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S1 Additional results discussed in the main text

This appendix states and proves additional results discussed in the main text.
It uses the utility increments and gap polynomials defined in Appendix D and the
polynomial lemmas in Appendix E. For each result, we recall the main-text discussion,
then state the result and give its proof.

S1.1 Sharpness of the standard-choice bound

Immediately after Theorem 2, we claim that its bound is tight. The following
example shows why: two standard choices can have disjoint α-sets while an increasing
utility yields indifference in both over a wealth interval one step shorter than the
theorem requires.

Proposition S1 (Sharpness of the standard-choice bound). For every k ≥ 3, there
are two preferences in length-k binary-lottery-versus-sure-amount choices with disjoint
weak α-sets that are jointly rationalizable by a strictly increasing utility over

w,w + 1, . . . , w + k − 3.

Thus the sufficient window in Theorem 2 cannot be shortened by one wealth level.

Proof. We construct two decisions with disjoint weak α-sets and a strictly increasing
utility that yields indifference in both choices through shift k − 3.

Step 1: the decisions. Set ε = 1/(4k − 1) ∈ (0, 1/2), and let

a = 1 + ε

k
, b = 2− ε

k
.

The first decision selects $1 for sure over a gamble paying k with probability a;
the second selects the 0/k gamble with probability b over $2 for sure. Their gap
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polynomials are

P (z) = a
(
z + z2 + · · ·+ zk

)
− z, (S1)

Q(z) =
(
z + z2

)
− b

(
z + z2 + · · ·+ zk

)
. (S2)

Each decision gives up exactly ε in expected value: at t = 1 the first gamble is worth
ak = 1 + ε and the second bk = 2 − ε, so rejecting the first demands concavity
while accepting the second demands convexity. Both choices are standard because
0 < a, b < 1 makes the coefficients of P/z change sign once from negative to positive
and those of Q/z once from positive to negative. If t ≥ 1, then t + · · · + tk ≥ kt, so
P (t) ≥ (ak − 1)t = εt > 0; if 0 < t ≤ 1, then t+ · · ·+ tk ≤ t+ (k − 1)t2, so

Q(t) ≥ t
[
(1− t)(1− b) + εt

]
> 0.

Thus T (P ) ⊂ (0, 1) and T (Q) ⊂ (1,∞): the weak α-sets are disjoint, and each is
nonempty since P is negative near zero and Q is negative for large t.

Step 2: solve the indifference equations. Write

Wi =
k∑
j=1

∆i+j

for the sum of the k utility increments starting at i + 1. By the utility-gap identity,
exact indifference at shift i reads

aWi = ∆i+1 and ∆i+1 + ∆i+2 = bWi.

We impose both equations for i = 0, . . . , k − 3. Substituting the first equation into
the second gives

∆i+2 = (b− a)Wi = ρ∆i+1, ρ = b

a
− 1 = 1− 2ε

1 + ε
∈ (0, 1),

so the first k − 1 increments are geometric. Normalizing ∆1 = 1 gives

∆n = ρn−1 (1 ≤ n ≤ k − 1), Wi = ∆i+1

a
= Cρ i, C = 1

a
.
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The equation W0 = C determines ∆k:

∆k = C −
k−2∑
n=0

ρn.

The identity Wi+1 = Wi −∆i+1 + ∆i+k+1 determines the remaining increments:

∆i+k+1 = ∆i+1 + Cρ i(ρ− 1) = τρ i (0 ≤ i ≤ k − 4), τ = 1 + C(ρ− 1).

This defines ∆1, . . . ,∆2k−3. Set ∆n = 1 outside this range. By construction, the
utility yields exact indifference in both choices at shifts 0, . . . , k − 3.

Step 3: check that the increments are positive. Our choice of ε gives

a = 4
4k − 1 , C = k − 1

4 , ρ = 4k − 3
4k , τ = 4k + 3

16k .

Since 0 < ρ < 1 and τ > 0, the geometric increments before and after ∆k are positive.
Also,

∆k = C −
k−2∑
n=0

ρn ≥ C − (k − 1) = 3
4 > 0.

Summing the increments produces a strictly increasing utility that yields exact
indifference in both choices at every shift 0, . . . , k−3. Translating the indices gives the
claimed interval from any base wealth w, even though the two α-sets are disjoint.

S1.2 Why complex choices have no length-only bound

The Introduction notes that choice lengths alone cannot bound the wealth interval
needed for complex choices. We show this by keeping both choices at length four while
making the required interval arbitrarily long.

Proposition S2 (Fixed length does not bound the incompatibility window). For
every integer N ≥ 0, there are two weak preferences in complex choices of length
four, supported on the common grid {0, 1, 2, 3, 4}, whose weak α-sets are nonempty
and disjoint but which are jointly rationalizable by a strictly increasing utility at every
wealth level

w,w + 1, . . . , w +N.
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To construct the example, we choose gap polynomials and turn them into lottery
choices. The following lemma lets us do that.

Lemma S1 (Realizing a gap polynomial as lotteries). Let C(z) = ∑k
j=1 cjz

j be any
nonzero real polynomial with zero constant coefficient and degree at most k. After
multiplication by a strictly positive constant, C is the gap polynomial of an observed
weak preference between two lotteries supported on {0, 1, . . . , k}.

Proof. Set

b0 = −c1, bi = ci − ci+1 (1 ≤ i < k), bk = ck.

These numbers sum to zero and satisfy

k∑
i=j

bi = cj.

Let b+
i = max{bi, 0}, b−i = max{−bi, 0}, and s = ∑

i b
+
i = ∑

i b
−
i > 0. Choose

0 < λ ≤ 1/s and any probability vector q. Then

pAi = λb+
i + (1− λs)qi, pBi = λb−i + (1− λs)qi

are probability vectors and pAi − pBi = λbi. Their gap polynomial is λC. Positive
scaling changes neither its sign set nor any of the associated preference inequalities.

Proof of Proposition S2. Set m = N + 4, θ = π/m, and

Rθ(z) = z2 − 2 cos(θ)z + 1.

For every real t,

Rθ(t) = (t− cos θ)2 + sin2 θ > 0,

because 0 < θ < π. Its roots are e±iθ. Define
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Pθ(z) = z(z − 1)Rθ(z), (S3)

Qθ(z) = z(2− z)Rθ(z). (S4)

Since Rθ(t) > 0 on the positive line,

T (Pθ) = (0, 1], T (Qθ) = [2,∞).

The two sets are nonempty and disjoint. Since m ≥ 4, we have cos θ > 0, and their
coefficient signs alternate three times. These are complex choices. By Lemma S1,
positive multiples of the two polynomials are gap polynomials of preferences in length-
four lottery choices on the common five-point support.

We now construct an increasing utility that rationalizes both decisions through
shift N . On the relevant block, set

∆n = sin
(
(n− 1

2)θ
)
, n = 1, . . . ,m,

and set ∆n = 1 outside that block. Every increment is strictly positive because
the displayed angles lie strictly between 0 and π. The sine sequence therefore gives
m = π/θ consecutive positive increments. The elementary sine identity gives

∆n − 2 cos(θ)∆n+1 + ∆n+2 = 0, n = 1, . . . ,m− 2. (S5)

Let Tθ(z) = zRθ(z). Equation (S5) says

[Tθ(S)∆]j = 0 for j = 0, . . . ,m− 3.

Because

Pθ = (z − 1)Tθ, Qθ = (2− z)Tθ,

both Pθ(S)∆ and Qθ(S)∆ equal zero at shifts 0, . . . ,m − 4 = N . Summing the
positive increments produces a strictly increasing utility that yields indifference in
both choices throughout the claimed window. Translating the construction gives the
same result from any base wealth w.
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For this example, we can also bound the required wealth span from above. Define

Am(z) =
m−2∑
j=0

sin((j + 1)θ)
sin θ zj.

All its coefficients are positive, and the same sine recurrence gives

Am(z)Rθ(z) = 1 + zm.

Since Pθ +Qθ = zRθ,

AmPθ + AmQθ = z(1 + zm).

This is a positive certificate with multiplier degree m − 2. Thus the same pair that
remains rationalizable through shift m − 4 cannot be jointly rationalized through
shift m− 2. Thus, for this family, the smallest span that rules out rationalization is
between m− 3 and m− 2, where m = π/θ.

The realization lemma may scale the two gap polynomials by different positive
constants, say λP and λQ. Nothing changes: the zero-gap construction is preserved
by positive scaling, and the last certificate uses multipliers Am/λP and Am/λQ for
the literal lottery pair.

An explicit lottery example. Here is another example with the lotteries written
out. The first decision is to prefer (1

3 : 0, 2
3 : 2) to (5

6 : 1, 1
6 : 3). The second is to

prefer Bδ to Aδ, where

Bδ = (1− δ)(1
3 : 0, 23

36 : 2, 1
36 : 4) + δ(3

4 : 0, 1
4 : 2),

Aδ = (1− δ)(7
9 : 1, 2

9 : 3) + δ[1],

[1] is a sure dollar, and 0 < δ < 1. The first choice stays fixed; only the second
changes with δ.

Using the convention that a nonpositive gap supports the preferred option, the
gap polynomials are

P (t) = t(t− 1)(t− 2)
6 , Qδ(t) = t(3− t)

36
[
(1− δ)(t− 2)2 + 9δ

]
.
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For t > 0, the first is nonpositive exactly when 1 ≤ t ≤ 2, and the second exactly
when t ≥ 3. Since t = e−α, the two α-sets are

[− ln 2, 0] and (−∞,− ln 3].

They are disjoint and do not change as δ falls. Nevertheless, P (2) = 0 and Qδ(2) =
δ/2: the CARA utility at α = − ln 2 gives indifference in the first choice and comes
increasingly close to indifference in the second. The gap in the α-sets does not capture
how small this utility difference becomes.

To see how an increasing utility can support both decisions, note that Qδ has
roots 2± iε, where ε = 3

√
δ/(1− δ). These roots give the utility increments

∆n = ρn cos(nθ), ρ =
√

4 + ε2, θ = arctan(ε/2).

As δ falls, ρ approaches 2 and θ approaches zero, so the cosine changes more slowly
with wealth. For any desired wealth span N , choose δ small enough that (N +
4)θ < π/2. Then all the increments needed for decisions at wealth levels 0, . . . , N are
positive. Set the increments outside this block to any positive values.

Substitution gives, for j = 0, . . . , N ,

[Qδ(S)∆]j = 0, [P (S)∆]j = −ερ
j+1

6
[
ε cos((j + 1)θ) + sin((j + 1)θ)

]
< 0.

Thus the person is indifferent in the second choice and strictly prefers the observed
option in the first. Summing the positive increments gives a strictly increasing utility
that rationalizes both decisions throughout the interval.

The interval can therefore be made arbitrarily long while the choice lengths and
α-sets stay fixed. The margin defined below approaches zero: at t = 2, one gap is zero
and the other tends to zero, and the coefficient normalizations have nonzero limits.

S1.3 Long windows require small margins

The discussion following Figure 1 states that, when choice lengths are bounded,
arbitrarily long wealth intervals require margins approaching zero. The margin mea-
sures how close the best-fitting CARA utility comes to rationalizing both decisions.
We define it precisely and prove the claim here.
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As in the main proof, write the preferences as [P (S)∆]w ≤ 0 and [Q(S)∆]w ≤ 0,
where every utility increment is positive. Let W(P,Q) be the smallest N for which no
positive increment sequence satisfies both inequalities at every shift 0, . . . , N . Recall
that a certificate AP + BQ = R 6= 0, where A,B,R have nonnegative coefficients
and degA, degB ≤ N , uses only these observed shifts. Adding the inequalities would
require a positive weighted sum of positive utility increments to be weakly negative.
Thus W(P,Q) ≤ N : to bound the required interval, it suffices to bound the degrees
of the two multipliers.

The margin requires a normalization, since multiplying a gap polynomial by a
positive constant changes its size without changing any preference. First divide each
nonzero polynomial by its largest absolute coefficient. For H ∈ {P,Q}, write H(t) =∑dH
j=vH hjt

j, with hvH , hdH 6= 0, and set

pH(x) =
dH∑
j=vH

hjx
j−vH (1− x)dH−j.

This is the change of variables x = t/(1 + t) used in the positive-translation proof,
after removing the lowest power of t. It preserves signs on (0, 1) and puts the extreme-
curvature limits at the endpoints. Write p = pP and q = pQ, and define

µ(P,Q) = min
x∈[0,1]

max{p(x), q(x)}. (S6)

At each parameter, the maximum is the larger of the two normalized gaps. The
minimum finds the parameter at which that larger gap is smallest.

Proposition S3 (Long windows require small margins). For nonzero gap polynomials
normalized as above, and every maximal degree k and µ0 > 0, there is a finite bound
F (k, µ0) such that

degP, degQ ≤ k, µ(P,Q) ≥ µ0 =⇒ W(P,Q) ≤ F (k, µ0).

Consequently, any sequence of incompatible pairs with bounded degrees and incompat-
ibility windows tending to infinity must have margins tending to zero.

Proof. We use the certificate construction from Appendix E. The additional point is
that the degrees can be chosen using only k and µ0.
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At each parameter, at least one gap is at least µ0. Write p+ = max{p, 0} and
similarly for q+. Using the positive gaps as weights gives

p+p+ q+q ≥ µ2
0.

This uses only the inequalities that are violated at a given parameter. We approximate
the weights by polynomials so that they can be used in a certificate.

Normalization and the degree bound control the sizes and Lipschitz constants
of p, q, and hence of their positive parts, using k alone. Bernstein approximation
therefore gives polynomials a, b with nonnegative Bernstein coefficients such that
f = ap + bq ≥ µ2

0/2 on [0, 1]. The approximation error for a function g is at most
Lip(g)/(2

√
n), so one degree n works for every pair under consideration.

The degrees and coefficients of these polynomials f are now bounded in terms
of k, µ0, and each f stays at least µ2

0/2 above zero. The coefficient estimate in the
proof of Lemma A6 therefore gives one common degree at which all their Bernstein
coefficients are positive. Choose this degree also to be at least n + D, where D =
max{dP − vP , dQ − vQ} ≤ k is the common compactification degree. Returning
to t gives certificates AP + BQ = R, where A,B,R have nonnegative coefficients
and R 6= 0. The additional degree needed to restore the removed terms and match
degrees is at most 2k. Thus the multiplier degrees are bounded using only k, µ0. The
certificate argument above then gives F (k, µ0).

For incompatible pairs, max{p, q} > 0 on (0, 1) and is nonnegative at the endpoints
by continuity, so µ ≥ 0. If the windows grew without bound but the margins did not
approach zero, infinitely many pairs would have margins above some fixed µ0 > 0.
The uniform bound just proved rules this out.

Small margins need not produce long windows: Theorem 2 bounds the required
interval for standard choices even when their margins are arbitrarily small.

S1.4 Finite exact indifference

At the end of the main-text discussion of wealth spans, we note that the short
bound from Theorem 2 extends to exact indifference in arbitrary choices, subject
to a restriction on common roots. We define the reduced polynomials used in that
restriction and then state and prove the result.
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For a choice D of length kD, let

PD(z) =
kD∑
j=1

cDj z
j = zRD(z), RD(z) =

kD∑
j=1

cDj z
j−1.

We call RD the reduced recurrence polynomial. Trimming common tails gives

cD1 = −bD0 6= 0, cDkD = bDkD 6= 0,

and hence

degRD = kD − 1. (S7)

For exact CARA indifference,

α ∈ α(DA ∼ DB) ⇐⇒ RD(e−α) = 0.

This includes risk neutrality: α = 0 corresponds to the root z = 1.

Proposition S4 (Finite wealth bound: exact indifference). Consider two choices
L = (LA, LB) and G = (GA, GB), each comparing distinct lotteries, with lengths
kL, kG ≥ 2 and the same lowest differing outcome. Suppose their reduced polynomials
RL, RG have no common negative or nonreal root. For any base wealth w, the following
are equivalent:

(i) There is a strictly increasing utility function such that LA ∼ LB at every wealth
level

w,w + 1, . . . , w + kG − 2

and GA ∼ GB at every wealth level

w,w + 1, . . . , w + kL − 2.

(ii) The exact CARA-indifference sets intersect:

α(LA ∼ LB) ∩ α(GA ∼ GB) 6= ∅.
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Proof. An indifference is an equality, so we can combine its wealth-shifted copies with
weights of either sign. We use the Bézout identity: two polynomials with no common
root can be combined, using polynomial weights, to give the constant 1. The degrees
of those weights determine how many shifts of each indifference we need.

If the exact CARA sets intersect, a common α gives a CARA utility that yields
indifference in both choices at every wealth level, hence on the two blocks.

Conversely, suppose an increasing utility satisfies the two blocks and, toward a
contradiction, that the exact CARA sets are disjoint. Disjointness rules out a common
positive real root. The assumption rules out common negative and nonreal roots, and
both constant coefficients are nonzero. Thus RL and RG are coprime. By the extended
Euclidean algorithm and (S7), there are real polynomials A,B with

ARL +BRG = 1, degA ≤ kG − 2, degB ≤ kL − 2.

Translate the base wealth to zero and write ∆n = u(w+n)−u(w+n− 1) > 0. Since
PL = zRL, exact indifference in L at the observed shifts reads

[RL(S)∆]1+j = 0, j = 0, . . . , kG − 2, (S8)

and similarly

[RG(S)∆]1+j = 0, j = 0, . . . , kL − 2. (S9)

The degree bounds ensure that A(S) and B(S) use only the observed shifts. Hence

[A(S)RL(S)∆]1 = [B(S)RG(S)∆]1 = 0.

Applying the Bézout identity gives ∆1 = 0, contradicting strict monotonicity. The
exact CARA sets must intersect.

For equal-length choices kL = kG = k, both indifferences need only be observed
at

w,w + 1, . . . , w + k − 2.

This is k − 1 consecutive wealth observations, or a wealth span of k − 2.

S11



S1.5 Scale consistency for arbitrary choices

The Introduction states that two CRRA-incompatible decisions cannot be ratio-
nalized over a sufficiently long scale interval. That claim also covers complex choices.
Corollary 4 gives an explicit bound for standard choices with the same first differing
outcome. The following result allows arbitrary finite choices with positive outcomes,
but only establishes that some finite scale bound exists.

Write sL for the lottery obtained by multiplying every outcome in L by s > 0.

Corollary S1 (Scale consistency and a finite scale bound). Let L = (LA, LB) and
G = (GA, GB) each compare distinct finite lotteries with strictly positive outcomes.
There is a finite ratio R > 1, depending only on the two choices and the designated
preferences, such that the following are equivalent:

(i) the sets η(LA � LB) and η(GA � GB) intersect;

(ii) one strictly increasing utility function on (0,∞) rationalizes sLA � sLB and
sGA � sGB at every scale s > 0;

(iii) for every base scale s0 > 0, there exists a strictly increasing utility function on
(0,∞), possibly depending on s0, that rationalizes both preferences at every scale
s ∈ [s0, Rs0].

We first establish the approximation result needed for the proof.
As in the proof of Corollary 4, set u(z) = V (ez), so V (sy) = u(ln s + ln y). We

use the original positive outcomes, without subtracting the first differing outcome.
For the reference utilities, the same change of variables gives

v(ez; η) = r(z; η − 1), (S10)

using the usual positive-affine normalization of CRRA and the CARA reference utility
r(z;α) = (1−e−αz)/α, with r(z; 0) = z. Thus η belongs to the CRRA set of a decision
if and only if α = η − 1 belongs to the CARA set of its log version. Write A(D) for
the CARA set of the observed preference in a choice D over real outcomes.

The remaining issue is that the log outcomes need not lie on a common lattice.
We cannot simply round to the nearest lattice point, since this might reverse a weak
preference. Instead, we round in the direction that makes the observed preference
easier to satisfy: preferred outcomes go up and alternative outcomes go down. We
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then show that sufficiently small changes of this kind preserve disjointness of the
CARA sets.

Within each choice, first cancel probability mass common to the two options at
the same outcome. These terms contribute equally to both expected utilities. Write
the remaining distinct outcomes as z0 < · · · < zm and their probability differences as
bi. The expected-utility gap is

GapD(u,w) =
m∑
i=0

biu(w + zi), bi 6= 0,
m∑
i=0

bi = 0. (S11)

Here bi is the preferred option’s probability minus the alternative’s, so the observed
preference is GapD(u,w) ≥ 0. Canceling common mass does not change this inequal-
ity. The remaining masses on the two sides can also be divided by their common
positive total to obtain two lotteries without changing any ranking.

For an integer N > 0, replace each outcome zi by

qN(zi, bi) =


N−1dNzie, bi > 0,

N−1bNzic, bi < 0.
(S12)

This puts every outcome on N−1Z, rounding upward in the preferred option and
downward in the alternative. Denote the resulting choice by D(N), retaining the
observed preference.

Lemma S2 (Favorable lattice approximation). Let D and G be two reduced choices
between distinct finite lotteries on arbitrary real outcomes, each with its observed weak
preference.

(i) For every increasing u and every w,

GapD(u,w) ≤ GapD(N)(u,w).

Consequently, every increasing utility that satisfies the observed weak preference
in D also satisfies it in the favorable approximation D(N).

(ii) For all sufficiently large N , the approximated outcomes remain strictly ordered
and distinct.
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(iii) If

A(D) ∩ A(G) = ∅,

then, for all sufficiently large N ,

A(D(N)) ∩ A(G(N)) = ∅.

Proof. Part (i) follows from the direction of the rounding. If bi > 0, we raise zi, so
biu(w+zi) weakly increases. If bi < 0, we lower zi; utility weakly falls, but multiplying
by the negative coefficient reverses the inequality. In both cases,

biu
(
w + qN(zi, bi)

)
≥ biu(w + zi).

Adding across outcomes proves the claim. This uses only monotonicity, not continuity
of the unknown utility.

For part (ii), each outcome moves by less than 1/N . The original outcomes are
finite in number and distinct, so their minimum separation is positive. Once 2/N is
smaller than that separation, the rounded outcomes remain in the same order.

For part (iii), let CD(α) = ∑
i bir(zi;α) be the CARA utility gap. CARA utility is

jointly continuous in the outcome and the parameter, including at zero; for example,
r(z;α) =

∫ z
0 e
−αs ds. Thus, if the rounded outcomes and the parameters both con-

verge, their CARA gaps converge as well. The issue is whether a common parameter
for the approximations could become arbitrarily large in either direction.

For very large positive α, the lowest differing outcome determines the ranking.
Since ∑i bi = 0, for α 6= 0,

CD(α) = − 1
α

∑
i

bie
−αzi . (S13)

Factoring out the lowest-outcome term gives

CD(α) = −e
−αz0

α

[
b0 +

∑
i>0

bie
−α(zi−z0)

]
.
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The bracket converges to b0 6= 0, so for all sufficiently large positive α,

signCD(α) = − sign b0. (S14)

For very negative α, the highest differing outcome instead determines the ranking.
Writing α = −a, with a > 0,

CD(−a) = eazm

a

[
bm +

∑
i<m

bie
−a(zm−zi)

]
,

so for all sufficiently negative α,

signCD(α) = sign bm. (S15)

These conclusions hold with the same curvature cutoffs for every sufficiently fine
approximation. The coefficients do not change, and the distances between distinct
rounded outcomes remain bounded below by a positive number. The exponential
remainder terms in the two displays therefore converge to zero uniformly over those
approximations.

Now suppose the original CARA sets are disjoint but arbitrarily fine approxi-
mations have a common parameter. Choose Nj → ∞ and such parameters αj, so
that

C
D(Nj)(αj) ≥ 0, C

G(Nj)(αj) ≥ 0.

At least one original decision must disagree with all sufficiently large positive α;
otherwise both sets would contain that entire range and would intersect. The same
is true for sufficiently negative α. Since the two extreme rankings are unchanged
by fine rounding, the common parameters αj must stay in a bounded interval, after
discarding finitely many terms.

Take a convergent subsequence, αj → α∗. The outcomes also converge, so joint
continuity gives

C
D(Nj)(αj)→ CD(α∗), C

G(Nj)(αj)→ CG(α∗).

Both limits are weakly nonnegative. Thus α∗ rationalizes both original decisions,
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contradicting disjointness.

The same argument works on a lattice c+N−1Z with any fixed starting point c.
Each outcome still moves by less than 1/N in the favorable direction.

Proof of Corollary S1. If the two η-sets intersect, choose a common CRRA parameter
η∗. For η∗ 6= 1, scaling every outcome by s multiplies the expected-utility gap by the
positive factor s1−η∗ . For η∗ = 1, it adds the same constant ln s to both options. Thus
the same utility rationalizes both decisions at every scale, and therefore on every finite
scale interval. This proves (i)⇒(ii)⇒(iii); when (i) holds, any R > 1 will do.

It remains to show that disjoint η-sets give some finite ratio R for which (iii)
is impossible. Take logs and cancel common probability mass, writing D,G for the
resulting choices with their observed preferences. Their CARA sets are disjoint by
(S10). Lemma S2 lets us choose N large enough that D(N), G(N) also have disjoint
CARA sets. Any increasing utility rationalizing the original decisions still rationalizes
these approximations at the same translations.

Multiply every approximating outcome by N , turning outcomesm/N into integers
m. This changes the units, but not whether a common CARA parameter exists,
because

r(m;α/N) = Nr(m/N ;α).

In particular, a common integer-grid parameter β would give a common real-unit
parameter α = Nβ. Corollary A1 therefore supplies an M ≥ 0 such that the two
integer decisions cannot be rationalized at all shifts 0, 1, . . . ,M . If needed, translate
all four lotteries by one common integer to make their outcomes nonnegative; this
only changes the base wealth in that corollary.

Set R = exp((M + 1)/N) > 1. Suppose some strictly increasing V rationalizes
both original decisions throughout [s0, Rs0]. Let u(z) = V (ez) and w0 = ln s0. The log
preferences then hold throughout [w0, w0 +(M+1)/N ], and in particular at w0 +j/N

for j = 0, . . . ,M . Favorable rounding preserves all of these inequalities.
Define Un = u(w0 + n/N) for n ∈ Z. This is a strictly increasing utility sequence,

and an approximating outcome m/N at translation w0 + j/N is evaluated as

u
(
w0 + j +m

N

)
= Uj+m.
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Thus U rationalizes the two integer decisions at every shift 0, . . . ,M , a contradiction.
The R we chose depends only on the decisions and works for every s0 > 0. This
proves (iii)⇒(i).

S1.6 Any finite number of decisions

Following Theorem 1, we note that the same compatibility test applies to any finite
number of decisions. The following corollary states this extension: all the decisions
must share a single CARA parameter.

Corollary S2 (Finite-family compatibility). Any finite family of weak preferences,
each between finite-support lotteries on the common monetary lattice, is jointly ratio-
nalized at every lattice wealth level by one strictly increasing utility function if and
only if all of the weak α-sets have a common point.

The proof uses the following extension of Lemma A2 to finitely many polynomials.

Proposition S5 (Finite-family positive-translation alternative). Let m ≥ 1 and let
P1, . . . , Pm be real polynomials. Exactly one of the following holds:

(i) There is a t > 0 such that

Pi(t) ≤ 0 for every i = 1, . . . ,m.

(ii) There are A1, . . . , Am, R ∈ R+[z], with R 6= 0, such that

m∑
i=1

Ai(z)Pi(z) = R(z).

Proof. The two alternatives cannot both hold, for the same sign reason as in the
two-polynomial case. Suppose there is no common weakly nonpositive point. Discard
any identically zero polynomials for now; their multipliers will be zero. Normalize
the remaining polynomials to common lowest and highest powers as in the proof of
Lemma A2, writing P̂i = MiPi, and compactify t > 0 to x ∈ [0, 1]. This gives ordinary
polynomials p1, . . . , pm satisfying

max
i
pi(x) > 0 for every x ∈ [0, 1].
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Define the continuous nonnegative weights

ai(x) = max{pi(x), 0}.

At least one pi(x) is positive at every x, so

f(x) =
m∑
i=1

ai(x)pi(x) =
∑

i:pi(x)>0
pi(x)2 > 0 (S16)

throughout the compact interval. Bernstein-approximate all the ai’s at one sufficiently
large common degree n. Uniform approximation, the strictly positive minimum of f ,
and finiteness of the family imply

m∑
i=1

(Bnai)(x)pi(x) > 0 on [0, 1].

Each Bernstein approximation has coefficients ai(r/n)
(
n
r

)
≥ 0. Converting back

to t, just as in the two-polynomial proof, therefore produces nonnegative-coefficient
polynomials A0,i for which

H(t) =
∑
i

A0,i(t)P̂i(t) > 0 for every t > 0.

Apply the one-polynomial certificate to H, and absorb both that multiplier and the
earlier sign-preserving normalization multipliers into the A0,i’s. The result is

∑
i

AiPi = R,

where every Ai and R has nonnegative coefficients and R 6= 0. Restore the discarded
zero polynomials with multiplier zero.

Proof of Corollary S2. A common point supplies one CARA utility, so sufficiency is
immediate. For necessity, orient every gap polynomial so that its observed preference
says Pi(S)∆ ≤ 0. If the α-sets had no common point, Proposition S5 would give∑
iAiPi = R 6= 0. Nonnegative combinations of the shifted observed inequalities

would then imply R(S)∆ ≤ 0, while the nonzero nonnegative coefficients of R and
the strictly positive increments make R(S)∆ > 0. This is the same contradiction as
before.
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In particular, exact indifference at every wealth level is covered without any root
restriction: treat each equality as the two opposing weak preferences. The restriction
on common negative and nonreal roots in Proposition S4 is needed only to obtain its
explicit short finite window.

S2 Experiment Instructions
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