in the case of independent extremely
heavy-tailed risks Xi . In such settings, diversification of a portfolio increases the risk-
iness of its return X (w).

Proposition 3.2 (Ibragimov 2009b, Theorem 4.2) Let q ∈ (0, 1/2) and let Xi , i =
1, . . . , N , be i.i.d. risks such that Xi ∼ CS. Then

(i) V a Rq [X (v)] ≥ V a Rq [X (w)] if v ≺ w (in other words, the functionψ(w, q) =
V a Rq [X (w)] is Schur-concave in w ∈ Rn+).
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(ii) In particular, V a Rq [X (wN )] ≤ V a Rq [X (w)] ≤ V a Rq [X (wN )] for all weights
w ∈ IN .

Remark 3.1 As discussed in Ibragimov (2009b), the VaR comparisons in Propositions
3.1 and 3.2 hold as equalities for i.i.d. stable risks Xi ∈ S1(σ, 0, 0) with the tail index
α = 1 that belong to both the classes CSLC and CS. Similar to the arguments for the
results in the paper, this implies that all the VaR comparisons in them hold as equalities
for risks that have distributions S1(σ, 0, 0)with α = 1. Similar to Propositions 3.1 and
3.2, throughout the paper, we present the results with non-strict inequalities for the
values at risk of portfolios considered. All these results can be easily re-formulated in
terms of strict inequalities.

Remark 3.2 Let Xi ∼ Sα(σi , β, μ) be not necessarily identically distributed stable
risks with some scale parameters σi > 0. Similar to Marshall and Olkin (1979),
denote DN = {w = (w1, . . . , wN ) ∈ RN+ : w1 ≤ w2 ≤ . . . ≤ wN }. The extensions
of the value at risk comparisons for the non-identically distributed case in Theo-
rems A3.1 and A3.2 in Ibragimov (2009b), imply that Theorem 3.1 holds for Xi and
v,w ∈ DN ∩ IN = {w ∈ RN+ : w1 ≤ w2 ≤ . . . ≤ wN ,

∑N
i=1wi = 1} if α ∈ [1, 2]

and σ1 ≤ . . . ≤ σN . Theorem 3.2 holds for Xi and v,w ∈ DN ∩ IN if α ∈ (0, 1] and
σ1 ≥ . . . ≥ σN .

As discussed in the introduction, throughout this section and Sects. 4–6, we con-
sider portfolios of risks Yi j , i = 1, . . . , r, j = 1, . . . , c, in model (1.2) with identically
distributed “row effects” common shocks Ri , i = 1, . . . , r, identically distributed
“column effects” common shocks C j , j = 1, . . . , c, and identically distributed idi-
osyncratic components Ui j , i = 1, . . . , r, j = 1, . . . , c. The r.v.’s Ri ,C j ,Ui j , i =
1, . . . , r, j = 1, . . . , c, are assumed to be independent. Section 7 discusses exten-
sions of the results to models of type (1.5) with varying factor loadings, the case of
dependent and possibly non-identically distributed common shocks Ri ,C j and error
variables Ui j and to models with multiple common shocks.

For w = (w11, . . . , w1c, w21, . . . , w2c, . . . , wr1, . . . , wrc) ∈ Irc, denote w0 j =∑r
i=1wi j , j = 1, . . . , c, wi0 = ∑c

j=1wi j , i = 1, . . . , r. Further, denote

w
(row)
0 = (w10, . . . , wr0) ∈ Ir , (3.2)

w
(col)
0 = (w01, . . . , w0c) ∈ Ic. (3.3)

Forw = (w11, . . . , w1c, w21, . . . , w2c, . . . , wr1, . . . , wrc) ∈ Irc, the return on the
portfolio of risks Yi j in (1.2) with weights w is given by

Y (w) =
r∑

i=1

c∑
j=1

wi j Yi j =
r∑

i=1

wi0 Ri +
c∑

j=1

w0 j C j +
r∑

i=1

c∑
j=1

wi jUi j

= R(w(row)
0 )+ C(w(col)

0 )+ U (w), (3.4)

where R(w(row)
0 ) = ∑r

i=1wi0 Ri ,C(w(col)
0 ) = ∑c

j=1w0 j C j and U (w) =∑r
i=1

∑c
j=1wi jUi j .
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Consider the vector of equal weights wrc = (1/(rc), 1/(rc), . . . , 1/(rc))︸ ︷︷ ︸
rc

∈ Irc

and the vector wrc = (1, 0, . . . , 0)︸ ︷︷ ︸
rc

∈ Irc that corresponds to the portfolio of Y ′
i j s that

consists of only one risk.
Observe that the vectors w(row)

0 and w(col)
0 that correspond to wrc by (3.2) and

(3.3) consist of equal weights. Namely, w(row)
0 = (1/r, . . . , 1/r)︸ ︷︷ ︸

r

= wr ∈ Ir and

w
(col)
0 = (1/c, . . . , 1/c)︸ ︷︷ ︸

c

= wc ∈ Ic.

Similarly, for the weightsw(row)
0 andw(col)

0 corresponding towrc by (3.2) and (3.3)

we have w(row)
0 = (1, 0, . . . , 0)︸ ︷︷ ︸

r

= wr ∈ Ir and w(col)
0 = (1, 0, . . . , 0)︸ ︷︷ ︸

c

= wc ∈ Ic.

The following theorem provides value at risk comparisons for portfolio returns
Y (w) in (3.4) under heavy-tailedness in the risk components Ri ,C j and Ui j .

Theorem 3.1 Let q ∈ (0, 1/2).

(i) If Ri ,C j ,Ui j ∼ CSLC, then V a Rq [Y (wrc)]≤V a Rq [Y (w)] ≤ V a Rq [Y (wrc)]
for all w ∈ Irc.

(ii) If Ri ,C j ,Ui j ∼CS, then V a Rq [Y (wrc)]≥ V a Rq [Y (w)]≥ V a Rq [Y (wrc)] for
all w ∈ Irc.

Part (i) of Theorem 3.1 shows that, similar to the case of independence in Ibragimov
(2005, 2009b) (see part (ii) of Proposition 3.1), the most diversified portfolio with equal
weights wrc is preferred to any other portfolio of dependent risks Yi j in (1.2) under
moderate heavy-tailedness. In addition, the least diversified portfolio with weightswrc

consisting of only one risk is dominated by any other portfolio of risks Yi j with addi-
tive common shocks. Part (ii) of Theorem 3.1 implies that, similar to independence
(part (ii) of Proposition 3.2), the conclusions are reversed under extreme heavy-tail-
edness. Extreme heavy-tailedness of common shocks Ri ,C j and idiosyncratic risks
Ui j in (1.2) implies optimality of the least diversified portfolio with weights wrc with
respect to the portfolio value at risk comparisons. In contrast, the portfolio value at
risk is maximal for the most diversified portfolio with equal weights wrc under such
assumptions.

As an immediate consequence of Propositions 3.1 and 3.2, one also obtains similar
comparisons with the extremal portfolio weights wrc and wrc for the values at risk of

the components R(w(row)
0 ),C(w(col)

0 ) and U (w) in decomposition (3.4) with weights
w ∈ Irc. Namely, the following conclusions hold.

Theorem 3.2 Let q ∈ (0, 1/2).

(i) If Ui j ∼ CSLC, then V a Rq [U (wrc)] ≤ V a Rq [U (w)] ≤ V a Rq [U (wrc)] for
all w ∈ Irc.

(ii) If Ui j ∼ CS, then V a Rq [U (wrc)] ≥ V a Rq [U (w)] ≥ V a Rq [U (wrc)] for all
w ∈ Irc.
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(iii) If Ri ∼ CSLC, then V a Rq [R(wr )] ≤ V a Rq [R(w(row)
0 )] ≤ V a Rq [R(wr )] for

all w ∈ Irc.

(iv) If Ri ∼ CS, then V a Rq [R(wr )] ≥ V a Rq [R(w(row)
0 )] ≥ V a Rq [R(wr )] for all

w ∈ Irc.

(v) If C j ∼ CSLC, then V a Rq [C(wc)] ≤ V a Rq [C(w(col)
0 )] ≤ V a Rq [C(wc)] for

all w ∈ Irc.

(vi) If C j ∼ CS, then V a Rq [C(wc)] ≥ V a Rq [C(w(col)
0 )] ≥ V a Rq [C(wc)] for all

w ∈ Irc.

As in the case of independence in in Ibragimov (2009b) (see parts (i) of Proposi-
tions 3.1 and 3.2), it is of interest to also consider value at risk comparisons for general
portfolio weights v,w ∈ Irc satisfying v ≺ w (so that the portfolio with weights v
is more diversified than that with weights w). However, such general comparisons
cannot be obtained using majorization on Irc. This is because the values at risk

V a Rq

[
R

(
w
(row)
0

)]
= V a Rq

[
r∑

i=1

wi0 Ri

]
= V a Rq

⎡
⎣ r∑

i=1

⎛
⎝ c∑

j=1

wi j

⎞
⎠ Ri

⎤
⎦ ,

V a Rq

[
C

(
w
(col)
0

)]
= V a Rq

⎡
⎣ c∑

j=1

w0 j C j

⎤
⎦ = V a Rq

⎡
⎣ c∑

j=1

(
r∑

i=1

wi j

)
C j

⎤
⎦

for the components R(w(row)
0 ) and C(w(col)

0 ) in (3.4) are not symmetric functions of
wi j ’s. Thus, these functions are neither Schur-concave nor Schur-convex inw ∈ Irc.3

Nevertheless, the above value at risk comparisons with v ≺ w are possible for
certain portfolio weights v andw that are different from the most diversified portfolio
wrc and do not correspond to the least diversification with weightswrc. Some of these
value at risk comparisons have a natural interpretation in terms of value at risk analy-
sis for portfolios of equally weighted indices of risks Yi j in (1.2). These value at risk
orderings and the settings where they arise are considered in the next two sections.

4 Further applications: Portfolio component value at risk analysis

Let ni j ∈ {0, 1}, i = 1, . . . , r, j = 1, . . . , c, be a set of indicator variables. Denote
ni0 = ∑c

j=1 ni j , n0 j = ∑r
i=1 ni j , n = ∑r

i=1 ni0 = ∑c
j=1 n0 j = ∑r

i=1
∑c

j=1 ni j .

Section 13.B in Marshall and Olkin (1979) discusses applications of majorization
theory in comparisons of variance components for linear estimators based on obser-
vations in specifications (1.2) referred to as two-way classification random effects

3 This situation is similar to the majorization-based analysis of variance decompositions for linear esti-
mators of location in two-way classification random effects models in Sect. 13.B in Marshall and Olkin
(1979) (see also Sect. 4 and Appendix A). As indicated by Marshall and Olkin (1979), neither Schur-con-

vexity nor Schur-concavity (in w ∈ Irc) holds for the variances var [R(w(row)
0 )] = var [∑r

i=1 wi0 Ri ]
and var [C(w(col)

0 )] = var [∑c
j=1 w0 j C j ] because these functions are not symmetric functions of w′

i j s.
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models (see also the review in Appendix A and references therein). Marshall and
Olkin (1979) consider the equal weights wi j = 1/(rc) dealt with in the previous

section and also the portfolio weights ṽi j = ni0/(nc), ˜̃vi j = n0 j/(nr) and w̃i j =
(n−ni0−n0 j +ni j )ni j

n2−∑r
i=1 n2

i0−
∑c

j=1 n2
0 j +n

, i = 1, . . . , r, j = 1, . . . , c, discussed in Koch (1967a,b).

Denote the weight vectors corresponding to the last three choices by ṽ, ˜̃v and w̃.
In the context of portfolio choice, some of the properties of the portfolios with

weights w, ṽ, ˜̃v and w̃ may be summarized as follows. Consider r equally weighted
indices comprised, for i = 1, . . . , r, of risks Yi j , j = 1, . . . , c, in the i th row of (1.2).

The return on index i is thus given by Z (col)
i = Ri + 1

c

∑c
j=1 C j + 1

c

∑c
j=1 Ui j , i =

1, . . . , r. For w = (w1, . . . , wr ) ∈ Ir , the return on the portfolio of the indices
i = 1, . . . , r with returns Z (col)

i and weights w is given by

Z (col)(w) =
r∑

i=1

wi Z (col)
i =

r∑
i=1

wi Ri + 1

c

c∑
j=1

C j +
r∑

i=1

(Ui1 + · · · + Uic)

c
wi .

(4.1)

Similarly, consider, for j = 1, . . . , c, the equally weighted indices comprised of
risks Yi j , i = 1, . . . , r, in the j th column of (1.2). The return on index j is thus given by

Z (row)
j = C j + 1

r

∑c
i=1 Ri + 1

r

∑r
i=1 Ui j , j = 1, . . . , c. Forw = (w1, . . . , wc) ∈ Ic,

the return on the portfolio of the indices j = 1, . . . , c with returns Z (row)
j and weights

w is given by

Z (row)(w) =
c∑

j=1

w j Z (row)
j = 1

r

r∑
i=1

Ri +
c∑

j=1

w j C j +
c∑

j=1

(U1 j + · · · + Ur j )

r
w j .

(4.2)

The risk Y (ṽ) obtained using (3.4) with weights ṽ is the same as the return on the
portfolio of the indices Z (col)

i , i = 1, . . . , r, with weights w = (n10/n, . . . , nr0/n)︸ ︷︷ ︸
r

∈

Ir in (4.1). The return Y ( ˜̃v) in (3.4) with weights ˜̃v is the same as the return on the port-
folio of the risks Z (row)

j , j = 1, . . . , c, with weights w = (n01/n, . . . , n0c/n)︸ ︷︷ ︸
c

∈ Ic

in (4.2).
As discussed in the previous section, the equal weights wrc =

(1/(rc), 1/(rc), . . . , 1/(rc))︸ ︷︷ ︸
rc

∈ Irc correspond to the most diversified portfolio of

the risks Yi j . The return Y (wrc) with these weights in (3.4) is the same as the returns
Z (col)(wr ) and Z (row)(wc) on the portfolios of indices in (4.1) and (4.2) with equal
weights wr = (1/r, . . . , 1/r)︸ ︷︷ ︸

r

∈ Ir and wc = (1/c, . . . , 1/c)︸ ︷︷ ︸
c

∈ Ic.
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The weights w̃ correspond to a portfolio of Yi j where, in contrast to wrc, ṽ and
˜̃v, some of the risks Yi j are taken with zero weights that may be due to the risks’
unavailability.

Lemma 13.B.2.a in Marshall and Olkin (1979) and relation (3.1) with N = rc
show that the following majorization comparisons hold for the vectors wrc, ṽ,

˜̃v, w̃
and wrc :

wrc ≺ ṽ ≺ w̃ ≺ wrc, (4.3)

wrc ≺ ˜̃v ≺ w̃ ≺ wrc. (4.4)

Theorems 3.1 and 3.2 imply value at risk comparisons for the portfolio returns
Y (w) and its components R(w(row)

0 ),C(w(col)
0 ) and U (w) in (3.4) between an arbi-

trary w ∈ Irc (for instance, w = ṽ, ˜̃v, w̃) and the extremal portfolio weights wrc
and wrc. In particular, from parts (iii)–(vi) of Theorem 3.2 it follows that the follow-
ing comparisons hold for all q ∈ (0, 1/2) and all w ∈ Irc (e.g., for w = ṽ, ˜̃v, w̃).
These comparisons are direct consequences of the results for the independent case in
Proposition 3.1 and 3.2.

V a Rq [R( ˜̃v(row)
0 )] = V a Rq [R(wr )] ≤ V a Rq [R(w(row)

0 )] if Ri ∼ CSLC, (4.5)

V a Rq [C(ṽ(col)
0 )] = V a Rq [C(wc)] ≤ V a Rq [C(w(col)

0 )] if C j ∼ CSLC, (4.6)

V a Rq [R( ˜̃v(row)
0 )] = V a Rq [R(wr )] ≥ V a Rq [R(w(row)

0 )] if Ri ∼ CS, (4.7)

V a Rq [C(ṽ(col)
0 )] = V a Rq [C(wc)] ≥ V a Rq [C(w(col)

0 )] if C j ∼ CS. (4.8)

Similar value at risk comparisons for V a Rq [U (w)] are also obtained between the
portfolio with weights w̃ and those with weights w = ṽ, ˜̃v. Namely, the following
result holds.

Theorem 4.1 Let q ∈ (0, 1/2). The following value at risk comparisons hold for the
component U (w) of decomposition (3.4):
(i) If Ui j ∼ CSLC, then V a Rq [U (w̃)] ≥ V a Rq [U (ṽ)] and V a Rq [U (w̃)] ≥

V a Rq [U ( ˜̃v)].
(ii) If Ui j ∼ CS, then V a Rq [U (w̃)] ≤ V a Rq [U (ṽ)] and V a Rq [U (w̃)] ≤

V a Rq [U ( ˜̃v)].
The main conclusions from the above value at risk comparisons for the portfolio com-
ponents U (w), R(w(row)

0 ) and C(w(row)
0 ) in (3.4) with weights wrc, ṽ,

˜̃v, w̃ and wrc

are summarized as follows. In the case of moderately heavy-tailed common shocks
Ri ,C j and idiosyncratic risks Ui j , we conclude that full diversification on the level
of underlying Yi j with weights wrc is preferred to any other portfolio choice, pro-
vided all the rc risks are available (left inequality in part (i) of Theorem 3.1). In
particular, the equal weights wrc are preferred to less diversification with weights w̃
where some of the risks may be taken with zero weights. Full diversification with
weightswrc at Yi j is also preferred to the portfolio of equally weighted indices Z (col)

i ,
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i = 1, . . . , r, with weights w = (n10/n, . . . , nr0/n)︸ ︷︷ ︸
r

∈ Ir and the portfolio of indices

with returns Z (row)
j , j = 1, . . . , c, and the weight vector w = (n01/n, . . . , n0c/n)︸ ︷︷ ︸

c

∈

Ic. In turn, comparisons (4.5) and (4.6) for the common shock parts R(w(row)
0 ) and

C(w(row)
0 ) in (3.4) and part (i) of Theorem 4.1 for U (w) suggest that the weight vec-

tors ṽ and ˜̃v may be preferred to the vector w̃ where some of the risks are included
with zero weights. These conclusions are similar to those in Sect. 13.B in Marshall and
Olkin (1979) for variance comparisons of linear estimators based on observations (1.2)
with E Ri = μ, EC j = 0, EUi j = 0, var(Ri ) = σ 2

R, var(C j ) = σ 2
C , var(Ui j ) =

σ 2
U , i = 1, . . . , r, j = 1, . . . , c.

These results are reversed for extremely heavy-tailed risks Ri ,C j and Ui j . In such
settings, the equal weights wrc are dominated by any other portfolio weights (left
inequality in part (ii) of Theorem 3.1). In contrast, the smallest VaR is achieved at the
weightswrc and the portfolio consisting of only one risk. In particular, the portfolio of
indices with returns Z (col)

i , i = 1, . . . , r, and weights w = (n10/n, . . . , nr0/n)︸ ︷︷ ︸
r

∈

Ir and the portfolio of indices with returns Z (row)
j , j = 1, . . . , c, and w =

(n01/n, . . . , n0c/n)︸ ︷︷ ︸
c

∈ Ic are preferred to the fully diversified portfolio of Y ′
i j s with

equal weights wrc. Inequalities (4.7) and (4.8) for R(w(row)
0 ) and C(w(row)

0 ) and part
(ii) of Theorem 4.1 for U (w) suggest that the weights w̃ may dominate the weights ṽ
and ˜̃v.

The results in (4.5)–(4.8) and Theorem 4.1 also indicate that, especially in the cases
where heavy-tailedness of the common shocks Ri and C j and that of the idiosyncratic
risks Ui j is of different degree (say, in the case of the assumptions Ui j ∼ CSLC
combined with Ri ∼ CS and C j ∼ CS), the VaR comparisons for the components

R(w(row)
0 ),C(w(col)

0 ) and U (w) in (3.4) do not point out to an optimal portfolio choice

among ṽ, ˜̃v and w̃. Thus, the optimal portfolio selection depends crucially on the dis-
tributional properties of common shocks Ri and C j and idiosyncratic risks Ui j .

5 When heavy-tailedness helps: value at risk for financial indices

In many real world situations, the sets of available risks in (1.2) or (1.3) are unbalanced
and include unequal number of rows for each column or unequal number of columns
for each row. In this section we show how the approach presented in the paper can be
applied in the analysis of such settings. We obtain the results for unbalanced analogues
of models (1.3) with one set of “row effects” common shocks Ri and focus on the
framework of value at risk comparisons for indices based on risks Yi j in such models.
The results can be extended to more general models, including those corresponding
to settings with two sets of common shocks in (1.2), risks in form (1.5) with varying
factor loadings and multiple common shock models (see the discussion and the results
in Sect. 7).
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Let n1 ≥ n2 ≥ . . . ≥ nr ≥ 1,
∑r

i=1 ni = n. Similar to the interpretation of weights
ṽi j and ˜̃vi j in Sect. 4, consider r equally weighted indices comprised, for i = 1, . . . , r,
of risks

Yi j = Ri + Ui j , j = 1, . . . , ni , (5.1)

with identically distributed common shocks Ri , i = 1, . . . , r, and identically dis-
tributed idiosyncratic risks Ui j , j = 1, . . . , ni , i = 1, . . . , r.4 As before, the r.v.’s
Ri ,Ui j j = 1, . . . , ni , i = 1, . . . , r, are assumed to be independent.. The return on
the index i is given by

Zi = 1

ni

ni∑
j=1

Yi j = Ri + 1

ni

ni∑
j=1

Ui j . (5.2)

As in Sects. 3 and 4, forw = (w1, . . . , wr ) ∈ Ir , denote by Z(w) the return on the
portfolio of the indices i = 1, . . . , r with returns Zi in (5.2) and weights w:

Z(w)=
r∑

i=1

wi Zi =
r∑

i=1

(Yi1+. . .+ Yini )

ni
wi =

r∑
i=1

wi Ri +
r∑

i=1

(Ui1+. . .+Uini )

ni
wi .

(5.3)

In what follows, for N ≥ 1, eN = (1, . . . , 1)︸ ︷︷ ︸
N

∈ RN will denote the N−vector of

ones. In addition, for m row vectors x (k) ∈ R1×Nk , Nk ≥ 1, k = 1, . . . ,m, we will
denote by x = (x (1), . . . , x (m)) ∈ R1×N , N = N1 + · · · + Nm, the vector with the
first N1 components equal to those of x (1), the next N2 components equal to those
of x (2), and so on: xi = x (1)i , i = 1, . . . , N1; xN1+i = x (2)i , i = 1, . . . , N2; …,

xN1+N2+···+Nm−1+i = x (m)i , i = 1, . . . , Nm .

Decomposition (5.3) can be written as

Z(w) = R(w)+ U (w̃), (5.4)

where R(w) is the return on the portfolio of common shocks Ri with weights w =
(w1, . . . , wr ) ∈ Ir , and U (w̃) = ∑r

i=1
∑ni

j=1 w̃i jUi j is the return on the portfolio of
idiosyncratic risks Ui j with weights w̃i j = wi/ni , j = 1, . . . , ni , i = 1, . . . , r, and

4 Equally weighted indices are quite common in financial markets, and their examples include the majority
of hedge fund indices (see Lhabitant 2008), the Value Line Arithmetic Index, Global Dow, the Thomson
Reuters Equal Weight Continuous Commodity Index, the Thomson Reuters/Jefferies CRB (Commodity
Research Bureau) Index, and others. We also note that since the results in the paper can be generalized to
models with varying factor loadings (see Sect. 7 and the discussion in the introduction), non-equal weighted
indices can also be covered by the analysis if certain restrictions are met.
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the corresponding weight vector

w̃ = (w̃11, . . . , w̃1n1, . . . , w̃r1, . . . , w̃rnr ) =
(
w1

n1
en1 , . . . ,

wr

nr
enr

)
∈ In . (5.5)

The return on the portfolio of the indices with equal weights

w(1) = wr = (1/r, . . . , 1/r)︸ ︷︷ ︸
r

∈ Ir (5.6)

is given by the sample mean of the risks Zi , i = 1, . . . , r :

Z(w(1)) = 1

r

r∑
i=1

Zi = 1

r

r∑
i=1

(Yi1 + · · · + Yini )

ni

= 1

r

r∑
i=1

Ri + 1

r

r∑
i=1

(Ui1 + · · · + Uini )

ni
. (5.7)

Similarly, the choice of portfolio weights

w(2) =
(n1

n
,

n2

n
, . . . ,

nr

n

)
(5.8)

produces the return Z(w(2)) equal to the sample mean of the underlying risks Yi j in
(5.1):

Z(w(2)) =
r∑

i=1

ni

n
Zi = 1

n

r∑
i=1

ni∑
j=1

Yi j , (5.9)

that is, in the notations of Sections 3 and 4, Z(w(2)) = Y (wn), where wn is the
portfolio with equal weights wn = (1/n, . . . , 1/n)︸ ︷︷ ︸

n

∈ In . In other words, while the

weightsw(1) reflect diversification on the level of indices with returns Zi , the weights
w(2) correspond to (full) diversification on the level of the underlying risks Yi j that
comprise these indices (see the discussion in Sections 3 and 4 for formalization of the
notions of diversification in terms of majorization relations for portfolio weights at
Yi j and Zi ).

Following the works in the statistics literature reviewed in Appendix A, we also
consider the portfolio weights w(3) = (w

(3)
1 , w

(3)
2 , . . . , w

(3)
r ) ∈ Ir and w(c) =

(w1(c), . . . , wr (c)) ∈ Ir , c ∈ [0, 1], with

w
(3)
i = ni (n − ni )

n2 − ∑m
s=1 n2

s
, i = 1, . . . , r, (5.10)
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and

wi (c) = ni [(ni − 1)c + 1]−1∑r
i=1 ni [(ni − 1)c + 1]−1

. (5.11)

For the weightsw(c), one hasw(0) = w(2) andw(1) = w(1) = wr .We also note that
the weight vectors w(1), w(2), w(3) and w(c) in (5.6), (5.8), (5.10) and (5.11) become
the same in the special case of balanced models with n1 = n2 = . . . = nr : w(l) =
w(c) = wr for all l = 1, 2, 3, and c ∈ [0, 1].

Theorems 5.1 and 5.2 provide value at risk comparisons for equally weighted indices
comprised of risks Yi j spanned by heavy-tailed common shocks Ri and idiosyncratic
risks Ui j . In both of them the degree of heavy-tailedness of common shocks Ri is
different from that for idiosyncratic risks Ui j .

Theorem 5.1 concerns the case of extremely heavy-tailed Ri and moderately heavy-
tailed Ui j .

Theorem 5.1 Let q ∈ (0, 1/2). Suppose that, in (5.1), Ri ∼ CS, i = 1, . . . r, and
Ui j ∼ CSLC, j = 1, . . . , ni , i = 1, . . . , r. Then the function V a Rq [Z(w(c))] is
non-decreasing in c ∈ [0, 1]. In particular,

V a Rq [Z(w(1))] ≥ V a Rq [Z(w(c))] ≥ V a Rq [Z(w(2))]

for all c ∈ [0, 1]. In addition,

V a Rq [Z(w(1))] ≥ V a Rq [Z(w(3))] ≥ V a Rq [Z(w(2))].

Theorem 5.2 shows that the conclusions of Theorem 5.1 are reversed in the case
where the common shocks Ri are moderately heavy-tailed and the idiosyncratic risks
Ui j are extremely heavy-tailed.

Theorem 5.2 Let q ∈ (0, 1/2). Suppose that, in (5.1), Ri ∼ CSLC, i = 1, . . . , r,
and Ui j ∼ CS, j = 1, . . . , ni , i = 1, . . . , r. Then the function V a Rq [Z(w(c))] is
non-increasing in c ∈ [0, 1]. In particular,

V a Rq [Z(w(2))] ≥ V a Rq [Z(w(c))] ≥ V a Rq [Z(w(1))]

for all c ∈ [0, 1]. In addition,

V a Rq [Z(w(2))] ≥ V a Rq [Z(w(3))] ≥ V a Rq [Z(w(1))].

Similar to Theorems 3.1 and 3.2, the results provided by Theorems 5.1 and 5.2 hold
for the value at risk comparisons for the components R(w) and U (w̃) in decomposition
(5.4) for the portfolio returns Z(w) (here and below, for weightsw = (w1, . . . , wr ) ∈
Ir at Zi ’s, w̃ ∈ In is the vector of weights at Ui j in (5.4) that corresponds to w by
(5.5)). These comparisons are provided in Theorem 5.3.

By the left majorization comparisons in (3.1), the portfolio weight vectorw(1) = wr
provides the most diversified portfolio of common shocks Ri and the vector w̃(2) = wn
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provides the most diversified portfolio of idiosyncratic risks Ui j .The portfolio weights

wi at Ri in decomposition (5.4) that correspond to the weights w̃(2)i j = 1/n, j =
1, . . . , ni , i = 1, . . . , r, at the risks Ui j (the risks Yi j ) are given by wi = ni/n, i =
1, . . . , r, and are thus different from the equal components w(1)i = 1/r of w(1). This
provides the intuition for the opposite results for the common shocks and idiosyn-
cratic risks in Theorem 5.3 and for different degrees of heavy-tailedness in Ri and Ui j

needed for the VaR comparisons in Theorems 5.1 and 5.2 to hold.

Theorem 5.3 Let q ∈ (0, 1/2). The following comparisons hold for the components
R(w) and U (w̃) in decomposition (5.4).

(i) Suppose Ri ∼ CSLC. Then the function V a Rq [R(w(c))] is non-increasing in
c ∈ [0, 1]. In particular,

V a Rq [R(w(2))] ≥ V a Rq [R(w(c))] ≥ V a Rq [R(w(1))]

for all c ∈ [0, 1]. In addition, V a Rq [R(w(3))] ≤ V a Rq [R(w(2))] and
V a Rq [R(w(1))] ≤ V a Rq [R(w)] for all w ∈ Ir .

(ii) Suppose Ri ∼ CS. Then the function V a Rq [R(w(c))] is non-decreasing in
c ∈ [0, 1]. In particular,

V a Rq [R(w(2))] ≤ V a Rq [R(w(c))] ≤ V a Rq [R(w(1))]

for all c ∈ [0, 1]. In addition, V a Rq [R(w(3))] ≥ V a Rq [R(w(2))] and
V a Rq [R(w(1))] ≥ V a Rq [R(w)] for all w ∈ Ir .

(iii) Suppose Ui j ∼ CSLC. Then the function V a Rq [U (w̃(c))] is non-decreasing
in c ∈ [0, 1]. In particular,

V a Rq [U (w̃(2))] ≤ V a Rq [U (w̃(c))] ≤ V a Rq [U (w̃(1))].

In addition, V a Rq [U (w̃(2))] ≤ V a Rq [U (w̃(3))] and V a Rq [U (w̃(2))] =
V a Rq [U (wn)] ≤ V a Rq [U (w̃)] for all w ∈ Ir .

(iv) Suppose Ui j ∼ CS. Then the function V a Rq [U (w̃(c))] is non-increasing in
c ∈ [0, 1]. In particular,

V a Rq [U (w̃(2))] ≥ V a Rq [U (w̃(c))] ≥ V a Rq [U (w̃(1))].

In addition, V a Rq [U (w̃(2))] ≥ V a Rq [U (w̃(3))] and V a Rq [U (w̃(2))] =
V a Rq [U (wn)] ≥ V a Rq [U (w̃)] for all w ∈ Ir .

It is interesting to compare the results provided by Theorems 5.1–5.3 with
the inequalities for the variances var [Z(w)] in relations (A.1)–(A.3) in Appendix
A. If both the common shock variables Ri and the idiosyncratic risks Ui j have
finite second moments and are thus thin-tailed, then solving the optimal portfo-
lio choice problem with minimization of the variance var [Z(w)] is problematic in
the following sense. First, the optimal solution is given by the portfolio weights
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wi (γ ) that depend on the value of the intraclass correlation γ which is typically
unknown. Second, in (A.2) and (A.3), the contributions to the variances of the
risks Z(w) from the common shock and the idiosyncratic risk parts VR and VU

are ordered in the opposite way for the diversified portfolio weights w(1) = wr
and w(2). This further holds regardless of the values of the variances σ 2

R and σ 2
U

of the r.v.’s Ri and Ui j . Thus, minimization of the variance var [Z(w)] does not
point out, even in the case of identically distributed R′

i s and U ′
i j s, to diversifi-

cation either on the level of indices i = 1, . . . , r with returns Zi (the case of
weights w(1) = wr ) or on the level of underlying risks Yi j (the case of weights
w(2)).

These conclusions are in sharp contrast with the results for the value at risk port-
folio choice under independence discussed in the introduction and reviewed at the
beginning of Sect. 3 (see Ibragimov 2009a,b; Ibragimov and Walden 2007, 2008).
They are also in contrast with the results for balanced models (1.2) presented in
Sects. 3 and 4. Namely, portfolio value at risk under independence or in balanced
models (1.2) is minimized at equal weights for all moderately heavy-tailed risks
with finite first moments (part (ii) of Proposition 3.1 and part (i) of Theorem 3.1).
Similarly, the solution to the value at risk minimization in such settings is given by
the portfolio consisting of one risk within the whole class of extremely heavy-tailed
risks with infinite first moments (part (ii) of Proposition 3.2 and part (ii) of Theo-
rem 3.1).

In the settings of Theorem 5.1, the value at risk V a Rq [Z(w(c))] of the portfolios
of indices i = 1, . . . , r, with weights w(c) defined in (5.11) is non-decreasing in
c ∈ [0, 1]. Thus, the choice of portfolio weights w(0) = w(2) in (5.8) and diver-
sification on the level of underlying risks Yi j is preferred, in terms of value at risk
comparisons, to w(c) with any c ∈ (0, 1]. In particular, w(0) = w(2) is preferred to
the portfolio of equal weights w(1) = w(1) = wr and the implied diversification on
the level of indices. In addition, as shown by Theorem 5.1, the weight vector w(2)

is preferred to w(3) that, in turn, dominates w(1) = wr in terms of the value at risk
comparisons for Z(w).

Under the assumptions of Theorem 5.2, the value at risk V a Rq [Z(w(c))] is non-
increasing in c ∈ [0, 1] for the weights w(c) in (5.11). Thus, in terms of VaR com-
parisons, the choice of equal weights w(1) = w(1) = wr and diversification on the
level of indices i = 1, . . . , r, is preferred to w(c) with any c ∈ [0, 1). The equal
weights w(1) = w(1) = wr for the portfolio of indices are preferred, in particular,
to the weights w(0) = w(2) and the implied diversification on the level of individual
risks Yi j . Theorem 5.2 shows that the weight vector w(1) = wr is also preferred to
w(3) and w(3) is preferred to w(2).

Parts (i) and (iii) of Theorem 5.3 show that, if all the variables Ri ,Ui j (and,
thus, the risks Yi j in (5.1)) are moderately heavy-tailed, then the orderings of the
value at risks for the portfolio components R(w) and U (w̃) in (5.4) with weights
w = w(1), w(2), w(3) are the same as in the case of variance comparisons in relations
(A.2) and (A.3) in Appendix A. In addition, these comparisons do not point out to
optimality of w(1) or w(2) within these three weight vectors or among the weights
w(c), c ∈ [0, 1], in (5.11). In other words, similar to variance minimization used
as the portfolio choice criterion, the value at risk comparisons do not point out to
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diversification either on the level of indices i = 1, . . . , r with returns Zi (the case of
weights w(1)) or on the level of underlying risks Yi j (the case of weights w(2)).

Parts (ii) and (iv) of Theorem 5.3 show that the above conclusions are reversed in
the case where all the variables Ri ,Ui j (and, thus, the risks Yi j in (5.1)) are extremely
heavy-tailed. In such setting, the orderings of the value at risks for the portfolio com-
ponents R(w) and U (w̃) in (5.4) with weights w = w(1), w(2), w(3) are the opposite
to those in the case of variance comparisons in (A.2) and (A.3) and the case of VaR
under moderate heavy-tailedness given by parts (i) and (iii) of Theorem 5.3. How-
ever, again, these orderings do not imply optimality of w(1) or w(2) within these three
weight vectors or within the weight vectors w(c), c ∈ [0, 1]. Thus, the orderings do
not imply optimality of diversification either on the level of indices i = 1, . . . , r with
returns Zi or the underlying risks Yi j .

6 From risk management to statistics and econometrics: efficiency of linear
estimators in random effects models

As indicated in the introduction, the value at risk results presented in the paper can
be reformulated in the framework of the analysis of efficiency of linear estimators
in random effects models (see also the discussion and review in Appendix A). As
an example, in this section we discuss the implications of the results in Sect. 5 for
efficiency of linear estimators in unbalanced two-stage nested design random effects
models like (5.1). Using the results in Sects. 3 and 4 and in the next section, similar
extensions can be obtained for linear estimators of location in two-way classification
random effects models (1.2) and their analogues with more than two common shocks
and varying factor loadings.

Similar to (5.1), we consider observations from the model

Yi j = μ+ Ri + Ui j , j = 1, . . . , ni , i = 1, . . . , r, (6.1)

where μ ∈ R and Ri and Ui j are symmetric and unimodal r.v.’s. Similar to Sects. 3–5,
in this section it is assumed that the variables Ri and Ui j are independent of each other
and are independent and identically distributed among themselves.

A natural approach to comparisons of estimators of a population parameter under
heavy-tailedness is that based on the likelihood of observing large deviations of these
estimators from the true value of the parameter.

Let θ̂ (1) and θ̂ (2) be two estimators of the location parameter μ in model (6.1).
Following the above approach, we say, similar to Ibragimov (2007), that the estimator
θ̂ (1) is (weakly) more efficient than θ̂ (2) in the sense of peakedness (P−more efficient

than θ̂ (2) for short) if P
(
|θ̂ (1) − μ| > ε

)
≤ P

(
|θ̂ (2) − μ| > ε

)
for all ε > 0.

For w = (w1, . . . , wr ) ∈ Ir , consider the linear estimators Z(w) of the location
parameter μ in form (5.3), with Zi , i = 1, . . . , r, defined in (5.2):

Z(w) =
r∑

i=1

wi Zi , Zi = 1

ni

ni∑
j=1

Yi j . (6.2)
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As in the Sect. 5, we deal with the weight vectors w = w(1), w(2), w(3), w(c)
defined in (5.6), (5.8), (5.10) and (5.11). Theorems 6.1 and 6.2 below provide P−effi-
ciency comparisons for linear estimators Z(w) with the above weights considered, in
the context of value at risk analysis, in Sect. 5.

Theorem 6.1 Let ε > 0. Suppose that, in (1.3), Ri ∼ CS, i = 1, . . . r, and Ui j ∼
CSLC, j = 1, . . . , ni , i = 1, . . . , r.Then the function τ(c) = P [|Z(w(c))− μ| > ε]
is non-decreasing in c ∈ [0, 1]. In particular,

P
[∣∣∣Z(w(1))− μ

∣∣∣ > ε
]

≥ P [|Z(w(c))− μ| > ε] ≥ P
[∣∣∣Z(w(2))− μ

∣∣∣ > ε
]
.

In addition,

P
[∣∣∣Z(w(1))− μ

∣∣∣ > ε
]

≥ P
[∣∣∣Z(w(3))− μ

∣∣∣ > ε
]

≥ P
[∣∣∣Z(w(2))− μ

∣∣∣ > ε
]
.

Theorem 6.2 Let ε > 0. Suppose that, in (1.3), Ri ∼ CSLC, i = 1, . . . r, and Ui j ∼
CS, j = 1, . . . , ni , i = 1, . . . , r. Then the function τ(c) = P [|Z(w(c))− μ| > ε] is
non-increasing in c ∈ [0, 1]. In particular,

P
[∣∣∣Z(w(2))− μ

∣∣∣ > ε
]

≥ P [|Z(w(c))− μ| > ε] ≥ P
[∣∣∣Z(w(1))− μ

∣∣∣ > ε
]
.

In addition,

P
[∣∣∣Z(w(2))− μ

∣∣∣ > ε
]

≥ P
[∣∣∣Z(w(3))− μ

∣∣∣ > ε
]

≥ P
[∣∣∣Z(w(1))− μ

∣∣∣ > ε
]
.

Theorems 6.1 and 6.2 show that P−efficiency comparisons in models (6.1) under
heavy-tailedness are similar to VaR results in risk models (5.1) dealt with in the pre-
vious section. In particular, the results in Theorems 6.1 and 6.2 are in contrast to the
case of variance comparisons for linear estimators Z(w) in the literature discussed
in Sect. 5 and Appendix A. Namely, in contrast to the results for variances, under
extreme heavy-tailedness in the common shocks Ri and moderate heavy-tailedness
in the idiosyncratic risks Ui j , P−efficiency comparisons point out to optimality of
Z(w(2)) = Z(w(0)) among the estimators Z(w(c)), c ∈ [0, 1] (Theorem 6.1). The
estimator Z(w(2)) is also more P−efficient than Z(w(1)) and Z(w(3)).

Similarly, in the case of moderate heavy-tailedness in Ri and extreme heavy-tail-
edness in Ui j , P−efficiency of the estimators Z(w(c)), c = [0, 1], is maximal under
equal weightswr = w(1) (Theorem 6.2). The estimator Z(w(1)) is also more P−effi-
cient than Z(w(2)) and Z(w(3)).

7 Extensions: multiple additive and multiplicative common shocks

The analysis presented in this paper can be extended to the case where the underlying
risks Y in the portfolios exhibit dependence with more than two common shocks.
For instance, let m ≥ 1, and let N1, N2, . . . , Nm ∈ N. Denote L = ∏m

s=1 Ns .
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One can show that the analogues of the results in Sect. 3 also hold for the multi-
ple shock extensions of (1.2) given by

Yi1,i2,...,im =
m∑

s=1

∑
1≤ j1<...< js≤m

U ( j1,..., js )
i j1 ,··· ,i js

, (7.1)

1 ≤ ik ≤ Nk, k = 1, . . . ,m, where the variables U ( j1,..., js )
i j1 ,...,i js

are independent over all
the indices 1 ≤ j1 < · · · < js ≤ m, s = 1, . . . ,m, 1 ≤ ik ≤ Nk, k = 1, . . . ,m. The
underlying risks Y in (7.1) have dependence structures exhibited by sums of U−sta-
tistics. Such dependence structures and a number of probabilistic and statistical results
for them are discussed, among others, in de la Peña et al. (2002, 2003) and references
therein.

A particular case of models (7.1) with m = 3 is given by the risks

Yi, j,k = U (1)
i + U (2)

j + U (3)
k + U (4)

i j + U (5)
ik + U (6)

jk + Ui jk, (7.2)

1 ≤ i ≤ N1, 1 ≤ j ≤ N2, 1 ≤ k ≤ N3, where the summands are independent
over all the indices. Specifications (7.1) also include, for instance, multi-stage nested
design random effects models with U ( j1,..., js )

i j1 ,...,i js
= 0 for ( j1, . . . , js) 
= (1, . . . , s) :

Yi1,i2,...,im = U (1)
i1

+ U (2)
i1,i2

+ · · · + U (m)
i1,i2,...,im

, and multi-way classification random
effects models and their analogues (see Koch, 1967a,b).

Consider the portfolios of risks Yi1,i2,...,im in (7.1) with weights wi1,i2,...,im ∈ R+
such that

∑N1
i1=1 . . .

∑Nm
im=1wi1,i2,...,im = 1. Let w ∈ IL denote the corresponding

weight vector with components wi1,i2,...,im . The return on the portfolio with weights
wi1,i2,...,im is given by Y (w) = ∑N1

i1=1 . . .
∑Nm

im=1wi1,i2,...,im Yi1,i2,...,im . As in Sect. 3,

one concludes that, in the case of moderately heavy-tailed U ( j1,..., js )
i j1 ,...,i js

∼ CSLC, the

value at risk V a Rq [Y (w)] of Y (w),w ∈ IL is minimized in the case of the most
diversified portfolio with equal weights wi1,i2,...,im

= (1/L , . . . , 1/L)︸ ︷︷ ︸
L

∈ IL . In such

settings, the value at risk V a Rq [Y (w)], w ∈ IL , is maximized in the case of the least
diversified portfolio with weights wi1,i2,...,im = (1, 0, . . . , 0)︸ ︷︷ ︸

L

∈ IL that consists of

only one risk.
These comparisons are reversed for extremely heavy-tailed U ( j1,..., js )

i j1 ,...,i js
∼ CS.Under

extreme heavy-tailedness, the equal weightswi1,i2,...,im
= (1/L , . . . , 1/L) ∈ IL max-

imize the portfolio value at risk V a Rq [Y (w)] over w ∈ IL . In contrast, the minimal
portfolio value at risk over w ∈ IL is achieved for the least diversified portfolio with
weights wi1,i2,...,im = (1, 0, . . . , 0) ∈ IL .

The analysis in the paper can also be generalized to the settings where the sum-
mands Ri ,C j and Ui j in model (1.2) and its analogues (including the case of multiple

additive common shocks U ( j1,..., js )
i j1 ,...,i js

in (7.1)), exhibit dependence. For instance, using
in the proof the extensions of the results in Propositions 3.1 and 3.2 to the case
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of dependence discussed in Ibragimov (2005, 2009b) and Ibragimov and Walden
(2007) one obtains that all the results in the paper also hold in settings where the risks
Ri ,C j and Ui j in (1.2) and (1.3) are dependent among themselves or are bounded.
These generalizations include models (1.2) and (1.3) in which the vectors of com-
mon shocks (R1, . . . , Rr ) and (C1, . . . ,Cc) and the vector of idiosyncratic errors
(U11, . . . ,U1c, . . . ,Ur1, . . . ,Urc) have distributions which are convolutions of α−
symmetric distributions (see Fang et al. 1990, and the review in Ibragimov 2005,
2009b, and Ibragimov and Walden 2007).

An N−dimensional distribution is called α−symmetric if its c.f. can be written as
φ[(∑N

i=1 |ti |α)1/α],where φ : R+ → R is a continuous function (with φ(0) = 1) and
α > 0. An important property of α−symmetric distributions is that, similar to stable
laws, they satisfy property (2.2). The class of α−symmetric distributions contains, as
a subclass, spherical (also referred to as spherically symmetric) distributions corre-
sponding to the case α = 2 (see Fang et al. 1990, p. 184). Spherical distributions, in
turn, include such examples as Kotz type, multinormal, multivariate t and multivariate
spherically symmetric α−stable distributions (Fang et al. 1990, Ch. 3). Spherically
symmetric stable distributions have c.f.’s

exp

⎡
⎣−λ

(
N∑

i=1

t2
i

)γ /2⎤
⎦ , 0 < γ ≤ 2, (7.3)

and are, thus, examples of α−symmetric distributions with α = 2 (that is, of spherical
distributions) and φ(x) = exp(−xγ ). For any 0 < α ≤ 2, the class of α−symmet-
ric distributions includes distributions of vectors of risks (X1, . . . , X N ) that have the
common factor representation

(X1, . . . , X N ) = (ZY1, . . . , ZYN ), (7.4)

where Yi ∼ Sα(σ, 0, 0) are i.i.d. symmetric stable r.v.’s with σ > 0 and the index
of stability α and Z ≥ 0 is a nonnegative r.v. independent of Y ′

i s (see Fang et al.
1990, p. 197). Although the dependence structure in model (7.4) alone is restrictive,
convolutions of such vectors provide a natural framework for modeling of random
environments with different common shocks Z , such as macroeconomic or political
ones, that affect all risks Xi (see Andrews 2003, 2005, and the discussion in the intro-
duction). In the case Z = 1 (a.s.), model (7.4) represents vectors with i.i.d. symmetric

stable components that have c.f.’s exp
[
−λ∑N

i=1 |ti |α
]

which are particular cases of

c.f.’s of α−symmetric distributions with φ(x) = exp(−λxα).
Multiplicative common shock specifications (7.4) provide extensions of models

(1.2) with Ri = ∑m1
s=1 Fs R̃is,C j = ∑m2

s=1 GsC̃ js,Ui j = ∑m3
s=1 HsŨi js, where the

risks Fs,Gs, Hs > 0 and Ris,C js,Ui js are independent of each other and among
themselves. In these extensions, in addition to the two common shocks R̃ and C̃ as
in (7.4), the risks Yi j in are also affected by m1 + m2 + m3 common multiplicative
shocks F,G and H.

123



308 R. Ibragimov, J. Walden

As discussed in Ibragimov (2005, 2009b), and Ibragimov and Walden (2007), con-
volutions ofα−symmetric distributions exhibit both heavy-tailedness in marginals and
dependence among them. For instance, convolutions of models (7.4) with α < 1 have
extremely heavy-tailed marginal distributions with infinite means. On the other hand,
convolutions of such models with 1 < α ≤ 2 can have marginals with power moments
finite up to a certain positive order (or finite exponential moments) depending on α and
the choice of the r.v.’s Z . For instance, convolutions of models (7.4) with 1 < α < 2
and E |Z | < ∞ have finite means but infinite variances. However, marginals of such
convolutions have infinite means if E |Z | = ∞. The moments E |ZYi |p, p > 0, of
marginals in models (7.4) with α = 2 (that correspond to normal r.v.’s Yi ) are finite
if and only if E |Z |p < ∞. In particular, all marginal power moments in models (7.4)
with α = 2 are finite if E |Z |p < ∞ for all p > 0. Similarly, marginals of spherically
symmetric (that is, 2-symmetric) distributions range from extremely heavy-tailed to
thin-tailed ones. For example, marginal moments of spherically symmetric stable dis-
tributions with c.f.’s (7.3) are finite if and only if their order is less than γ . Marginal
moments of a multivariate t−distribution with k degrees of freedom which is a an
example of a spherical distribution are finite if and only if the order of the moments
is less than k. These distributions were used in a number of works to model heavy-
tailedness phenomena with moments up to some order (see the reviews in Ibragimov
2009b, and Ibragimov and Walden 2007, and references therein).

Let� stand for the class of c.f. generators φ such that φ(0) = 1, limt→∞ φ(t) = 0,
and the functionφ′(t) is concave. For 0 < α ≤ 2, denote by GN (α) the class of random
vectors (X1, . . . , X N ) with dependent components that satisfy one of the following
conditions:

(C1) (X1, . . . , X N ) is a sum of k independent random vectors (Y1 j , . . . ,YN j ), j =
1, . . . , k, where (Y1 j , . . . ,YN j ) has an absolutely continuous α−symmetric
distribution with φ j ∈ � and α j ∈ (0, 2];

(C2) (X1, . . . , X N ) is a sum of k random vectors (Y1 j , . . . ,YN j ) = (Z j V1 j , . . . ,

Z j VN j ), j = 1, . . . , k, in (7.4) with independent r.v.’s Z j , Vi j , j =
1, . . . , k, i = 1, . . . , N , such that Z j are positive and absolutely continuous
and Vi j ∼ Sα j (σ j , 0, 0), σ j > 0, α j ∈ (0, 2]. That is, Xi = ∑k

j=1 Z j Vi j for
i = 1, . . . , N .

Theorems 5.1 and 5.2 in Ibragimov (2009b) provide the following extensions of
the VaR and diversification comparisons in Propositions 3.1 and 3.2 to the case of
dependence.

Proposition 7.1 (Ibragimov 2009b, Theorems 5.1and 5.2) Let (X1, X2, . . . , X N ) ∈
GN (α), α ∈ (0, 2]. Then Proposition 3.1 holds if α ∈ [1, 2], and Proposition 3.2 holds
if α ∈ (0, 1].

Using the VaR comparisons under dependence given by Proposition 7.1, one can
show that the results in the paper continue to hold for the case of dependent common
shocks Ri and C j and idiosyncratic risks Ui j . In particular, the following results hold.

Theorem 7.1 Let (R1, R2, . . . , Rr ) ∈ Gr (αr ), (C1,C2, . . . ,Cc) ∈ Gc(αc) and
(U11,U12, . . . ,Urc) ∈ Grc(αu) with αr , αc, αu ∈ (0, 2]. Part (i) of Theorem 3.1;
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parts (i), (iii) and (v) of Theorem 3.2; relations (4.5) and (4.6); part (i) of Theorem 4.1
and parts (i) and (iii) of Theorem 5.3 hold if αr , αc, αu ∈ [1, 2]. Part (ii) of Theo-
rem 3.1; parts (ii), (iv) and (vi) of Theorem 3.2; relations (4.7) and (4.8); part (ii)
of Theorem 4.1 and parts (ii) and (iv) of Theorem 5.3 hold if αr , αc, αu ∈ (0, 1].
Theorems 5.1 and 6.1 hold if αr ∈ (0, 1] and αu ∈ [1, 2]. Theorems 5.2 and 6.2 hold
if αr ∈ [1, 2] and αu ∈ (0, 1].

The results in the paper can also be extended to portfolio choice problems for non-
identically distributed risks. In addition, the results in the paper continue to hold for
risk settings more general than common shock structures (1.2) and (1.3) considered so
far for simplicity of presentation and the arguments. In particular, the results continue
to hold for models (1.5) with varying factor loadings. As an example of the above
generalizations, Theorem 7.2 provides the analogues of the results in Theorems 5.1
and 5.2 for the unbalanced one-factor case of (1.5) given by

Yi j = βi j Ri + Ui j , j = 1, . . . , ni , i = 1, . . . , r, (7.5)

n1 ≥ n2 ≥ · · · ≥ nr ,
∑r

i=1 ni = n, where Ri ∼ Sα(σi , 0, 0),Ui j ∼ Sα′(σ ′
i j ,

0, 0), α, α′ ∈ (0, 2], σi , σ
′
i j > 0, j = 1, . . . , ni , i = 1, . . . , r, are indepen-

dent not necessarily identically distributed heavy-tailed stable r.v.’s. Denote σ̃i =
1
ni

(∑ni
j=1 βi j

)
σi . Observe that the within-group orderings σ ′

i1 ≤ · · · ≤ σ ′
i,ni

and

σ ′
i1 ≥ · · · ≥ σ ′

i,ni
, i = 1, . . . , r, for the scale parameters σ ′

i j in Theorem 7.2 do not
restrict generality.

Theorem 7.2 Theorem 5.1 holds for (7.5) if α ≤ 1, α′ ≥ 1, σ̃1 ≤ · · · ≤ σ̃r and
σ ′

11 ≤ · · · ≤ σ ′
1,n1

≤ σ ′
21 ≤ · · · ≤ σ ′

2,n2
≤ · · · ≤ σ ′

r1 ≤ · · · ≤ σ ′
r,nr
. Theorem 5.2

holds for (7.5) if α ≥ 1, α′ ≤ 1, σ̃1 ≥ · · · ≥ σ̃r and σ ′
11 ≥ · · · ≥ σ ′

1,n1
≥ σ ′

21 ≥ · · · ≥
σ ′

2,n2
≥ · · · ≥ σ ′

r1 ≥ · · · ≥ σ ′
r,nr
.

As discussed in Sect. 5, the degree of heavy-tailedness of the common shocks Ri

in Theorems 5.1, 5.2 and 7.2 is different from that for the idiosyncratic risks Ui j . It is
interesting to compare the theorems with the results in Theorem 7.3 below for models
(7.5) with varying factor loadings and heavy-tailed risks Ri and Ui j with non-identical
distributions. In contrast to Theorems 5.1, 5.2 and 7.2, the degrees of heavy-tailedness
of the common factors Ri and the errors Ui j in Theorem 7.3 are the same. Denote

σ̃ ′
i = 1

ni

(∑ni
j=1(σ

′
i j )
α′)1/α′

, i = 1, . . . , r.

Theorem 7.3 Theorem 5.1 holds for (7.5) if α, α′ ≤ 1, σ̃1 ≤ · · · ≤ σ̃r and σ̃ ′
1 ≤ · · · ≤

σ̃ ′
r . Theorem 5.2 holds for (7.5) if α, α′ ≥ 1, σ̃1 ≥ · · · ≥ σ̃r and σ̃ ′

1 ≥ · · · ≥ σ̃ ′
r .

Theorems 7.2 and 7.3 illustrate that portfolio diversification decisions are affected by
the risk structures dealt with and the interplay between dependence and heterogene-
ity properties of the risks in consideration. Note, in particular, that the assumptions
in Theorems 7.2 include the homogeneous case βi j = β, σi = σ, σ ′

i j = σ ′, j =
1, . . . , ni , i = 1, . . . , r. However, the assumptions in Theorem 7.3 require heteroge-
neity in the idiosyncratic risks Ui j . As is easy to see, since n1 ≥ n2 ≥ · · · ≥ nr ,
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the orderings σ̃ ′
1 ≤ · · · ≤ σ̃ ′

r for α′ ≤ 1 and σ̃ ′
1 ≥ · · · ≥ σ̃ ′

r for α′ ≥ 1 in
the latter theorem cannot hold under homogeneity σ ′

i j = σ ′ in the r.v.’s Ui j unless
n1 = n2 = · · · = nr or α′ = 1. As indicated in Sect. 5, in the balanced case
n1 = n2 = · · · = nr , the vectors w(1), w(2), w(3) and w(c) in Theorems 5.1 and 5.2
become the same: w(l) = w(c) = wr for all l = 1, 2, 3, and c ∈ [0, 1]. In the special
case α′ = 1 with the stable risks Ui j ∼ S1(σ

′, 0, 0), the conditions in Theorem 7.3
involve only the assumptions on the scale parameters σi and the tail index α for the
common shocks Ri . The latter assumptions on the degrees of heavy-tailedness of R′

i s
(α ≤ 1 or α ≥ 1) are similar to those in Theorems 5.1 and 5.2. We further note that,
as indicated in Remark 3.1, the VaR comparisons in Theorems 5.1 and 5.2 hold as
equalities in the case α = α′ = 1.

Similar to the arguments for the results in Sect. 6, from Theorems 7.2 and 7.3 it
follows that Theorems 6.1 and 6.2 also hold (in the same assumptions on the com-
mon shocks Ri and the idiosyncratic risks Ui j as in Theorems 7.2 and 7.3) for the
factor models Yi j = μ + βi j Ri + Ui j , j = 1, . . . , ni , i = 1, . . . , r. Furthermore,
similar to the proof of Theorems 7.1–7.3, one can also obtain their analogues for risk
models with more than two additive shocks, like those in (7.1). In addition, similar
to Theorems 7.1–7.3, one can also obtain extensions of the results in the paper for
dependent and possibly non-identically distributed risks, including convolutions of
scaled α−symmetric random vectors.

8 Conclusion

Our analysis illustrates the generality of the majorization-based approach to the study
of portfolio diversification and value at risk. In particular, the results in this paper show
that the approach can be used in a wide range of dependent models, including those
with multiple additive common shocks.

Similar to the case of independence, the tail index threshold α = 1 and finiteness of
first moments of some of the risk components is the boundary between the robustness
and reversals of the standard results in the variance minimization framework. Usually,
these reversals under extreme heavy-tailedness point away from diversification, like
the results in Sects. 3 and 4.

Surprisingly, however, for some important problems—including the optimal port-
folio choice for indices of dependent heavy-tailed risks—the implications are opposite
and diversification is optimal when risks are extremely heavy-tailed, as discussed in
Sect. 5. The value of diversification thus depends crucially on the interplay among
heavy-tailedness, dependence and heterogeneity properties of the risks involved.

Appendix A: Majorization and comparisons of location estimators

A number of works in statistics and its applications have focused on the estimation of
location in models (6.1) that are referred to in the fields as two-stage nested design,
random effects location models. Several authors have considered variance decom-
positions and efficiency comparisons for location estimators in such models (see the
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discussion and reviews in Weiler and Culpin 1970; Section 13.B in Marshall and Olkin
1979; Birkes et al. 1981; El-Bassiouni and Abdelhafez 2000, and references therein).

Suppose that E Ri = 0, var(Ri )= σ 2
R, EUi j = 0, var(Ui j ) = σ 2

U , j = 1, . . . , ni ,

i = 1, . . . , r. Evidently, for the variables Z(w) in (6.2), one has

var [Z(w)] = σ 2
R VR(w)+ σ 2

U VU (w), (A.1)

where VR(w) = ∑r
i=1w

2
i and VU (w) = ∑r

i=1
w2

i
ni
.

In the framework of inference on the location μ using linear unbiased estimators,
Cochran (1954) recommends using the unweighted (Z(w(1)) in (6.2) withw(1) in (5.6))
and weighted (Z(w(2)) with the weights w(2) in (5.8)) averages of group means, for
large and small values of the intraclass correlation γ = σ 2

R/(σ
2
R + σ 2

U ), respectively.
Birkes et al. (1981) show that the minimal complete class of linear unbiased estimators
of μ is given by Z(w(c)) in (6.2) with the weightsw(c) in (5.11). It is straightforward
to show that if the intraclass correlation γ = σ 2

R/(σ
2
R + σ 2

U ) is known, then the var-
iance var [Z(w)], w ∈ Ir , in (A.1) is minimized under the choice of weights w(γ ).
Birkes et al. (1981) further focus on the analysis of efficiency eff(c, γ ) for estimators
Z(w(c)) defined as the ratio eff(c, γ ) = var [Z(w(c))]/var [Z(w(γ ))] of the variance
of Z(w(c)) to the least possible variance var [Z(w(γ ))] of linear unbiased estimators
of μ in (6.1). The authors identify the maximin efficiency estimator Z(w(c∗)) that
maximizes (over c ∈ [0, 1]) the minimum possible efficiency minγ∈[0,1] eff(c, γ ).
The value c∗ is found from the equation nVU (w(c∗)) = r VR(w(c∗)), that is,
n

∑r
i=1w

2
i (c

∗)/ni = r
∑r

i=1w
2
i (c

∗).5
Koch (1967a) discusses variance decompositions (A.1) for the averages Z(w(1))

and Z(w(2)) in (6.2) with w(1) and w(2) in (5.6) and (5.8). He shows that the statistics
Z(w(1)) and Z(w(2)) have the opposite orderings of the contributions to their variances
in (A.1) from the row effects and the idiosyncratic error parts VR and VU . More pre-
cisely, as shown in Koch (1967a), VR(w

(1)) ≤ VR(w
(2)) and VU (w

(1)) ≥ VU (w
(2)).6

Koch (1967a) further conjectures that for the weights w(3) in (5.10) one has

VR[Z(w(1))] ≤ VR[Z(w(3))] ≤ VR[Z(w(2))] (A.2)

and

VU [Z(w(1))] ≥ VU [Z(w(3))] ≥ VU [Z(w(2))]. (A.3)

This conjecture was proven by Low (1970) using some inequalities implied by maj-
orization theory. An alternative more direct proof of the conjecture is provided in

5 If one compares the estimators Z(w) by variances instead of efficiencies, then it is easy to show that, as
discussed in Birkes et al. (1981), the unweighted average Z(wr ) of group means in (6.2) with wr in (5.6)
has the optimal property of being the “minimax variance” linear unbiased estimator of μ in models (6.1)
with fixed σ 2

R + σ 2
U . More precisely, var [Z(wr )] = minw∈Ir maxγ∈[0,1] var [Z(w)], where, from (A.1),

var [Z(w)] = (σ 2
R + σ 2

U )[γ VR(w) + (1 − γ )VU (w)], and maxγ∈[0,1] var [Z(w)] = (σ 2
R + σ 2

U )VR(w)

since VR(w) ≥ VU (w) for all w ∈ Ir .
6 Due to a typo, the inequality sign in the second of these two relations is reversed in the review on p. 393
in Marshall and Olkin (1979).
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Sect. 13.B in Marshall and Olkin (1979). As discussed by Birkes et al. (1981), the
maximin efficiency of Z(w(c∗)) compares favorably with efficiency of Z(w(k)), k =
1, 2, 3.

Appendix B: Proofs

The proof of Theorems 3.1, 5.1 and 5.2 is based on the results in Theorems 3.2 and
5.3; this explains the order of the arguments presented below.

Proof of Theorem 3.2. Parts (i) and (ii) of Theorem 3.2 follow from Propositions 3.1
and 3.2 and majorization comparisons wrc ≺ w ≺ wrc for all w ∈ Irc implied by
(3.1) with N = rc.

Using (3.1) with N = r and N = c we conclude that, for the vectors w(row)
0 and

w
(col)
0 in (3.2) and (3.3), one has

w
(row)
0 ≺ w

(row)
0 ≺ w

(row)
0 , (B.1)

w
(col)
0 ≺ w

(col)
0 ≺ w

(col)
0 , (B.2)

where, as in Sect. 3, w(row)
0 = wr = (1/r, 1/r, . . . , 1/r)︸ ︷︷ ︸

r

∈ Ir , w
(col)
0 = wc =

(1/c, 1/c, . . . , 1/c)︸ ︷︷ ︸
c

∈ Ic, w
(row)
0 = (1, 0, . . . , 0)︸ ︷︷ ︸

r

= wr ∈ Ir and w
(col)
0 =

(1, 0, . . . , 0)︸ ︷︷ ︸
c

= wc ∈ Ic are the vectors that correspond to wrc and wrc by (3.2)

and (3.3). Majorization comparisons (B.1) and (B.2), together with Propositions 3.1
and 3.2, imply parts (iii)–(vi) of Theorem 3.2. ��
Proof of Theorem 3.1 Let Ri ,C j ,Ui j ∼ CS, i = 1, . . . , r, j = 1, . . . , c, and let
w ∈ Irc. From part (ii) of Theorem 3.2 it follows that the risks U (w) in decomposi-
tion (3.4) satisfy

V a Rq [U (wrc)] ≥ V a Rq [U (w)] ≥ V a Rq [U (wrc)], q ∈ (0, 1/2). (B.3)

In addition, from parts (iv) and (vi) of Theorem 3.2 we conclude that the follow-
ing value at risk comparisons hold for the components R(w(row)

0 ) and C(w(col)
0 ) in

decomposition (3.4):

V a Rq [R(w(row)
0 )] ≥ V a Rq [R(w(row)

0 )] ≥ V a Rq [R(w(row)
0 )], q ∈ (0, 1/2), (B.4)

V a Rq [C(w(col)
0 )] ≥ V a Rq [C(w(col)

0 )] ≥ V a Rq [C(w(col)
0 )], q ∈ (0, 1/2), (B.5)

where w(row)
0 = wr ∈ Ir , w

(row)
0 = wr ∈ Ir , w

(col)
0 = wc ∈ Ic and w(col)

0 = wc ∈
Ic are the vectors that correspond to wrc and wrc by (3.2) and (3.3).

From Theorem 2.7.6 in Zolotarev (1986), p. 134, and Theorems 1.6 and 1.10 in
Dharmadhikari and Joag-Dev (1988), pp. 13 and 20, by induction it follows that
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the densities of the r.v.’s R(w(row)
0 ),C(w(col)

0 ) and U (w) are symmetric and uni-
modal if the assumptions of Theorem 3.1 hold. From Lemma in Birnbaum (1948)
(see also Theorem 3.D.4 on p. 173 in Shaked and Shanthikumar 2007) it follows
that if X1, . . . , Xn and Y1, . . . ,Yn are independent absolutely continuous symmetric
unimodal r.v.’s such that, for i = 1, 2, . . . , n, and all q ∈ (0, 1/2), V a Rq(Xi ) ≤
V a Rq(Yi ), then V a Rq(

∑n
i=1 Xi ) ≤ V a Rq(

∑n
i=1 Yi ) for all q ∈ (0, 1/2).

This, together with inequalities (B.3)–(B.5) implies that, for all q ∈ (0, 1/2),

V a Rq [R(w(row)
0 )+ C(w(col)

0 )+ U (wrc)] ≥ V a Rq [R(w(row)
0 )+ C(w(col)

0 )+ U (w)]
≥ V a Rq [R(w(row)

0 )+ C(w(col)
0 )+ U (wrc)].

Consequently,

V a Rq [Y (wrc)] ≥ V a Rq [Y (w)] ≥ V a Rq [Y (wrc)] (B.6)

for all q ∈ (0, 1/2). Thus, part (ii) of Theorem 3.1 holds. Part (i) of Theorem 3.1
may be proven in a similar way, with the use of parts (i), (iii) and (v) of Theorem 3.2
instead of parts (ii), (iv) and (vi) of the theorem. ��
Proof of Theorem 4.1 The theorem follows from parts (i) of Propositions 3.1 and 3.2
and the majorization comparisons between ṽ and w̃ and between ṽ and ˜̃w given by
(4.3) and (4.4). ��

For the proof of Theorems 5.1–5.3 we need a lemma that follows from Proposition
5.B.1 in Section 5.B in Marshall and Olkin (1979) applied with condition (a’) in that
section.

Lemma B.1 (Marshall and Olkin 1979, Proposition 5.B.1) If a1 ≥ · · · ≥ ar > 0,
b1 ≥ · · · ≥ br > 0 and bi/ai is non-increasing in i = 1, . . . , r, then

(
a1∑r
i=1 ai

, . . . ,
ar∑r
i=1 ai

)
≺

(
b1∑r
i=1 bi

, . . . ,
br∑r
i=1 bi

)
. (B.7)

If 0 < a1 ≤ · · · ≤ ar , 0 < b1 ≤ · · · ≤ br and bi/ai is non-decreasing in i = 1, . . . , r,
then
(

a1∑r
i=1 ni ai

en1, . . . ,
ar∑r

i=1 ni ai
enr

)
≺

(
b1∑r

i=1 ni bi
en1 , . . . ,

br∑r
i=1 ni bi

enr

)
,

(B.8)

where, as in Sect. 5, for N ≥ 1, eN = (1, . . . , 1)︸ ︷︷ ︸
N

∈ RN denotes the N−vector of

ones.

Proof of Theorem 5.3 Consider the vectors w(1) = wr = (1/r, . . . , 1/r)︸ ︷︷ ︸
r

∈ Ir ,

w(2), w(3) and w(c), 0 ≤ c ≤ 1, defined in (5.6), (5.8), (5.10) and (5.11). From
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the left majorization comparison in (3.1) it follows that

w(1) ≺ w (B.9)

for all w ∈ Ir and, since

(
w
(2)
1

n1
en1, . . . ,

w
(2)
r

nr
enr

)
= wn = (1/n, . . . , 1/n)︸ ︷︷ ︸

n

∈ In,

(
w
(2)
1

n1
en1 , . . . ,

w
(2)
r

nr
enr

)
≺ w (B.10)

for allw ∈ In .Let us show, using Lemma B.1, that the following majorization relations
hold:

w(3) ≺ w(2) (B.11)

(relation (B.11) is a part of Lemma 13.B.1.a in Marshall and Olkin 1979);

(
w
(3)
1

n1
en1 , . . . ,

w
(3)
r

nr
enr

)
≺

(
w
(1)
1

n1
en1, . . . ,

w
(1)
r

nr
enr

)
, (B.12)

and

w(c′) ≺ w(c), (B.13)(
w1(c)

n1
en1 , . . . ,

wr (c)

nr
enr

)
≺

(
w1(c′)

n1
en1 , . . . ,

wr (c′)
nr

enr

)
, (B.14)

if 0 ≤ c < c′ ≤ 1.
To obtain (B.11), take ai = ni (n − ni ) and bi = ni , i = 1, . . . , r, in Lemma B.1.

Under the assumptions of the theorem, b1 ≥ · · · ≥ br . As indicated in the proof of
Lemma 13.B.1.a in Marshall and Olkin (1979), because z1 ≥ z2 and z1 + z2 ≤ 1
together imply z1(1 − z1) ≥ z2(1 − z2), one also has a1 ≥ · · · ≥ ar . In addition,
evidently, bi/ai = 1/(n − ni ) is non-increasing in i = 1, . . . , r. Consequently, by
(B.7), (B.11) indeed holds.

To establish (B.12), take ai = n − ni and bi = 1/(rni ). Then a1 ≤ · · · ≤ ar , b1 ≤
· · · ≤ br and bi/ai = 1/(rni (n−ni )) is non-decreasing in i = 1, . . . , r.Consequently,
(B.12) holds by (B.8).

Relation (B.13) is a consequence of (B.7) applied to ai = ni/((ni − 1)c′ + 1) and
bi = ni/((ni − 1)c + 1).

Majorization (B.14) follows from (B.8) applied to ai = 1/((ni − 1)c + 1) and
bi = 1/((ni − 1)c′ + 1).

Theorem 5.3 now follows from parts (i) of Propositions 3.1 and 3.2 and majorization
comparisons (B.9)–(B.14). ��
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Proof of Theorems 5.1 and 5.2 Suppose that, in (5.1), Ri ∼ CSLC, i = 1, . . . , r, and
Ui j ∼ CS, j = 1, . . . , ni , i = 1, . . . , r. Let 0 ≤ c < c′ ≤ 1. Using parts (i) and (ii)
of Theorem 5.3, we obtain

V a Rq [R(w(c′))] ≤ V a Rq [R(w(c))], (B.15)

V a Rq [U (w̃(c′))] ≤ V a Rq [U (w̃(c))], (B.16)

V a Rq [R(w(1))] ≤ V a Rq [R(w(3))] ≤ V a Rq [R(w(2))], (B.17)

V a Rq [U (w̃(1))] ≤ V a Rq [U (w̃(3))] ≤ V a Rq [U (w̃(2))] (B.18)

for all q ∈ (0, 1/2).
Similar to the proof of Theorem 3.1, from Theorem 2.7.6 in Zolotarev (1986), p.

134, and Theorems 1.6 and 1.10 in Dharmadhikari and Joag-Dev (1988), pp. 13 and
20, we conclude that the densities of the r.v.’s R(w) and U (w̃) are symmetric and uni-
modal under the assumptions of Theorems 5.1-5.3. As in the proof of Theorem 3.1,
inequalities (B.15)–(B.18), together with Lemma in Birnbaum (1948) and Theorem
3.D.4 on p. 173 in Shaked and Shanthikumar (2007), imply

V a Rq [R(w(c′))+ U (w(c′))] ≤ V a Rq [R(w(c))+ U (w(c))], (B.19)

V a Rq [R(w(1))+ U (w̃(1))] ≤ V a Rq [R(w(3))+ U (w̃(3))]
≤ V a Rq [R(w(2))+ U (w̃(2))] (B.20)

for all q ∈ (0, 1/2).That is, V a Rq [Z(w(c′))] ≤ V a Rq [Z(w(c))] and V a Rq [Z(w(1))]
≤ V a Rq [Z(w(3))] ≤ V a Rq [Z(w(2))] for all q ∈ (0, 1/2). This proves Theorem 5.2.

Theorem 5.1 for Ri ∼ CS and Ui j ∼ CSLC may be proven in a similar way, with
the reversals of the inequality signs in (B.15)–(B.20) implied by parts (ii) and (iv) of
Theorem 5.3. ��
Proof of Theorems 6.1 and 6.2 As is easy to see, for symmetric r.v.’s X1 and
X2, P(|X1| > ε) ≤ P(|X2| > ε) for all ε > 0 if and only if V a Rq(X1) ≤ V a Rq(X2)

for all q ∈ (0, 1/2). Therefore, Theorems 6.1 and 6.2 follow from the value at risk
comparisons in Theorems 5.1 and 5.2. ��
Proof of Theorem 7.1 Denote R = (R1, R2, . . . , Rr ), C = (C1,C2, . . . ,Cc) and
U = (U11,U12, . . . ,Urc). The arguments for extensions of relations (4.5)–(4.8)
and the results in Theorems 3.2, 4.1 and 5.3 for R ∈ Gr (αr ), C ∈ Gc(αc) and
U ∈ Grc(αu) are completely similar to their proof in the case of classes CSLC, CS
and CS, with the use of Proposition 7.1 instead of Propositions 3.1 and 3.2.
As follows from the proof of Theorems 5.1 and 5.2 in Ibragimov (2009b), the
portfolio return X (w) = ∑N

i=1wi Xi , wi ≥ 0, is symmetric and unimodal for
risks (X1, . . . , X N ) ∈ GN (α), α ∈ (0, 2]. This property and the VaR compari-
sons in Theorems 3.2 and 5.3 for R ∈ Gr (αr ), C ∈ Gc(αc) and U ∈ Grc(αu)

imply, by Lemma in Birnbaum (1948), the results in Theorems 3.1, 5.1 and 5.2
for R ∈ Gr (αr ), C ∈ Gc(αc) and U ∈ Grc(αu) (the arguments are completely
similar to the proof of the latter theorems for the classes CSLC, CS and CS).
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As in the case of classes CSLC, CS and CS, the extensions of Theorems 6.1
and 6.2 follow from the corresponding extensions of Theorems 5.1 and 5.2. ��
Proof of Theorem 7.2. We have that the r.v. R(w) in decomposition (5.4) satisfies

R(w) = ∑r
i=1

wi
ni

(∑ni
j=1 βi j

)
Ri =d ∑r

i=1wi Vi , where Vi ∼ Sα(σ̃i , 0, 0), i =
1, . . . , r, are independent stable r.v.’s independent of Ui j , j = 1, . . . , ni , i = 1, . . . , r.
Let α ≥ 1, α′ ≤ 1, σ̃1 ≥ · · · ≥ σ̃r and σ ′

11 ≥ · · · ≥ σ ′
1,n1

≥ σ ′
21 ≥ · · · ≥ σ ′

2,n2
≥

· · · ≥ σ ′
r1 ≥ · · · ≥ σ ′

r,nr
. Since n1 ≥ · · · ≥ nr , the componentsw1, . . . , wr of the vec-

tors w(1), w(2), w(3) and w(c), c ∈ [0, 1], in majorization comparisons (B.9), (B.11)
and (B.13) satisfy w1 ≥ · · · ≥ wr . Similarly, the components w1/n1, · · · , wr/nr of
the vectors w̃ that corresponds tow(1), w(2), w(3) andw(c) by (5.5) (see left majoriza-
tion comparison (B.10) and relations (B.12) and (B.14)) satisfyw1/n1 ≤ . . . ≤ wr/nr .

Using Remark 3.2 for the portfolio returns
∑r

i=1wi Vi and U (w̃) similar to the proof of
Theorem 5.3 we thus obtain that R(w) and U (w̃) in (5.4) satisfy inequalities (B.15)–
(B.18). Similar to the proof of Theorem 5.2, these inequalities imply (B.19) and (B.20)
and the conclusion of the theorem for the portfolio return Z(w) = R(w)+U (w̃). The
extension of Theorem 5.1 may be proven in a similar way. ��
Proof of Theorem 7.3 Similar to the proof of Theorem 7.2, using property (2.2),
we have that the r.v. R(w) and U (w̃) in decomposition (5.4) satisfy R(w) =d∑r

i=1wi Vi ,U (w̃)=∑r
i=1

wi
ni

(∑ni
j=1 Ui j

)
=d ∑r

i=1wi Wi ,where Vi ∼ Sα(σ̃i , 0, 0),

Wi ∼ Sα(σ̃ ′
i , 0, 0), i = 1, . . . , r, are independent stable r.v.’s. As noted in the

proof of Theorem 7.2, the components w1, . . . , wr of the vectors w(1), w(2), w(3)

and w(c), c ∈ [0, 1], satisfy w1 ≥ · · · ≥ wr . Let α, α′ ≥ 1, σ̃1 ≥ · · · ≥ σ̃r

and σ̃ ′
1 ≥ . . . ≥ σ̃ ′

r . Using Remark 3.2 applied to the portfolio returns
∑r

i=1wi Vi

and
∑r

i=1wi Wi , we obtain that R(w) and U (w̃) in (5.4) satisfy inequalities (B.15)–
(B.18). Similar to the proof of Theorems 5.2 and 7.2, this implies that Theorem 5.2
holds for Z(w) = R(w)+ U (w̃). The extension of Theorem 5.1 may be proven in a
similar way. ��

References

An, M.Y.: Logconcavity versus logconvexity: a complete characterization. J Econ Theor 80, 350–369
(1998)

Andrews, D.W.K.: Cross-section regression with common shocks. Cowles Foundation Discussion Paper
1428. Available at http://cowles.econ.yale.edu/P/cd/d14a/d1428.pdf (2003)

Andrews, D.W.K.: Cross-section regression with common shocks. Econometrica 73(5), 1551–1585 (2005)
Axtell, R.L.: Zipf distribution of U.S. firm sizes. Science 293, 1818–1820 (2001)
Bagnoli, M., Bergstrom, T.: Log-concave probability and its applications. Econ Theor 26, 445–469 (2005)
Bai, J.: Panel data models with interactive fixed effects. Econometrica 77, 1229–1279 (2009)
Birkes, D., Seely, J., Azzam, A.-M.: An efficient estimator of the mean in a two-stage nested model. Tech-

nometrics 23, 143–148 (1981)
Birnbaum, Z.W.: On random variables with comparable peakedness. Ann Math Stat 19, 76–81 (1948)
Bouchard, J.-P., Potters, M.: Theory of Financial Risk and Derivative Pricing: From Statistical Physics to

Risk Management, 2nd edn. Cambridge University Press, Cambridge (2004)
Cochran, W.G.: The combination of estimates from different experiments. Biometrics 10, 101–129 (1954)
de la Peña, V.H., Ibragimov, R., Sharakhmetov, S.: On sharp Burkholder-Rosenthal-type inequalities for infi-

nite-degree U-statistics. Annales de l’Institut Henri Poincaré. Probabilités et Statistiques 38, 973–990
(2002)

123

http://cowles.econ.yale.edu/P/cd/d14a/d1428.pdf


Value at risk and efficiency 317

de la Peña, V.H., Ibragimov, R., Sharakhmetov, S.: On extremal distributions and sharp Lp-bounds for sums
of multilinear forms. Ann. Probab. 31, 630–675 (2003)

Dharmadhikari, S.W., Joag-Dev, K.: Unimodality, Convexity and Applications. Academic Press, Boston
(1988)

El-Bassiouni, M.Y., Abdelhafez, M.E.M.: Interval estimation of the mean in a two-stage nested model.
J Stat Comput Simul 67, 333–350 (2000)

Embrechts, P., Klüppelberg, C., Mikosch, T.: Modelling Extremal Events for Insurance and Finance.
Springer, New York (1997)

Embrechts, P., McNeil, A.J., Frey, R.: Quantitative Risk Management: Concepts, Techniques, Tools.
Princeton University Press, Princeton (2005)

Fang, K.T., Kotz, S., Ng, K.W.: Symmetric Multivariate and Related Distributions, Monographs on Statistics
and Applied Probability vol. 36. Chapman and Hall Ltd., London (1990)

Gabaix, X.: Zipf’s law for cities: an explanation. Quart J Econ 114, 739–767 (1999)
Gabaix, X.: Power laws in economics and finance. Ann Rev Econ 1, 255–293 (2009)
Gabaix, X., Gopikrishnan, P., Plerou, V., Stanley, H.E.: Institutional investors and stock market volatil-

ity. Quart J Econ 121, 461–504 (2006)
Ibragimov, R.: New Majorization Theory in Economics and Martingale Convergence Results in Economet-

rics. Ph.D. dissertation, Yale University (2005)
Ibragimov, R.: Efficiency of linear estimators under heavy-tailedness: convolutions of α-symmetric distri-

butions. Econ Theor 23, 501–517 (2007)
Ibragimov, R. Heavy tailed densities. In: Durlauf, S.N., Blume, L.E. (eds.) ‘The New Palgrave Dictio-

nary of Economics Online’. Palgrave Macmillan. http://www.dictionaryofeconomics.com/article?
id=pde2008H000191 (2009a)

Ibragimov, R.: Portfolio diversification and value at risk under thick-tailedness. Quant Finance 9,
565–580 (2009b)

Ibragimov, R., Jaffee, D., Walden, J.: Non-diversification traps in markets for catastrophic risk. Rev Financ
Stud 22, 959–993 (2009)

Ibragimov, R., Walden, J.: The limits of diversification when losses may be large. J Bank Finance 31,
2551–2569 (2007)

Ibragimov, R., Walden, J.: Portfolio diversification under local and moderate deviations from power
laws. Insur Math Econ 42, 594–599 (2008)

Jansen, D.W., de Vries, C.G.: On the frequency of large stock returns: putting booms and busts into per-
spective. Rev. Econ. Stat. 73, 18–32 (1991)

Kaas, R., Goovaerts, M., Tang, Q.: Some useful counterexamples regarding comonotonicity. Belg Actuar
Bull 4, 1–4 (2004)

Karlin, S.: Total Positivity, vol. I. Stanford University Press, Stanford (1968)
Koch, G.G.: A general approach to the estimation of variance components. Technometrics 9, 93–118 (1967a)
Koch, G.G.: A procedure to estimate the population mean in random effects models. Technometrics 9,

577–585 (1967b)
Lhabitant, F.S.: Equally weighted index (HFRX). In: Gregoriou, G.N. (ed.) Encyclopedia of Alternative

Investments, pp. 166–167. Chapman and Hall, London (2008)
Loretan, M., Phillips, P.C.B.: Testing the covariance stationarity of heavy-tailed time series. J Empir

Finance 1, 211–248 (1994)
Low, L.: An application of majorization to comparison of variances. Technometrics 12, 141–145 (1970)
Marshall, A.W., Olkin, I.: Inequalities: Theory of Majorization and its Applications. Academic Press,

New York (1979)
McCulloch, J.H.: Measuring tail thickness to estimate the stable index alpha: a critique. J Bus Econ

Stat 15, 74–81 (1997)
Moscone, F., Tosetti, E.: A review and comparison of tests of cross-sectional independence in panels.

J Econ Surv 23, 528–561 (2009)
Nešlehová, J., Embrechts, P., Chavez-Demoulin, V.: Infinite mean models and the LDA for operational

risk. J Oper Risk 1, 3–25 (2006)
Rachev, S.T., Menn, C., Fabozzi, F.J.: Fat-tailed and Skewed Asset Return Distributions: Implications for

Risk Management, Portfolio Selection, and Option Pricing. Wiley, Hoboken, NJ (2005)
Rachev, S.T., Mittnik, S.: Stable Paretian Models in Finance. Wiley, New York (2000)
Shaked, M., Shanthikumar, J.G.: Stochastic Orders. Springer, New York (2007)

123

http://www.dictionaryofeconomics.com/article?id=pde2008H000191
http://www.dictionaryofeconomics.com/article?id=pde2008H000191


318 R. Ibragimov, J. Walden

Silverberg, G., Verspagen, B.: The size distribution of innovations revisited: An application of extreme
value statistics to citation and value measures of patent significance. J Econom 139, 318–339 (2007)

Weiler, H., Culpin, D.: Variance of weighted means. Technometrics 12, 757–773 (1970)
Zolotarev, V.M.: One-Dimensional Stable Distributions. American Mathematical Society, Providence

(1986)

123


	Value at risk and efficiency under dependence and heavy-tailedness: models with common shocks
	Abstract
	1 Introduction
	2 Notation and classes of distributions
	3 Portfolio value at risk for models with multiple additive common shocks
	4 Further applications: Portfolio component value at risk analysis
	5 When heavy-tailedness helps: value at risk for financial indices
	6 From risk management to statistics and econometrics: efficiency of linear estimators in random effects models
	7 Extensions: multiple additive and multiplicative common shocks
	8 Conclusion
	Appendix A: Majorization and comparisons of location estimators
	Appendix B: Proofs
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


