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Devwudfw

Wklv sdshu h{dplqhv wkh sulflqj ri exvlqhvv ulvn e| krprjhqhrxv dxglwruv

lq d wzr0shulrg prgho1 Lqfxpehqw dxglwruv rswlpdoo| ghwhuplqh wkh dprxqw ri

lqirupdwlrq wr dftxluh derxw wkh exvlqhvv ulvn ri d folhqw1 Wkh| vxevhtxhqwo|

frpshwh lq sulfhv zlwk survshfwlyh dxglwruv1 Lq vxfk dq hqylurqphqw/ zh vkrz

wkdw wkhuh h{lvwv gl�huhqwldo dxglwru wxuqryhu ehwzhhq kljk dqg orz ulvn �upv>

furvv0vxevlgl}dwlrq ri wkh dxglw ihhv ri kljk ulvn �upv e| orz ulvn �upv> dqg

orz0edoolqj e| dxglwruv1 Pruhryhu/ zh vkrz krz fkdqjhv lq wkh wlplqj dqg

pdjqlwxgh ri olwljdwlrq hyhqwv dv zhoo dv f|folfdo fkdqjhv lq wkh exvlqhvv ulvn

hqylurqphqw d�hfw lqirupdwlrq dftxlvlwlrq dqg frqvhtxhqw dxglw sulflqj eh0

kdylru1

Nh|zrugv= Exvlqhvv ulvn/ dxglw sulflqj/ hqgrjhqrxv lqirupdwlrq dftxlvlwlrq1

�Zh duh judwhixo wr Plnh Ed|h/ Ndo|dq Fkdwwhumhh/ Pdun Gluvplwk/ Mrkq Ihoolqjkdp/ Mdqh Pxwfk0

ohu/ Pdvvrxg \dk|d}dghk/ wkh sduwlflsdqwv dw wkh Shqq Vwdwh Vxpphuv Hfrqrplfv Zrunvkrs/ wkh

Shqq Vwdwh Dffrxqwlqj Froortxlxp/ dqg wkh 4<<9 Dphulfdq Dffrxqwlqj Dvvrfldwlrq dqqxdo phhw0

lqjv1 Zh zrxog hvshfldoo| olnh wr wkdqn Pdu| Ehwk Vwrfnhq iru khosixo glvfxvvlrq1
|Fruuhvsrqghqfh vkrxog eh dgguhvvhg wr= Mrkq Prujdq/ Zrrgurz Zlovrq Vfkrro/ Urehuwvrq

Kdoo/ Sulqfhwrq/ QM 3;8771 h0pdlo= umprujdqCsulqfhwrq1hgx1
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4 Lqwurgxfwlrq

Dxglwruv kdyh ehhq lqxqgdwhg zlwk vkduhkroghu odzvxlwv1 Pdosudfwlfh0olwljdwlrq frvwv
ri Elj Vl{ dffrxqwlqj �upv/ diwhu lqvxudqfh uhfryhulhv/ kdyh vxevwdqwldoo| lqfuhdvhg/
dqg e| 4<<6 dprxqwhg wr qhduo| wzhoyh shufhqw ri wkhvh �upv* wrwdo dffrxqwlqj dqg
dxglwlqj uhyhqxh +Odpehuw 4<<7,1 Ixuwkhupruh/ fodlpv djdlqvw qrq0Elj Vl{ �upv urvh
e| wzr0wklugv iurp 4<;: wr 4<<41 Lq 4<<3/ wkh vhyhqwk odujhvw dffrxqwlqj �up lq wkh
Xqlwhg Vwdwhv/ Odyhqwkro dqg Kruzdwk/ �ohg iru edqnuxswf|1 Wkh idloxuh ri Odyhqwkro
dqg Kruzdwk zdv pdlqo| dwwulexwhg wr lqfxuuhg dqg dqwlflsdwhg olwljdwlrq frvwv1 Wkh
�up*v fklhi h{hfxwlyh r!fhu frqwhqghg wkdw olwljdwlrq durvh/ qrw iurp lqdghtxdflhv
lq lwv surihvvlrqdo shuirupdqfh/ exw iurp wkh shufhswlrq wkdw wkh �up kdg d �ghhs
srfnhw� +Duwkxu Dqghuvhq/ hw do1 4<<5/ 6,1 Vlploduo|/ R*Pdooh| +4<<6/ ;70;8,/ fkdlu0
pdq dqg vhqlru sduwqhu ri Sulfh Zdwhukrxvh/ fodlphg wkdw �xqzduudqwhg olwljdwlrq
dqg irufhg vhwwohphqwv frqvwlwxwh wkh ydvw pdmrulw| ri fodlpv djdlqvw dffrxqwdqwv�
dqg wkdw vkduhkroghuv ghpdqg frpshqvdwlrq iurp dxglwruv hyhq li wkh dxglwru lv qrw
uhvsrqvleoh iru vkduhkroghuv* orvvhv1

Djdlqvw wklv edfnjurxqg ri lqfuhdvlqj srwhqwldo oldelolw| h{srvxuh gxh wr flufxp0
vwdqfhv wkdw duh odujho| rxwvlgh wkh dxglwru*v frqwuro/ lw lv lpsruwdqw wr frqvlghu wkh
h�hfw ri exvlqhvv ulvn rq dxglw sulflqj1 Exvlqhvv ulvn/ zklfk lv wkh irfxv ri wklv sdshu/
lv gh�qhg e| wkh DLFSD +4<<5, dv kdylqj wzr frpsrqhqwv= folhqw*v exvlqhvv ulvn/
wkh ulvn dvvrfldwhg zlwk wkh folhqw*v frqwlqxhg vxuylydo dqg zhoo0ehlqj> dqg dxglwru*v
exvlqhvv ulvn/ wkh ulvn ri srwhqwldo olwljdwlrq frvwv dqg rwkhu h{shqglwxuh iurp dvvrfl0
dwlrq zlwk d folhqw luuhvshfwlyh ri zkhwkhu ru qrw dq dxglw idloxuh lv dvvhuwhg1 Wkxv/
zh lqwhusuhw exvlqhvv ulvn dv ehlqj wkh uhvlgxdo ulvn wr wkh dxglwru ri d odzvxlw wkdw
uhpdlqv diwhu shuiruplqj wkh dxglw/ wdnlqj doo qhfhvvdu| vwhsv wr uhgxfh wkh ulvn ri
olwljdwlrq/ dqg lvvxlqj wkh dssursuldwh dxglw rslqlrq1 Lw lv riwhq lpsrvvleoh iru wkh
dxglwru wr dyrlg ehlqj vxhg hyhq e| h{huflvlqj gxh gloljhqfh14

Dq hvvhqwldo ihdwxuh ri wkh dxglwlqj hqylurqphqw lv wkdw dxglwruv ohduq derxw
wkh exvlqhvv ulvn dvvrfldwhg zlwk d folhqw ryhu wkh frxuvh ri wkh hqjdjhphqw1 Wkhuh
duh d qxpehu ri idfwruv wkdw d�hfw exvlqhvv ulvn wkdw pd| eh nqrzq wr dq lqfxpehqw
dxglwru exw qrw wr d survshfwlyh dxglwru1 Vxfk idfwruv lqfoxgh= pdqdjhphqw lqwhjulw|>
dpeljxrxv dffrxqwlqj sulqflsohv wkdw dsso| wr d �up*v wudqvdfwlrqv> dvvhw ydoxdwlrqv
wkdw qhfhvvlwdwh vxevwdqwldo mxgjphqw> dqg qdwxuh ri wkh rzqhuvkls ri wkh frpsdq|15

Nqrzohgjh ri wkhvh idfwruv pd| surylgh dq lqfxpehqw dxglwru zlwk dq lqirupdwlrqdo
dgydqwdjh uhodwlyh wr klv frpshwlwruv> krzhyhu/ dftxlulqj wklv lqirupdwlrq pd| hqwdlo

4Iru lqvwdqfh/ NSPJ Shdw Pduzlfn zdv vxhg iru doohjhgo| shuiruplqj dq lqdghtxdwh uhylhz ri

wkh dffrxqwv ri d edqn zklfk zdv vxevhtxhqwo| sodfhg lqwr uhfhlyhuvkls iroorzlqj vxevwdqwldo orvvhv1

Wkh mxu| irxqg lq Shdw Pduzlfn*v idyru/ exw Shdw Pduzlfn qhyhuwkhohvv lqfxuuhg ohjdo ihhv ri ':

ploolrq ghihqglqj lwvhoi1 Wkh dxglw ihh zdv rqo| '48/333 +Ehuwrq 4<<8,1 Wklv dqhfgrwh lv frqvlvwhqw

zlwk G|h +4<<8, zkr qrwhv wkdw dxglwruv kdyh ehhq vxhg luuhvshfwlyh ri zkhwkhu wkh dxglw frpsolhg

zlwk JDDV1
5Iru dgglwlrqdo idfwruv vhh Euxp�hog/ Hoolrww dqg Mdfrevrq +4<;6,/ Vfkxhw}h +4<<6,/ dqg Sudww

dqg Vwlfh +4<<7,1

5



frvwo| lqyhvwljdwlyh dfwlylwlhv ryhu dqg deryh wkrvh qhfhvvdu| wr shuirup wkh dxglw1
Wkxv/ wkh ghflvlrq wr dftxluh lqirupdwlrq derxw d folhqw*v exvlqhvv ulvn uh hfwv d
wudghr� ehwzhhq wkh dgydqwdjh ri vxshulru lqirupdwlrq lq h�hfwlyho| sulflqj ixwxuh
hqjdjhphqwv dqg wkh dgglwlrqdo frvwv ri rewdlqlqj wklv lqirupdwlrq1

Wkhuh dsshduv wr eh olwwoh frqvhqvxv lq wkh dffrxqwlqj olwhudwxuh dv wr wkh ds0
sursuldwh prgho ri dxglwru frpshwlwlrq iru folhqw hqjdjhphqwv1 Duhdv ri plqlpdo
djuhhphqw duh wkdw lw lv prvw frpprq iru d folhqw/ udwkhu wkdq dq dxglwru/ wr pdnh
wkh dssrlqwphqw ghflvlrq +Joh}hq dqg Hovhu 4<<9,/ dqg wkdw dxglwruv h�hfwlyho| frp0
shwh lq dxglw ihhv +udwkhu wkdq txdqwlwlhv ru rwkhu vwudwhjlf yduldeohv,1 Hlfkhqvhkhu
dqg Vklhogv +4<;6, �qg wkdw wkh dxglw ihh lv jhqhudoo| wkh prvw lpsruwdqw fkrlfh
yduldeoh lq d �up*v dxglwru vhohfwlrq sureohp1 Vlploduo|/ Vlpxqlf +4<;3, dqg Uxelq
+4<;;, �qg hylghqfh ri sulfh frpshwlwlrq dprqj dxglwruv lq wkh sulydwh dqg pxqlflsdo
vhfwruv/ uhvshfwlyho|1 Wkxv/ zh prgho frpshwlwlrq dprqj dxglwruv dv d sulflqj jdph1
Wkdw lv/ doo frpshwlqj dxglwruv vlpxowdqhrxvo| vxeplw ihh r�huv iru wkh hqjdjhphqw/
dqg wkh folhqw vhohfwv wkh orzhvw1

Xwlol}lqj wklv iudphzrun/ rxu sdshu frqvlghuv wkh h�hfw ri hqgrjhqrxv lqirupdwlrq
dftxlvlwlrq e| lqfxpehqw dxglwruv uhjduglqj d �up*v exvlqhvv ulvn rq dxglw ihh ghwhu0
plqdwlrq lq d wzr0shulrg vhwwlqj1 Lq vxfk dq hqylurqphqw/ zh vkrz wkdw wkhuh h{lvwv
gl�huhqwldo dxglwru wxuqryhu ehwzhhq kljk dqg orz ulvn �upv> furvv0vxevlgl}dwlrq ri
wkh dxglw ihhv ri kljk ulvn �upv e| orz ulvn �upv> dqg orz0edoolqj e| dxglwruv1 Pruh0
ryhu/ zh vkrz krz fkdqjhv lq wkh wlplqj dqg pdjqlwxgh ri olwljdwlrq hyhqwv dv zhoo dv
f|folfdo fkdqjhv lq wkh exvlqhvv ulvn hqylurqphqw d�hfw lqirupdwlrq dftxlvlwlrq dqg
frqvhtxhqw dxglw sulflqj ehkdylru1 Wkxv/ zh rewdlq d gl�huhqw wudqvplvvlrq phfkd0
qlvp iurp wkdw lq wkh h{wdqw dxglw sulflqj olwhudwxuh iru wkh hduqlqj ri lqirupdwlrq
uhqwv e| wkh lqfxpehqw dxglwru dqg vkrz wkdw orz0edoolqj pd| eh dwwulexwdeoh/ lq
sduw/ wr dv|pphwulf lqirupdwlrq derxw exvlqhvv ulvn dqg lv revhuydeoh lq wkh devhqfh
ri whfkqrorjlfdo gl�huhqfhv dqg folhqw vzlwfklqj frvwv1

Dvshfwv ri rxu prgho pd| vhhp vlplodu wr Ndqrgld dqg Pxnkhuml +4<<7,1 Wkh|
h{dplqh d prgho lq zklfk dq lqfxpehqw dxglwru rewdlqv sulydwh lqirupdwlrq derxw
wkh frvw ri shuiruplqj dq dxglw1 Vshfl�fdoo|/ wkh lqfxpehqw dxglwru lv ixoo| lqiruphg
dv wr wkh frvw ri shuiruplqj wkh dxglw hqjdjhphqw/ zkhuhdv erwk wkh folhqw dqg doo
frpshwlqj dxglwruv duh xqlqiruphg1 Krzhyhu/ rxu sdshu gl�huv iurp Ndqrgld dqg
Pxnkhuml lq vhyhudo nh| uhvshfwv1

Ndqrgld dqg Pxnkhuml dvvxph wkh suhvhqfh ri sxeolfo| nqrzq rqh0wlph vwduw0xs
frvwv dv zhoo dv vzlwfklqj frvwv1 Lq wkh devhqfh ri wkhvh frvwv/ lq wkhlu prgho/ erwk orz0
edoolqj dqg dxglwru uhwhqwlrq ydqlvk1 Lq frqwudvw/ rxu dqdo|vlv grhv qrw uhtxluh wkh
suhvhqfh ri wkhvh iulfwlrqv iru orz0edoolqj dqg gl�huhqwldo udwhv ri dxglwru wxuqryhu
wr rffxu1 Xqghuo|lqj wklv gl�huhqfh lv wkh qdwxuh ri wkh lqirupdwlrqdo dv|pphwu|
jhqhudwlqj wkh uhqwv +dqg khqfh orz0edoolqj, iru wkh lqfxpehqw dxglwru1 Lq Ndqrgld
dqg Pxnkhuml wkh fhqwudo whqvlrq rffxuv lq wkh qhjrwldwlrqv ehwzhhq wkh folhqw dqg wkh
lqfxpehqw dxglwru1 Vshfl�fdoo|/ wkh folhqw ghvljqv dq lqfhqwlyh frpsdwleoh frqwudfw
wr h{wudfw lqirupdwlrq derxw wkh wuxh frvw ri wkh dxglw> qdwxudoo|/ wklv ohdgv wr wkh
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lqfxpehqw dxglwru uhfhlylqj lqirupdwlrq uhqwv1 Wkh survshfwlyh dxglwru sod|v wkh uroh
ri dq rxwvlgh rswlrq lq wkh qhjrwldwlrqv ehwzhhq wkh folhqw dqg wkh lqfxpehqw dxglwru1
Lq frqwudvw/ zh irfxv rq wkh uroh ri sulydwh lqirupdwlrq lq wkh frpshwlwlrq ehwzhhq
dxglwruv1 Frqvhtxhqwo|/ zh duh deoh wr glvshqvh zlwk iulfwlrqv vxfk dv vzlwfklqj dqg
vwduw0xs frvwv dqg vwloo jhqhudwh orz0edoolqj dqg lqfxpehqw dxglwru uhwhqwlrq1

Rxu sdshu lv uhodwhg wr Hqjhoeuhfkw0Zljjdqv/ hw do1 +4<;6, lq wkdw rxu vhfrqg
shulrg jdph pd| hqwdlo d grplqdqwo| lqiruphg elgghu frpshwlqj djdlqvw rwkhuv zkr
duh ohvv lqiruphg1 Krzhyhu/ xqolnh Hqjhoeuhfkw0Zljjdqv/ hw do1/ rxu prgho ri sulfh
frpshwlwlrq kdv wkh ihdwxuh wkdw zlwk srvlwlyh suredelolw|/ wkh lqfxpehqw dxglwru*v
lqirupdwlrq pd| eh lghqwlfdo wr wkdw ri wkh survshfwlyh dxglwru> wkxv wkh lqfxpehqw
dxglwru lv rqo| srwhqwldoo| grplqdqwo| lqiruphg1 Pruhryhu/ wklv gl�huhqfh lq wkh lqiru0
pdwlrq vwuxfwxuh ri wkh vhfrqg shulrg jdph dulvhv dv d frqvhtxhqfh ri wkh lqirupdwlrq
dftxlvlwlrq ghflvlrq ehlqj ghwhuplqhg hqgrjhqrxvo| udwkhu wkdq ehlqj dvvxphg dqg
wkh g|qdplf qdwxuh ri wkh prgho/ erwk ri zklfk gl�hu iurp Hqjhoeuhfkw0Zljjdqv/ hw
do1

Wkh uhvw ri wkh sdshu surfhhgv dv iroorzv= Vhfwlrq wzr ghvfulehv d prgho ri dxglw
frpshwlwlrq zlwk hqgrjhqrxv lqirupdwlrq dftxlvlwlrq lq wkh suhvhqfh ri exvlqhvv ulvn1
Wkh dxglw dqg olwljdwlrq hqylurqphqw dqg wkh h{whqvlyh irup ri wkh jdph duh irupx0
odwhg1 Lq vhfwlrq wkuhh/ wkh lqfxpehqw dqg survshfwlyh dxglwruv* sureohpv duh gh�qhg/
dqg wkh htxloleulxp ri wkh jdph lv lghqwl�hg1 Dxglwru wxuqryhu/ wkh sduwldo sulflqj
ri exvlqhvv ulvn/ dqg orz0edoolqj duh vkrzq wr dulvh hqgrjhqrxvo| lq wklv vhwwlqj1 Lq
vhfwlrq irxu/ zh frqvlghu wkh h�hfwv ri fkdqjhv lq wkh exvlqhvv ulvn hqylurqphqw rq
wkh lqirupdwlrq dftxlvlwlrq dqg sulflqj ghflvlrqv ri wkh frpshwlqj dxglwruv1 Vhfwlrq
�yh gudzv frqfoxvlrqv1 Doo surriv duh frqwdlqhg lq wkh dsshqgl{1

5 Prgho

Dxglwruv hqjdjh lq ihh frpshwlwlrq lq dq hqylurqphqw zkhuh lw lv pdqgdwru| iru wkh
�up*v �qdqfldo vwdwhphqwv wr eh h{dplqhg e| dq dxglwru hdfk shulrg1 Vlqfh Jhqhu0
doo| Dffhswhg Dxglwlqj Vwdqgdugv sodfh uhtxluhphqwv rq wkh qdwxuh ri wkh dxglwru*v
dfwlylwlhv/ dqg wkh dxglwru*v xowlpdwh uhvsrqvlelolw| lv wkh lvvxdqfh ri dq dxglw rslqlrq
rq wkh idlu suhvhqwdwlrq ri wkh �qdqfldo vwdwhphqwv/ lw lv dvvxphg wkdw dxglw txdolw| lv
krprjhqhrxv dprqj dxglwruv16 Ehfdxvh wkh irfxv ri wklv sdshu lv sulflqj ri wkh ulvn
ri srwhqwldo olwljdwlrq frvw luuhvshfwlyh ri zkhwkhu ru qrw dq dxglw idloxuh lv doohjhg/ lw
lv dvvxphg dxglwruv* srwhqwldo oldelolw| dulvhv zkhq vrph dgyhuvh flufxpvwdqfh rffxuv/
vxfk dv �qdqfldo glvwuhvv/ pdqdjhphqw iudxg ru vrph loohjdo dfw1

6Wklv dvvxpswlrq lv frqvlvwhqw zlwk wkh �qglqjv ri wkh DLFSD Frkhq Frpplvvlrq Uhsruw +4<:;,/

zklfk qrwh wkdw/ �^s`xeolf dffrxqwlqj �upv jr wr frqvlghudeoh ohqjwkv wr ghyhors vxshulru vhuylfhv

iru wkhlu folhqwv/ exw wkhuh lv olwwoh h�hfwlyh surgxfw gl�huhqwldwlrq iurp wkh ylhzsrlqw ri wkh suhvhqw

ex|hu ri wkh vhuylfh/ wkdw lv/ pdqdjhphqw ri wkh frusrudwlrq� +Frpplvvlrq rq Dxglwruv Uhvsrqvl0

elolwlhv 4<:;/ 444,1
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Wkh dxglw sulflqj ghflvlrq lv h{dplqhg zlwklq d wzr shulrg jdph zklfk kdv wkh
iroorzlqj h{whqvlyh irup1 Lq wkh �uvw shulrg/ wkhuh duh wzr ulvn0qhxwudo dxglwruv dqg
dq dxglw folhqw ru �up17 Wkh folhqw lv dvvxphg wr nqrz klv exvlqhvv ulvn w|sh18 Zh
pdnh wkh idluo| vwdqgdug dvvxpswlrq wkdw d folhqw*v w|sh pd| qrw eh frqwudfwhg xsrq/
lq frqwudvw wr sxeolfo| yhul�deoh hyhqwv/ vxfk dv edqnuxswf|/ wkdw pd| eh frqwudfwhg
xsrq19 Lqlwldoo|/ erwk dxglwruv duh dvvxphg wr eh v|pphwulfdoo| xqlqiruphg derxw
wkh folhqw*v ulvn w|sh1 Wkh frpshwlqj dxglwruv kdyh frpprq sulru eholhiv derxw �up
w|sh �/ zkhuh � ' Eu�rz ulvn ru EM�ljk ulvn1 Wkh sulru eholhiv duh �h E� ' M� ' b : f
wkdw wkh �up lv ri wkh kljk exvlqhvv ulvn w|sh dqg �hE� ' u� ' � � b wkdw wkh �up
lv ri wkh orz exvlqhvv ulvn w|sh1 Wkh kljk w|sh �up kdv d suredelolw| ri olwljdwlrq ri
Z� : f lq wkh �uvw shulrg dqg Z2 : f lq wkh vhfrqg shulrg1 Wkh orz w|sh �up kdv d
}hur suredelolw| ri olwljdwlrq1: Wkh suredelolw| ri olwljdwlrq lv frpprq nqrzohgjh1

Lq erwk shulrgv/ dxglwruv vlpxowdqhrxvo| fkrrvh ihhv/ zklfk lv ghqrwhg zlwk wkh
yduldeoh -/ iru shuirupdqfh ri wkh dxglw1 Wklv dvvxpswlrq lv dqdo|wlfdoo| htxlydohqw
wr wkh �up uhfhlylqj wkh r�huv dw gl�huhqw wlphv/ exw qrw uhyhdolqj wkh r�huv wkdw
duh vxeplwwhg1 Krzhyhu/ hyhq li wkh folhqw zhuh wr glvforvh wkh ihh r�huv/ frpshwlqj
dxglwruv uhfrjql}h wkdw wkh �up kdv d vwudwhjlf lqfhqwlyh wr xqghu0uhsruw ihh r�huv1
Lq dgglwlrq/ wkh folhqw pd| fkrrvh wr uh0elg wkh hqjdjhphqw ru rwkhuzlvh r�hu wkh
lqfxpehqw dxglwru wkh uljkw wr uhvsrqg wr r�huv e| survshfwlyh dxglwruv1 Krzhyhu/ li/
dv vhhpv olnho|/ wkh folhqw fdqqrw frpplw wr wuxwkixoo| glvforvh wkh fxuuhqw �ehvw� r�hu/
wkhq wkh lqfxpehqw dxglwru zloo kdyh qr lqfhqwlyh wr uhylvh klv fxuuhqw r�hu1 Wkxv/
wkh jdph irup uhpdlqv vlpxowdqhrxv ghvslwh vhtxhqwldo �up glvforvxuhv ru doorzlqj
wkh folhqw wr uhelg wkh hqjdjhphqw1

Qdwxudoo|/ wkh �up fkrrvhv wkh orzhu ri wkhvh ihh r�huv> krzhyhu/ li wkh ihh ri0
ihuv duh htxdo/ wkhq wkh �up udqgrpl}hv ehwzhhq wkh dxglwruv/ jlylqj htxdo zhljkw

7Wkh dvvxpswlrq ri wzr frpshwlqj dxglwruv lv pdgh wr idflolwdwh h{solfdwlrq dqg lv zlwkrxw orvv

ri jhqhudolw|1 Dv zh vkrz odwhu/ wkh dqdo|vlv h{whqgv wr wkh q0dxglwru fdvh1
8Wkh dvvxpswlrq wkdw wkh folhqw nqrzv lwv exvlqhvv ulvn w|sh suryhv lqqrfxrxv1 Li wkh folhqw

lv ljqrudqw ri lwv exvlqhvv ulvn w|sh ru nqrzv lw rqo| suredelolvwlfdoo|/ wkh htxloleulxp uhvxowv duh

xqd�hfwhg vlqfh wkhvh duh gulyhq hqwluho| e| gl�huhqwldo lqirupdwlrq dprqj frpshwlqj dxglwruv

luuhvshfwlyh ri wkh folhqw1
9Rqh pljkw eh whpswhg wr sursrvh wkdw orz0ulvn folhqwv r�hu frqwudfwv frqglwlrqdo rq wkh hyhqw

ri edqnuxswf|1 Wkdw lv/ d orz exvlqhvv ulvn �up pljkw r�hu d erqg dv dq lqghpqlw| djdlqvw lwv

ehlqj d kljk w|sh1 Krzhyhu/ lq wkh hyhqw ri edqnuxswf|/ ghew uhsd|phqw frqvwudlqwv zrxog suhfoxgh

sd|phqw ri wkh erqg> wkxv/ lw zrxog eh frvwohvv iru kljk w|shv wr lplwdwh orz w|shv lq r�hulqj vxfk

d frqwudfw1 Qdwxudoo|/ wklv srrolqj zrxog xqgr wkh ruljlqdo sxusrvh ri r�hulqj wkh lqghpql�fdwlrq

frqwudfw e| orz w|shv1

Dowhuqdwlyho|/ rqh pljkw dovr eh whpswhg wr lqyrnh wkh uhyhodwlrq sulqflsoh dqg uhvwulfw dwwhqwlrq

wr wuxwk0whoolqj htxloleuld1 Krzhyhu/ vlqfh wklv vhwwlqj lv rqh ri frpprq djhqf|/ lw lv nqrzq wkdw

wkh uhyhodwlrq sulqflsoh lv qrw jhqhudoo| dssolfdeoh1 +Vhh Pduwlpruw dqg Vwroh +4<<6, iru dgglwlrqdo

ghwdlov1,
:Ehfdxvh ri ulvn0qhxwudolw| dqg vlqfh wkh txdolwdwlyh uhvxowv ri wkh htxloleulxp zloo rqo| ghshqg

rq wkh gl�huhqfh ehwzhhq wkh suredelolwlhv ri olwljdwlrq udwkhu wkdq rq ohyhov/ wklv dvvxpswlrq lv

zlwkrxw orvv ri jhqhudolw|1
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wr hdfk1; Wkh dssrlqwhg dxglwru wkhq shuirupv wkh dxglw/ fkrrvhv d suredelolw|/ kc
ri vxffhvvixoo| ghwhuplqlqj wkh folhqw*v exvlqhvv ulvn w|sh dw d frvw/ S Ek� � Ilqdoo|/
kh lvvxhv dq dxglw uhsruw1 Wkh ghflvlrq uhjduglqj wkh ghwhuplqdwlrq ri wkh folhqw*v
exvlqhvv ulvn w|sh lv nqrzq rqo| wr wkh lqfxpehqw1 Iroorzlqj wklv/ qdwxuh ghwhuplqhv
zkhwkhu olwljdwlrq rffxuv/ dqg wklv hyhqw +ru qrq0hyhqw, lv sxeolfo| revhuyhg1 Li olw0
ljdwlrq rffxuv/ wkh dssrlqwhg dxglwru lqfxuv dq h{shfwhg oldelolw| ri �/ diwhu zklfk
wkh jdph hqgv1< Li olwljdwlrq grhv qrw rffxu/ wkh jdph frqwlqxhv1 Wkh survshfwlyh
dxglwru xsgdwhv klv sulru eholhiv dv wr wkh �up*v w|sh lq wkh xvxdo Ed|hvldq idvklrq
iroorzlqj wklv hyhqw +ru qrq0hyhqw,1 Wkh srvwhulru eholhiv iruphg dv d uhvxow ri wklv
xsgdwlqj surfhvv duh ghqrwhg e| b�/ wkh uhylvhg suredelolw| wkdw wkh �up lv d kljk ulvn
w|sh1 Lq dgglwlrq/ wkh survshfwlyh dxglwru irupv eholhiv/ k�c derxw wkh lqfxpehqw*v
suredelolw| ri ghwhfwlrq1

Li qr olwljdwlrq rffxuv/ wkhq lq wkh vhfrqg shulrg dxglwruv rqfh djdlq frpshwh lq
sulfh e| vlpxowdqhrxvo| r�hulqj ihhv iru wkh shuirupdqfh ri wkh dxglw1 Wkh vlpxowdqh0
rxv qdwxuh ri wkh vwudwhjlhv fkrvhq e| wkh wzr �upv lpsolhv wkdw wkh ihh r�huhg e| wkh
lqfxpehqw dxglwru lv qrw revhuydeoh e| wkh survshfwlyh dxglwru dqg ylvd yhuvd1 Wkh
�up wkhq fkrrvhv wkh dxglwru zlwk wkh orzhu ihh> krzhyhu/ lq wklv shulrg/ lq wkh fdvh
ri d wlh wkh folhqw uhwdlqv wkh lqfxpehqw dxglwru143 Dw wkh hqg ri wkh vhfrqg shulrg/
qdwxuh djdlq ghwhuplqhv zkhwkhu olwljdwlrq rffxuv dqg/ lq wklv hyhqw/ wkh �uvw shulrg
dxglwru lqfxuv dq h{shfwhg oldelolw| ri ��c zkloh wkh vhfrqg shulrg dxglwru lqfxuv dq
h{shfwhg oldelolw| �21 D nh| ihdwxuh ri wkh vhfrqg shulrg frpshwlwlrq lv wkdw wkh
lqfxpehqw dxglwru pd| kdyh sulydwh lqirupdwlrq derxw wkh �up*v ulvn w|sh/ zkhuhdv
wkh survshfwlyh dxglwru rqo| nqrzv wkh �up*v ulvn w|sh suredelolvwlfdoo|1

Wkh wlph olqh lq Iljxuh 4 vxppdul}hv wkh vhtxhqfh ri hyhqwv1
^ILJXUH 4 KHUH`
Wklv prgho grhv qrw frqvlghu wkh h�hfwv ri wkh dxglw rslqlrq rq wkh sulflqj ri

exvlqhvv ulvn1 Qrwlfh wkdw wklv lv zlwkrxw orvv ri jhqhudolw| surylghg wkdw wkh vsdfh
ri �up ulvn0w|shv lv ulfkhu wkdq wkdw ri wkh srvvleoh rslqlrqv +l1h1/ jrlqj frqfhuq
prgl�fdwlrqv dqg wkh olnh, wkdw wkh dxglwru pd| lvvxh1 Vlqfh wkh rslqlrq lvvxhg e|
wkh lqfxpehqw dxglwru lv qrw ixoo| lqirupdwlyh ri wkh �up*v ulvn0w|sh/ lw rqo| plwljdwhv
wkh lqirupdwlrq dv|pphwu| ehwzhhq wkh frpshwlqj dxglwruv zlwkrxw holplqdwlqj lw1
Frqvhtxhqwo|/ wkh txdolwdwlyh uhvxowv zklfk iroorz uhpdlq xqdowhuhg1

;Orqj0whup frqwudfwv duh qrw frqvlghuhg dv wklv pd| xqghuplqh dxglwru lqghshqghqfh dv vhw rxw

lq Uxoh 434 ri wkh DLFSD Frgh ri Surihvvlrqdo Frqgxfw1 Lq dgglwlrq/ xqghu rxu dvvxpswlrqv/ wkhuh

duh qr jdlqv wr wkh �up iurp dfwlqj �vwudwhjlfdoo|� dqg xwlol}lqj d vwudwhj| gl�huhqw iurp phuho|

fkrrvlqj wkh orzhvw sulfh1 Wkxv/ wkh �up lv hpsor|lqj d grplqdqw vwudwhj| lq vlpso| fkrrvlqj wkh

orzhvw sulfh r�huhg1
<Wkh h{shfwhg ydoxh E lv frpprqo| nqrzq h{ dqwh e| doo wkh dxglwruv1 Wkh dvvxpswlrq ri ulvn

qhxwudolw| hqdeohv xv wr olplw dwwhqwlrq wr wkh h{shfwhg ydoxh ri wkh olwljdwlrq orwwhu| udwkhu wkdq

frqvlghulqj wkh vshfl�f orwwhu| rxwfrphv lq ghwhuplqlqj wkh dxglwru*v rswlpl}dwlrq sureohp1
43Wklv wlh euhdnlqj uxoh/ zklfk lv frqvlvwhqw zlwk Pdjhh dqg Wvhqj +4<<3,/ lv fkrvhq vlpso|

ehfdxvh lw vhhpv d qdwxudo ghvfulswlrq ri wkh �up*v dxglwru uhwhqwlrq ghflvlrq> krzhyhu/ lw grhv qrw

d�hfw wkh htxloleulxp1 Lq sduwlfxodu/ dq dowhuqdwlyh wlh0euhdnlqj uxoh/ vxfk dv jlylqj htxdo zhljkw wr

hdfk dxglwru zrxog |lhog wkh vdph htxloleulxp vwudwhjlhv1
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Wkh uhvshfwlyh dxglwru*v sureohp lq wkh wzr0shulrg jdph pd| eh irupdol}lqj dv
iroorzv= Li wkh lqfxpehqw dxglwru ohduqv wkh folhqw*v exvlqhvv ulvn w|sh lq wkh �uvw
shulrg/ klv sureohp lv h{suhvvhg dv=

Li wkh �up lv d kljk w|sh wkhq/

4@ 
-M

.
�
` 2

M

�
' E-M � Z2�2� �h E-M � -� �� Z2�� +4,

Li wkh �up lv d orz w|sh wkhq/

4@ 
-u

.
�
` 2

u

�
' -u �h E-u � -� � +5,

Li/ rq wkh rwkhu kdqg/ wkh lqfxpehqw dxglwru grhv qrw ohduq wkh folhqw*v exvlqhvv
ulvn w|sh lq wkh �uvw shulrg/ wkhq klv sureohp lv h{suhvvhg dv=

4@ 
-L

.
�
` 2

L

�
' E-L � b�Z2�2� �h E-L � -� �� b�Z2�� +6,

zkhuh
-� lv wkh lqfxpehqw dxglwru*v vhfrqg shulrg ihh r�huhg wr wkh � w|sh �up/ � 5

iMcuj ^ Lc zkhuh L ghqrwhv d �up ri xqnqrzq w|sh1
-� ghqrwhv wkh survshfwlyh dxglwru*v vhfrqg shulrg ihh>
�h E-� � -� � lv wkh suredelolw| wkdw wkh lqfxpehqw dxglwru r�huv d orzhu ihh wkdq

wkh survshfwlyh dxglwru1
Wkh survshfwlyh dxglwru*v sureohp/ jlyhq eholhiv k� wkdw wkh lqfxpehqw dxglwru

kdv ohduqhg wkh folhqw*v w|sh/ lv uhsuhvhqwhg dv=

4@ 
-�

.
�
` 2

� (k
�
�

' k� Eb� E-� � Z2�2� �h E-� 	 -M� n E�� b��-� �h E-� 	 -u�� n

E�� k�� E-� � b�Z2�2� �h E-� 	 -L� +7,

zkhuh
�hE-� 	 -�� lv wkh suredelolw| wkdw wkh survshfwlyh dxglwru vxeplwv d orzhu r�hu

wkdq wkh lqfxpehqw dxglwru dqg wkhuhe| rewdlqv dssrlqwphqw> dqg
k� ghqrwhv wkh survshfwlyh dxglwru*v eholhiv derxw wkh suredelolw| wkdw wkh lqfxp0

ehqw dxglwru ohduqhg wkh folhqw*v exvlqhvv ulvn w|sh1
Wkh srvwhulru eholhiv duh xsgdwhg edvhg rq wkh sxeolfo| revhuydeoh olwljdwlrq vwdwh

dqg duh ghwhuplqhg e| Ed|hv* Uxoh dv iroorzv=

b� '
E�� Z��b

�� Z�b
+8,

Sulru wr wkh srvvleoh olwljdwlrq hyhqw lq wkh �uvw shulrg/ wkh lqfxpehqw dxglwru
fkrrvhv wkh ohyho ri h�ruw wr h{shqg lq ghwhuplqlqj wkh folhqw*v exvlqhvv ulvn w|sh

:



jlyhq wkh eholhiv khog e| wkh survshfwlyh dxglwru derxw wkh lqfxpehqw*v fkrlfh1 Wklv
sureohp lv uhsuhvhqwhg dv iroorzv=

4@ 
kMdfc�o

F Ek(k�� ' k
�
E�� b�.

�
` 2

u

�
n b E�� Z��.

�
` 2

M

�
� bZ��

�
n

E�� k�
�
E�� bZ��.

�
` 2

L

�
� bZ��

�
� S Ek� +9,

Wr hqvxuh dq lqwhulru vroxwlrq/ zh pdnh wkh iroorzlqj vwdqgdug dvvxpswlrqv=
S Ef� ' fc S� � fc S�� : fc S� Ef� ' fc dqg S� E�� '4�

Gl�huhqwldwlqj�
E�� b�.

�
` 2

u

�
n b E�� Z��.

�
` 2

M

�
� bZ��

�
�
�
E�� bZ��.

�
` 2

L

�
� bZ��

�
�S� Ek� ' f

+:,
Ohw kW Ek�� ghqrwh wkh xqltxh vroxwlrq wr wkh deryh sureohp1

Ohppd 4 Wkhuh h{lvwv d xqltxh vroxwlrq kW EkW� �

Ilqdoo|/ dxglwru 4*v +uhvs1 5, sureohp lq wkh �uvw shulrg lv irupdol}hg dv=
Fkrrvh -� vxfk wkdw=

4@ 
-�

. E`�� '

�
�h E-� 	 -2� n

�

2
�h E-� ' -2�

�
E-� n F EkW Ek�� (k��� n +;,

�
�h E-� 	 -2� n

�

2
�h E-� ' -2�

�
.�

�
.
�
` 2

�

��

zkhuh
-�c -2 ghqrwh wkh dxglw ihhv r�huhg e| dxglwru 4 dqg dxglwru 5/ uhvshfwlyho|> dqg
.� E. E` 2

� ��lv wkh h{shfwhg sur�w +orvv, hduqhg e| wkh survshfwlyh dxglwru lq wkh
vhfrqg shulrg hydoxdwhg xvlqj wkh dxglwru*v sulru eholhiv dv wkh| h{lvwhg lq wkh �uvw
shulrg1

6 Dqdo|vlv

Ehiruh fkdudfwhul}lqj wkh xqltxh Shuihfw Ed|hvldq Htxloleulxp ri wkh jdph lq Wkh0
ruhp 4/ ohw 8� E-� ghqrwh wkh fxpxodwlyh glvwulexwlrq ri dxglw ihhv/ -� / fkdujhg e|
wkh survshfwlyh dxglwru144 Vlploduo|/ ohw 8�E-� uhsuhvhqw wkh fxpxodwlyh glvwulexwlrq
ixqfwlrq iru wkh lqiruphg lqfxpehqw dxglwru*v ihh/ -�/ frqglwlrqdo rq wkh �up*v nqrzq
exvlqhvv ulvn w|sh �1 Ilqdoo|/ ohw 8LE-� uhsuhvhqw wkh fxpxodwlyh glvwulexwlrq ixqfwlrq
iru wkh xqlqiruphg lqfxpehqw dxglwru*v ihh/ -L 1

44Zkloh wkh htxloleulxp zdv ghulyhg dvvxplqj wkhuh duh wzr frpshwlqj dxglwruv/ wkh txdolwdwlyh

uhvxowv duh odujho| xqfkdqjhg e| dvvxplqj wkdw wkhuh duh q frpshwlqj dxglwruv1 Vlqfh wkh survshfwlyh

dxglwruv duh v|pphwulfdoo| lqiruphg lq wkh vhfrqg shulrg/ wkh v|pphwulf vwudwhj| sur�oh/ J+U,/ iru

hdfk ri wkh q� 4 survshfwlyh dxglwruv lv ghwhuplqhg dv iroorzv=

IS +U, @ Su +plq +U5> U6> ===> Uq, ? U,

@ 4� Su +5> U6> ===> Uq A U,

;



Wkhruhp 4 Wkh xqltxh Shuihfw Ed|hvldq Htxloleulxp iru wkh wzr shulrg jdph lv
jlyhq e|=

D survshfwlyh dxglwru udqgrpl}hv klv elg dffruglqj wr=

8� E-� '

;AAA?
AAA=

f zkhuh �4 	 - 	 b�Z2�2

�� b�Z2�2
-

zkhuh b�Z2�2 � - � b�Z2�2
�3kWnkWb�

�� b�Z2�2k
WE�3b��

-3b�Z2�2
zkhuh b�Z2�2

�3kWnkWb�
� - 	 Z2�2

� rwkhuzlvh

dqg hduqv }hur h{shfwhg sur�wv1
Dq lqiruphg lqfxpehqw dxglwru zkr nqrzv wkdw wkh �up lv d orz exvlqhvv0ulvn

w|sh udqgrpl}hv klv elg dffruglqj wr=

8u E-� '

;?
=

f zkhuh �4 	 - 	 b�Z2�2

-3b�Z2�2
kWE�3b��-

zkhuh b�Z2�2 � - � b�Z2�2
�3kWnkWb�

� rwkhuzlvh

dqg hduqv h{shfwhg vhfrqg shulrg sur�wv ri

.
�
` 2

u

�
' b�Z2�2

Dq lqiruphg lqfxpehqw dxglwru zkr nqrzv wkdw wkh �up lv d kljk exvlqhvv0ulvn
w|sh elgv=

-M ' Z2�2

dqg hduqv h{shfwhg vhfrqg shulrg sur�wv +orvvhv, ri

.
�
` 2

M

�
' �Z2��

Dqg dq xqlqiruphg lqfxpehqw dxglwru udqgrpl}hv klv elg dffruglqj wr=

8L E-� '

;A?
A=

f zkhuh �4 	 - 	 b�Z2�2
�nkWnkWb�

-E�3kWnkWb��3b�Z2�2
E�3kW�E-3b�Z2�2�

zkhuh b�Z2�2
�nkWnkWb�

� - � Z2�2

� rwkhuzlvh

dqg hduqv h{shfwhg vhfrqg shulrg sur�wv ri

.
�
` 2

L

�
' b�Z2 E�2k

W E�� b��� ���

@ 4� +4�J +U,,
q�4

Wkxv/ J +U, @ +4� IS +U,,
4

q�4 =

Qrwh krzhyhu/ wkdw zkloh htxloleulxp sd|r�v duh vwloo xqltxho| ghwhuplqhg/ wkhuh h{lvw d frqwlqxxp

ri htxloleulxp vwudwhjlhv vxssruwlqj wkhvh sd|r�v1

<



Pruhryhu/ wkh eholhiv khog e| wkh survshfwlyh dxglwru dqg wkh h�ruw ohyho hpsor|hg
e| wkh lqfxpehqw dxglwru lq wkh �uvw shulrg duh jlyhq e| kW�

Ilqdoo|/ lq wkh �uvw shulrg wkh frpshwlqj dxglwruv elg=

-� ' �F EkW(kW� �

Wkh qdwxuh ri wkh htxloleulxp vwudwhjlhv dulvhv odujho| iurp wkh qhhg iru wkh
survshfwlyh dxglwru wr dyrlg wkh dgyhuvh vhohfwlrq sureohp lqkhuhqw wr klv glvdgydq0
wdjhg srvlwlrq1 Vshfl�fdoo|/ wkh survshfwlyh dxglwru lv idfhg zlwk d �ohprqv� sureohp
lq ghflglqj zkdw ihh wr fkdujh1 Lq wkh hyhqw wkdw kh iroorzv vrph sxuh vwudwhj| ri
sulflqj deryh wkh h{shfwhg frvwv ri xqnqrzq w|shv/ exw ohvv wkdq wkh h{shfwhg frvw ri
d kljk w|sh �up/ lw lv fohdu wkdw kh zloo eh xqghufxw lq wkh fdvh zkhuh wkh folhqw lv d
xqnqrzq ru orz0ulvn w|sh dqg ohiw zlwk rqo| kljk ulvn �upv1 Olnhzlvh/ wkh fdvh zkhuh
wkh survshfwlyh dxglwru sulfhv deryh }hur exw ehorz wkh h{shfwhg frvwv ri xqnqrzq
w|shv/ ohdgv wr dq dgyhuvh vhohfwlrq sureohp zkhuh survshfwlyh dxglwruv hqg xs vroho|
zlwk xqsur�wdeoh kljk dqg xqnqrzq w|shv1 Wkxv/ wkh survshfwlyh dxglwru pl{hv wr
dyrlg wklv xqghvludeoh rxwfrph1

Dxglwru Vzlwfklqj

Dq lpsruwdqw ihdwxuh ri wkh htxloleulxp lv wkdw/ zlwk vrph suredelolw|/ dxglwru
wxuqryhu lv revhuyhg iru erwk w|shv ri �upv1 Lq sduwlfxodu/ orz ulvn �upv duh ohvv olnho|
wr fkdqjh dxglwruv wkdq kljk ulvn �upv1 Wklv uhodwlrqvkls lv vwdwhg lq Sursrvlwlrq 4/
zkhuh wkh xqfrqglwlrqdo suredelolw| ri d vzlwfk lv ghqrwhg �hEr�/ dqg wkh suredelolw|
ri d vzlwfk jlyhq dq � w|sh �up lv gh�qhg dv �h Erm�� zkhuh � 5 iMcuj1

Sursrvlwlrq 4 Jlyhq wkh vwudwhjlhv vwdwhg lq Wkhruhp 4/ wkhq

�h ErmM�� �h Ermu� : f�

Wkh kljkhu suredelolw| ri dxglwru vzlwfklqj iru kljk ulvn �upv wkdq iru orz ulvn
�upv/ ru wkh suredelolw| ri dxglwru vzlwfklqj lqfuhdvlqj zlwk exvlqhvv ulvn/ lv frqvlv0
whqw zlwk wkh hpslulfdo revhuydwlrqv ri Vfkzduw} dqg Phqrq +4<;8,1 Wkh| �qg wkdw
�upv h{shulhqflqj �qdqfldo glvwuhvv duh pruh olnho| wr vzlwfk dxglwruv> pruhryhu/ wkh
olnholkrrg ri vzlwfklqj lqfuhdvhv dv wkh �up dssurdfkhv edqnuxswf|1

Lw lv lqwhuhvwlqj wr qrwh wkdw wkh vzlwfklqj gl�huhqwldo/ �h ErmM� � �h Ermu� c lv
qrq0prqrwrqlf lq wkh lqfxpehqw dxglwru*v h�ruw wr dftxluh lqirupdwlrq1 Vshfl�fdoo|/
gl�huhqwldo vzlwfklqj udwhv duh odujhvw iru lqwhuphgldwh ydoxhv ri k� Dv d frqvhtxhqfh/
fkdqjhv lq vzlwfklqj gl�huhqwldov duh dpeljxrxv zlwk uhvshfw wr fkdqjhv lq wkh exvl0
qhvv ulvn hqylurqphqw1 Vshfl�fdoo|/ wkh h�hfw ri fkdqjhv lq wkh exvlqhvv ulvn hq0
ylurqphqw ghshqg rq zkhwkhu ru qrw wkh fxuuhqw htxloleulxp hqwdlov d orz ohyho ri
lqirupdwlrq dftxlvlwlrq/ kW � �

�nb�
�
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Furvv0Vxevlgl}dwlrq

D ixuwkhu frqvhtxhqfh ri wkh htxloleulxp ihh vwudwhj| sur�ohv vhw rxw lq Wkhruhp 4
lv wkdw wkh dxglw ihhv r�huhg wr kljk ulvn �upv/ . E-mM�/ duh kljkhu rq dyhudjh wkdq
wkrvh r�huhg wr orz ulvn �upv/ . E-mu�1 Qhyhuwkhohvv/ wkh ulvn suhplxp ru gl�huhqfh
ehwzhhq wkh ihhv r�huhg wr wkh kljk dqg orz ulvn �upv lv ohvv wkdq wkh gl�huhqfh
ehwzhhq wkh h{shfwhg frvw ri vhuylflqj wkh kljk ulvn w|sh dqg wkdw ri vhuylflqj wkh
orz ulvn w|sh �up1 Wkhvh revhuydwlrqv duh irupdol}hg lq Sursrvlwlrq 51

Sursrvlwlrq 5 Jlyhq wkh vwudwhj| sur�ohv vwdwhg lq Wkhruhp 4/ wkhq

f 	 . E-mM��. E-mu� 	 Z2�2

Iurp Sursrvlwlrq 5 lw iroorzv wkdw/ lq htxloleulxp/ wkh h{shfwhg olwljdwlrq frvwv ri
kljk ulvn �upv duh vxevlgl}hg e| wkh orz ulvn �upv1 Wr eh suhflvh/ vlqfh xqlqiruphg
lqfxpehqw dqg survshfwlyh dxglwruv duh fkdujlqj sulfhv deryh wkh frvw ri vhuylflqj orz
exvlqhvv ulvn �upv/ exw ehorz wkh frvw ri vhuylflqj kljk w|sh �upv/ wkhq sur�wv iurp
orz w|sh �upv duh/ lq h�hfw/ vxevlgl}lqj wkh dgghg frvw ri vhuylflqj kljk w|sh �upv1
Ri frxuvh/ lqiruphg dxglwruv sulfh kljk w|shv dssursuldwho|/ exw vwloo uhds sur�wv
rq orz w|shv gxh wr wkhlu lqirupdwlrqdoo| dgydqwdjhg srvlwlrq lq wkh pdunhw1 Wklv
lqfrpsohwh sdvv0wkurxjk ri h{shfwhg olwljdwlrq frvwv wr kljk ulvn �upv lv frqvlvwhqw
zlwk sudfwlwlrqhuv* fodlpv wkdw frpshwlwlyh sulflqj suhyhqwv wkhp iurp ixoo| dgmxvwlqj
dxglw ihhv wr uh hfw exvlqhvv ulvn1

Qrwlfh wkdw wkh h{shfwhg ihh r�huhg wr wkh kljk ulvn �up/ . E-mM�/ lv ohvv wkdq
wkh h{shfwhg olwljdwlrq frvw/ Z2�2/ dvvrfldwhg zlwk dxglwlqj wkdw �up lq wkh vhfrqg
shulrg1 Wkxv/ lq wkh vhfrqg shulrg/ orz0edoolqj e| survshfwlyh dxglwruv lv revhuyhg
iru kljk ulvn w|sh �upv1 Zh qrwh wkdw wkh survshfwlyh dxglwru*v orz0edoolqj rffxuv
qrw ehfdxvh ri uhqwv dqwlflsdwhg iurp ixwxuh shulrgv/ exw udwkhu iurp suredelolvwlf
lqwud0shulrg uhqwv dqwlflsdwhg e| wkh survshfwlyh dxglwru iurp orz w|sh folhqwv lq wkh
vhfrqg shulrg1

Lq wkh hyhqw wkdw frvwv duh orz hqrxjk wr lqgxfh wkh lqfxpehqw dxglwru wr dozd|v
ohduq d �up*v exvlqhvv ulvn w|sh/ wkhq vrph dojheud |lhogv wkh uhvxow wkdw dyhudjh
dxglw ihhv lq wkh vhfrqg shulrg duh lqfuhdvlqj lq dyhudjh exvlqhvv ulvn/ b�Z2/ idfhg e|
d survshfwlyh dxglwru1 Wkxv/ wkh prgho dffrugv zhoo zlwk hpslulfdo �qglqjv derxw
dxglw sulflqj dqg exvlqhvv ulvn1 Lq sduwlfxodu/ Ehoo hw do1 +4<<7, �qg wkdw dxglw ihhv
duh kljkhu iru kljk ulvn folhqwv/ exw exvlqhvv ulvn pd| qrw eh ixoo| sulfhg1

G|qdplf Sulflqj

Zh qrz wxuq wr wkh �uvw shulrg wr frqvlghu wkh lpsdfw ri hqgrjhqrxv h�ruw dqg
exvlqhvv ulvn rq wkh lqlwldo sulflqj sureohp idfhg e| dxglwruv1 Iurp Wkhruhp 4/ lw
iroorzv wkdw wkh lqfxpehqw dxglwru hduqv h{shfwhg frqwlqxdwlrq sd|r�v ri=
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E�� kW� EE�� bZ�� Eb
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W E�� b��� ����� bZ���� S EkW�+<,

Qrwlfh wkdw wkh h{shfwhg frvwv ri dxglwlqj d �up lq wkh �uvw shulrg duh

V ' b EZ�� n E�� Z�� Z2��� +43,

Orz0edoolqj lv wudglwlrqdoo| gh�qhg dv vhwwlqj wkh lqlwldo dxglw ihh ehorz �uvw shulrg
h{shfwhg frvw +GhDqjhor 4<;4d/ e,1 Irupdoo|/ wkh dprxqw ri wkh orz0edoo/ O/ lv jlyhq
e|=

O ' V� -� +44,

Vlqfh -� ' �F EkW(kW� c zh wkhq kdyh wkh iroorzlqj sursrvlwlrq=

Sursrvlwlrq 6 Dxglwruv elg ehorz h{shfwhg frvwv lq wkh dprxqw

O ' kWZ2�2 EE�� b�b� E2� kW��� S EkW� : f

Wkh ihh r�huhg lq wkh �uvw shulrg lv vhw uhfrjql}lqj wkdw wkh lqfxpehqw dxglwru
ehqh�wv iurp nqrzlqj wkh �up*v w|sh zkhq elgglqj iru dssrlqwphqw dv wkh �up*v
dxglwru lq wkh vhfrqg shulrg1 Vlqfh wkh frpshwlqj dxglwruv duh v|pphwulfdoo| xqlq0
iruphg lq wkh �uvw shulrg/ lw iroorzv iurp Ehuwudqg frpshwlwlrq wkdw wkh wzr shulrg
h{shfwhg sur�w pxvw eh }hur1

Wkxv/ wkh dqwlflsdwlrq ri h{shfwhg sur�wv lq wkh vhfrqg shulrg lqgxfhv dxglwruv
wr r�hu d ihh orzhu wkdq wkh �uvw shulrg h{shfwhg dxglw oldelolw| lq wkh krsh ri ehlqj
dssrlqwhg dxglwru1 Dssrlqwphqw doorzv wkh dxglwru wr srwhqwldoo| ohduq wkh folhqw*v
w|sh dqg wkhuhe| r�hu gl�huhqwldo dxglw sulfhv lq wkh vhfrqg shulrg1 Lq vkruw/ wkh
dxglwru kdv dq lqfhqwlyh wr orz0edoo1 Vlqfh hqwu| lv iuhh dqg �upv duh dvvxphg wr kdyh
qr �{hg frvwv/ wklv frqglwlrq lv frqvlvwhqw zlwk wkh dxglw pdunhw ehlqj lq orqj0uxq
htxloleulxp1

Rqh fdq vkrz wkdw wkh dprxqw ri orz0edoolqj lv lqfuhdvlqj lq wkh dprxqw ri wkh
vhfrqg shulrg h{shfwhg oldelolw|/ �2/ zklfk dulvhv lq wkh hyhqw ri olwljdwlrq1 Wkdw lv/
wkh khljkwhqhg survshfw ri dgyhuvh frxuw rxwfrphv lq wkh hyhqw ri olwljdwlrq dfwxdoo|
lqfuhdvhv orz0edoolqj e| dxglwruv1 Wkxv/ rxu prgho kdv wkh whvwdeoh lpsolfdwlrq wkdw
wkh uhfhqw fkdqjhv lq wkh olwljdwlrq hqylurqphqw vkrxog ohdg wr d ghfolqh lq wkh dprxqw
ri wkh orz0edoo/ O/ uhodwlyh wr wkh dprxqwv revhuyhg e| Vlprq dqg Iudqflv +4<;;, dqg
Hwwuhgjh dqg Juhhqehuj +4<<3,1 Wklv suhglfwlrq dulvhv vlqfh pdq| ri wkh hduolhu
fkdqjhv lq wkh odz wkdw kdg idflolwdwhg ohjdo dfwlrqv djdlqvw dxglwruv/ +vhh Nrwkdul/ hw
do1 4<;;> O|v dqg Zdwwv 4<<7,/ kdyh vlqfh ehhq uhyhuvhg1 Iluvw/ wkh 4<;6 Qhz Mhuvh|
frxuw*v ghflvlrq lq K1 Urvhqeoxp y1 Dgohu/ zklfk vxevwdqwldoo| lqfuhdvhg dxglwru*v
h{shfwhg oldelolw| e| kroglqj wkhp wr wkh iruhvhhdeoh sulylw| vwdqgdug zdv ryhuuxohg
e| wkh Qhz Mhuvh| ohjlvodwxuh lq 4<<8145 Wklv vwdwh kdv dgrswhg wkh ohvv vhyhuh/
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vwulfw sulylw| vwdqgdug +DLFSD 4<<8,1 Vhfrqg/ lq 4<<6/ wkh X1 V1 Vxsuhph Frxuw
khog lq Uhyhv hw do1 y1 Huqvw ) \rxqj wkdw vlqfh dxglwruv gr qrw sduwlflsdwh lq wkh
pdqdjhphqw ri dq hqwhusulvh/ wkh| duh qrw vxemhfw wr wkh Udfnhwhhu Lq xhqfhg dqg
Fruuxsw Rujdql}dwlrqv +ULFR, Dfw ri 4<:3146 Ilqdoo|/ wkh uhfhqwo| sdvvhg Vhfxulwlhv
Olwljdwlrq Uhirup Dfw ri 4<<8 surylghv surwhfwlrq wr dxglwruv e| dgrswlqj prgl�hg
sursruwlrqdwh oldelolw| iru ghihqgdqwv zkr gr qrw nqrzlqjo| hqjdjh lq iudxg dqg
lqfoxglqj surylvlrqv wr suhyhqw dexvlyh olwljdwlrq sudfwlfhv +DLFSD 4<<9,1

7 Lqirupdwlrq Dftxlvlwlrq dqg Exvlqhvv Ulvn

Lq wklv vhfwlrq zh frqvlghu krz fkdqjhv lq wkh exvlqhvv ulvn hqylurqphqw d�hfw lq0
irupdwlrq dftxlvlwlrq dqg sur�wv ri frpshwlqj dxglwruv1 Lq sduwlfxodu/ zh h{dplqh
�olqj ghod|v/ fkdqjhv lq oldelolw| odzv/ dv zhoo dv krz f|folfdo fkdqjhv lq wkh hfrqrplf
hqylurqphqw d�hfw dxglw sulflqj1

Ilolqj Ghod|v

Vxssrvh wkdw �olqj ghod|v uhgxfh wkh �uvw0shulrg suredelolw| ri vkduhkroghuv ri d
kljk0ulvn �up �olqj d odzvxlw lq zklfk wkh lqfxpehqw dxglwru lv wkh ghihqgdqw1 Lq
wklv fdvh/ wkhuh lv d uhgxfwlrq lq wkh lqirupdwlrqdo �ohdndjh� dulvlqj iurp wkh sxeolfo|
revhuydeoh olwljdwlrq hyhqw1 Frqvhtxhqwo|/ wkh ydoxh wr wkh lqfxpehqw ri dftxlulqj
lqirupdwlrq derxw wkh exvlqhvv ulvn ri wkh folhqw lv lqfuhdvhg/ dqg khqfh/ pruh lq0
irupdwlrq dftxlvlwlrq lv xqghuwdnhq1 Pruhryhu/ dv d uhvxow ri lqfuhdvhg lqirupdwlrq
dftxlvlwlrq frpelqhg zlwk juhdwhu xqfhuwdlqw| lq wkh vhfrqg shulrg exvlqhvv ulvn hqyl0
urqphqw/ sur�wv ri lqfxpehqw dxglwruv lqfuhdvh lq htxloleulxp1 Wklv kdv wkh froodwhudo
h�hfw ri wkhq lqfuhdvlqj revhuyhg orz0edoolqj lq wkh �uvw shulrg1

Pruh irupdoo|/

Uhpdun 4 Vxssrvh wkdw b � �

2
dqg �� ' �2 : fc wkhq d vpdoo ghfuhdvh lq Z� uhvxowv

lq lqfuhdvhg lqirupdwlrq dftxlvlwlrq dqg kljkhu sur�wv iru erwk lqiruphg lqfxpehqwv
zlwk orz exvlqhvv ulvn �upv dv zhoo dv xqlqiruphg lqfxpehqw dxglwruv1

Ri frxuvh/ sur�wv ri survshfwlyh dxglwruv dqg lqiruphg lqfxpehqwv zlwk kljk ulvn
�upv duh xqfkdqjhg e| �olqj ghod|v1

Ohjdo Uhirup

Qrz frqvlghu krz fkdqjhv lq oldelolw| odzv pljkw d�hfw wkh dxglw sulflqj hqylurq0
phqw1 Vxssrvh wkdw uhirup lv dqwlflsdwhg lq shulrg wzr dqg uhvxowv lq d uhgxfwlrq
lq �2� Dv d frqvhtxhqfh ri wkh ghfuhdvhg grzqvlgh dvvrfldwhg zlwk exvlqhvv ulvn/ wkh
lqfxpehqw dxglwru*v lqfhqwlyhv wr rewdlq dgglwlrqdo lqirupdwlrq duh uhgxfhg> khqfh/
htxloleulxp lqirupdwlrq dftxlvlwlrq ohyhov ghfuhdvh1 Lq wklv fdvh/ wkh dgyhuvh vhohfwlrq
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sureohp idfhg e| wkh survshfwlyh dxglwru lv uhgxfhg zkloh wkh lqirupdwlrqdo dgydq0
wdjh ri wkh lqfxpehqw lv dovr glplqlvkhg1 Wkxv/ sur�wv dffuxlqj wr erwk lqiruphg
dxglwruv zlwk orz w|sh �upv dv zhoo dv xqlqiruphg lqfxpehqwv duh uhgxfhg1 Qr0
wlfh wkdw wkhuh duh wzr vhsdudwh h�hfwv dffrxqwlqj iru wkhvh sur�w uhgxfwlrqv= lq wkh
fdvh ri lqiruphg lqfxpehqwv zlwk orz w|sh �upv/ uhgxfhg sur�wv dulvh sxuho| iurp
pruh djjuhvvlyh elgglqj e| survshfwlyh dxglwruv gxh wr wkh uhgxfwlrq lq dgyhuvh vh0
ohfwlrq1 Iru xqlqiruphg dxglwruv/ wkhuh lv dq dgglwlrqdo sur�w uhgxflqj h�hfw gxh wr
wkh uhgxfwlrq lq ohyhov ri lqirupdwlrq dftxlvlwlrq1 Wklv uhgxfhv wkh idyrudeoh lqiru0
pdwlrq h{whuqdolwlhv dffuxlqj wr xqlqiruphg lqfxpehqwv/ khqfh dovr uhvxowlqj lq wkhlu
ghfuhdvhg sur�w ohyhov1

Irupdoo|/

Uhpdun 5 D vpdoo ghfuhdvh lq �2 ghfuhdvhv lqirupdwlrq dftxlvlwlrq dv zhoo dv wkh
h{shfwhg sur�wv ri xqlqiruphg lqfxpehqwv dqg lqiruphg lqfxpehqwv zlwk orz w|sh
�upv1

Qh{w frqvlghu wkdw fdvh lq zklfk wkh oldelolw| ri sulru dxglwruv lq wkh hyhqw ri d
olwljdwlrq lqfuhdvhv> wkdw lv/ frqvlghu dq lqfuhdvh lq ��� Vlqfh vxfk d uhirup kdv qr
lpsdfw rq wkh exvlqhvv ulvn hqylurqphqw idfhg e| wkh survshfwlyh dxglwru/ lw wkhq
kdv qr h�hfw rq lqirupdwlrq dftxlvlwlrq/ qru rq wkh sur�wv ri lqiruphg lqfxpehqwv
zlwk orz w|shv1 Krzhyhu/ iru lqiruphg lqfxpehqwv zlwk kljk ulvn w|shv dqg xqlq0
iruphg lqfxpehqwv/ wkh grzqvlgh ri ehlqj dq lqfxpehqw dxglwru kdv lqfuhdvhg dqg
frqvhtxhqwo|/ h{shfwhg vhfrqg shulrg sur�wv ghfuhdvh1

Uhpdun 6 D vpdoo lqfuhdvh lq �� kdv qr h�hfw rq lqirupdwlrq dftxlvlwlrq ru wkh
h{shfwhg sur�wv ri lqiruphg lqfxpehqwv zlwk orz w|sh �upv1 H{shfwhg sur�wv ri xqlq0
iruphg lqfxpehqwv dqg lqiruphg lqfxpehqwv zlwk kljk w|sh �upv ghfuhdvh1

F|folfdo Exvlqhvv Ulvn H�hfwv

Ilqdoo|/ frqvlghu wkh h�hfwv ri dq lqfuhdvh lq wkh ryhudoo exvlqhvv ulvn hqylurqphqw
idfhg e| dxglwruv> wkdw lv/ frqvlghu dq lqfuhdvh lq b1 Vxssrvh wkdw orz exvlqhvv ulvn
�upv duh pruh qxphurxv wkdq kljk w|sh �upv1 Lq wklv fdvh/ dv sulru eholhiv derxw
�up w|shv ehfrphv pruh gl�xvh/ wkh ydoxh ri rewdlqlqj lqirupdwlrq derxw exvlqhvv
ulvn lqfuhdvhv1 Frqvhtxhqwo|/ lqirupdwlrq dftxlvlwlrq h�ruwv e| lqfxpehqwv lqfuhdvh1
Qdwxudoo|/ wklv ohdgv wr juhdwhu sur�wv iru lqiruphg lqfxpehqwv zlwk orz w|sh �upv
+wkurxjk dgyhuvh vhohfwlrq rqo|,1 Sur�wv iru xqlqiruphg lqfxpehqwv duh dpeljxrxv1
Zkloh srvlwlyh lqirupdwlrq h{whuqdolwlhv dqg dgyhuvh vhohfwlrq ohdg wr ohvv djjuhvvlyh
elgglqj rq wkh sduw ri survshfwlyh dxglwruv dqg khqfh lqfuhdvh sur�wv iru xqlqiruphg
lqfxpehqwv> rq wkh rwkhu kdqg/ wkh frvwv ri ehlqj d �uvw shulrg dxglwru kdyh dovr
lqfuhdvhg iru xqlqiruphg w|shv1 Wklv odwwhu h�hfw pd| rxwzhljk wkh iruphu> khqfh
sur�wv duh dpeljxrxv1 Qrqhwkhohvv/ lq wkh devhqfh ri sulru shulrg oldelolw|/ l1h1 zkhq
�� ' fc wkhq sur�wv wr xqlqiruphg w|shv lqfuhdvh1
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Uhpdun 7 Vxssrvh b 	 �

2
cwkhq d vpdoo lqfuhdvh lq b lqfuhdvhv lqirupdwlrq dftxl0

vlwlrq dqg wkh h{shfwhg sur�wv ri lqiruphg lqfxpehqwv zlwk orz w|sh �upv1 H{shfwhg
sur�wv ri lqiruphg lqfxpehqwv zlwk kljk w|sh �upv ghfuhdvh1 H{shfwhg sur�wv iru
xqlqiruphg w|shv duh dpeljxrxv1

Vxppdu|

Lw lv frqyhqlhqw wr vxppdul}h wkh htxloleulxp frpsdudwlyh vwdwlf h�hfwv lq wkh
iroorzlqj pdwul{=
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zkhuh wkh urz khdglqjv ghqrwh wkh frpsdudwlyh vwdwlf sdudphwhuv/ wkh froxpq khdg0
lqjv ghqrwh wkh uhohydqw htxloleulxp h�hfwv/ dqg wkh v|perov ifc�cnj ghqrwh +uhvs1,
qr fkdqjh/ ghfuhdvh/ dqg lqfuhdvh147

@ ghqrwhv b � �

2
c �� ' �2 : f�

K ghqrwhv b � �

2
�

S ghqrwhv �� vpdoo1

8 Frqfoxvlrq

Dxglwlqj dulvhv lq dq hqylurqphqw fkdudfwhul}hg e| hqgrjhqrxvo| ghwhuplqhg ohy0
hov ri lqfrpsohwh lqirupdwlrq1 Frqvhtxhqwo|/ lw vhhpv qdwxudo wkdw wkh lqirupdwlrq
dv|pphwu| frqfhuqlqj wkh exvlqhvv ulvn ri dq dxglw folhqw vkrxog d�hfw wkh sulflqj ri
dxglw vhuylfhv1 Zh �qg wkdw gl�huhqwldo dxglwru wxuqryhu/ lqfrpsohwh sdvv wkurxjk ri
exvlqhvv ulvn/ wkh hvwdeolvkhg hpslulfdo uhjxodulw| ri sulflqj dq lqlwldo dxglw ehorz wkh
h{shfwhg frvw ri shuiruplqj wkdw dxglw/ ru orz0edoolqj/ dulvh lq rxu prgho dv d frqvh0
txhqfh ri sulfh frpshwlwlrq dprqj dxglwruv zkr ghwhuplqh vwudwhjlfdoo| wkh ghjuhh
ri lqirupdwlrq dv|pphwu|1 Rxu sdshu vkrzv wkdw wudqvdfwlrq frvwv/ whfkqrorjlfdo
gl�huhqfhv ehwzhhq dxglwruv/ dqg rshudwlqj h!flhqflhv zklfk dulvh wkurxjk uhshdwhg
shuirupdqfh ri dq dxglw duh qrw uhtxluhg wr h{sodlq wkhvh skhqrphqd1

Rxu dqdo|vlv kdv d qxpehu ri whvwdeoh hpslulfdo uhodwlrqv1 Dxglwru wxuqryhu vkrxog
eh revhuyhg iru erwk orz dqg kljk exvlqhvv ulvn w|sh �upv zlwk kljk ulvn �upv ehlqj
pruh olnho| wr fkdqjh dxglwruv wkdq orz ulvn �upv1 Ixuwkhu/ zh k|srwkhvl}h wkdw
dowkrxjk dxglw ihhv lqfuhdvh zlwk exvlqhvv ulvn/ kljk exvlqhvv ulvn �upv rq dyhudjh

47Urxwlqh frpsxwdwlrq ri htxloleulxp frpsdudwlyh vwdwlfv duh rewdlqhg diwhu ohqjwk| dqg whglrxv

fdofxodwlrqv> ghwdlov duh dydlodeoh iurp wkh dxwkruv1
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duh qrw ixoo| fkdujhg zlwk wkh h{shfwhg frvw ri olwljdwlrq dulvlqj iurp wkh dxglw vhuylfh1
Wkxv/ zh zrxog h{shfw wkdw furvv0vxevlgl}dwlrq ehwzhhq wkh kljk dqg orz exvlqhvv
ulvn �upv zrxog eh revhuyhg1 Ilqdoo|/ orz0edoolqj dqg dxglw ihhv duh vkrzq wr eh
srvlwlyho| fruuhodwhg zlwk olwljdwlrq oldelolw| h{srvxuh1
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Uhihuhqfhv

^4` Dpdqq/ H1 dqg Z1 Ohlqlqjhu1 4<<81 H{shfwhg Uhyhqxh ri Doo0sd| dqg Iluvw0sulfh
Vhdohg0elg Dxfwlrqv zlwk D!oldwhg Vljqdov1 ]hlwvfkuliw iÿu Qdwlrqdoùnrqrplh 94=
5:605:<1

^5` Dphulfdq Lqvwlwxwh ri Fhuwl�hg Sxeolf Dffrxqwdqwv +DLFSD,1 4<<51 Dxglw Ulvn
Dohuw1 Wkh FSD Ohwwhu Qryhpehu1 Qhz \run= DLFSD1

^6` Dphulfdq Lqvwlwxwh ri Fhuwl�hg Sxeolf Dffrxqwdqwv1 4<<81 Qhz Mhuvh| Dgrswv
Vwulfw Sulylw| Vwdqgdug1 Wkh FSD Ohwwhu +Pd|,= 51

^7` Dphulfdq Lqvwlwxwh ri Fhuwl�hg Sxeolf Dffrxqwdqwv1 4<<91 Vhfxulwlhv Olwljdwlrq
Uhirup Eloo Qrz Odz= Yhwr Ryhuulgghq1 Wkh FSD Ohwwhu +Mdqxdu|2Iheuxdu|,=
41

^8` Duwkxu Dqghuvhq ) Fr1/ Frrshuv ) O|eudqg/ Ghorlwwh ) Wrxfkh/ Huqvw ) \rxqj/
NSPJ Shdw Pduzlfn/ dqg Sulfh Zdwhukrxvh1 4<<51 Wkh Oldelolw| Fulvhv lq wkh
Xqlwhg Vwdwhv= Lpsdfw rq wkh Dffrxqwlqj Surihvvlrq1

^9` Ehoo/ W1 E1 / Z1 U1 Odqgvpdq/ dqg G1 D1 Vkdfnhoirug1 4<<71 Ohjdo Oldelolw| dqg
Dxglw Ihhv= Dq Hpslulfdo Vwxg|1 Zrunlqj Sdshu1 Xqlyhuvlw| ri Qruwk Fdurolqd/
Fkdsho0Kloo/ QF1

^:` Ehuwrq/ O1 4<<81 Elj Dffrxqwlqj Ilupv Zhhg Rxw Ulvn| Folhqwv1 Zdoo Vwuhhw
Mrxuqdo +Mxqh 59,= E41

^;` Euxp�hog/ F1 D1 / U1 N1 Hoolrww/ dqg S1 G1 Mdfrevrq1 4<;61 Exvlqhvv Ulvn dqg
wkh Dxglw Surfhvv1 Mrxuqdo ri Dffrxqwdqf| +Dsulo ,= 9309;1

^<` Frpplvvlrq rq Dxglwruv* Uhvsrqvlelolwlhv1 4<:;1 Uhsruwlqj Frqfoxvlrqv dqg Uhf0
rpphqgdwlrqv1 Wkh Frpplvvlrq rq Dxglwruv* Uhvsrqvlelolwlhv1 DLFSD1

^43` GhDqjhor/ O1 H1 4<;4d1 Dxglwru Lqghshqghqfh/ *orz edoolqj*/ dqg Glvforvxuh Uhj0
xodwlrq1 Mrxuqdo ri Dffrxqwlqj dqg Hfrqrplfv 6 +Dxjxvw,= 446045:1

^44` GhDqjhor1 4<;4e1 Dxglwru Vl}h dqg Dxglw Txdolw|1 Mrxuqdo ri Dffrxqwlqj dqg
Hfrqrplfv 6 +Ghfhpehu,= 4;604<<1

^45` G|h/ U1 D1 4<<81 Lqfrusrudwlrq dqg wkh Dxglw Pdunhw1 Mrxuqdo ri Dffrxqwlqj
dqg Hfrqrplfv 4< +Iheuxdu|,= :804471

^46` Hlfkhqvhkhu/ M1 Z1 / dqg G1 Vklhogv1 4<;61 Wkh Fruuhodwhv ri FSD0Ilup Fkdqjh
iru Sxeolfo|0Khog Frusrudwlrqv1 Dxglwlqj= D Mrxuqdo ri Sudfwlfh ) Wkhru|
+Vsulqj,= 5606:1
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^47` Hqjhoeuhfkw0Zljjdqv/ U1 / S1 U1 Plojurp/ dqg U1 M1 Zhehu1 4<;61 Frpshwlwlyh
Elgglqj dqg Sursulhwdu| Lqirupdwlrq1 Mrxuqdo ri Pdwkhpdwlfdo Hfrqrplfv 44=
494049<1

^48` Hwwuhgjh/ P1 / dqg U1 Juhhqehuj1 4<<31 Ghwhuplqdqwv ri Ihh Fxwwlqj rq Lqlwldo
Dxglw Hqjdjhphqwv1 Mrxuqdo ri Dffrxqwlqj Uhvhdufk 5; +Vsulqj,= 4<;05431

^49` Joh}hq/ J1 dqg P1 Hovhu1 4<<91 Wkh Dxglwru Fkdqjh Surfhvv1 Mrxuqdo ri Dffrxq0
wdqf| 4;4 +Mxqh,= :60::1

^4:` Ndqrgld/ F1 / dqg D1 Pxnkhuml1 4<<71 Dxglw Sulflqj/ Orz0edoolqj dqg Dxglwru
Wxuqryhu= D G|qdplf Dqdo|vlv1 Wkh Dffrxqwlqj Uhylhz 9< +Rfwrehu,= 8<609481

^4;` Nrwkdul/ V1 S1/ W1 O|v> F1 Z1 Vplwk/ dqg U1 O1 Zdwwv1 4<;;1 Dxglwruv Oldelolw|
dqg Lqirupdwlrq Glvforvxuh1 Mrxuqdo ri Dffrxqwlqj/ Dxglwlqj/ dqg Ilqdqfh +Idoo,=
63:066<1

^4<` Odpehuw/ Z1 4<<71 Odz Qrwh1 Zdoo Vwuhhw Mrxuqdo +Mxqh 43,= E81

^53` O|v/ W1 / dqg U1 O1 Zdwwv1 4<<71 Odzvxlwv djdlqvw Dxglwruv1 Mrxuqdo ri Dffrxqw0
lqj Uhvhdufk 65 +Vxssohphqw ,= 980<61

^54` Pdjhh/ U1 S1 / dqg P1 Wvhqj1 4<<31 Dxglw Sulflqj dqg Lqghshqghqfh1 Wkh Df0
frxqwlqj Uhylhz 98 +Dsulo,= 64806691

^55` Pduwlpruw/ G1 / dqg O1 Vwroh1 4<<61 D Qrwh rq wkh Uhyhodwlrq Sulqflsoh dqg
Frpprq Djhqf|1 Plphr1

^56` R*Pdooh|/ V1 I1 4<<61 Ohjdo Oldelolw| lv Kdylqj d Fkloolqj H�hfw rq wkh Dxglwru*v
Uroh1 Dffrxqwlqj Krul}rqv : +Mxqh,= ;50;:1

^57` Sudww/ M1/ dqg M1 G1 Vwlfh1 4<<71 Wkh H�hfwv ri Folhqw Fkdudfwhulvwlfv rq Dxglwru
Olwljdwlrq Ulvn Mxgjphqwv/ Uhtxluhg Dxglw Hylghqfh/ dqg Uhfrpphqghg Dxglw
Ihhv1 Wkh Dffrxqwlqj Uhylhz 9< +Rfwrehu,= 96< 0 9891

^58` Uxelq/ P1 D1 4<;;1 Pxqlflsdo Dxglw Ihh Ghwhuplqdqwv1 Wkh Dffrxqwlqj Uhylhz
96 +Dsulo,= 54<05691

^59` Vfkxhw}h/ Z1 S1 4<<61 Wkh Oldelolw| Fulvlv lq wkh X1V1 dqg lwv Lpsdfw rq Df0
frxqwlqj1 Dffrxqwlqj Krul}rqv : +Mxqh,= ;;0<41

^5:` Vfkzduw}/ N1 E1 / dqg N1 Phqrq1 4<;81 Dxglwru Vzlwfkhv e| Idlolqj Ilupv1 Wkh
Dffrxqwlqj Uhylhz 93 +Dsulo,= 57;05941

^5;` Vlprq/ G1 / dqg M1 Iudqflv1 4<;;1 Wkh H�hfwv ri Dxglwru Fkdqjhv rq Dxglw Ihhv=
Whvwv ri Sulfh Fxwwlqj dqg Sulfh Uhfryhu|1 Wkh Dffrxqwlqj Uhylhz 96 +Dsulo,=
588059<1

4;



^5<` Vlpxqlf/ G1 D1 Wkh Sulflqj ri Dxglw Vhuylfhv= Wkhru| dqg Hylghqfh1 Mrxuqdo ri
Dffrxqwlqj Uhvhdufk 4; +Vsulqj,= 49404<31
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D Dsshqgl{

Surri ri Ohppd 4=

Vxevwlwxwlqj iru wkh vhfrqg shulrg htxloleulxp sd|r�v dqg vlpsoli|lqj |lhogv=

E�� Z��bZ2�2

E�� k�� E�� b�

�� Z�b
� S� Ek� ' f

Wkhq/ xvlqj wkh lpsolflw ixqfwlrq wkhruhp=

YkW

Yk�
' �

E�� bZ�� Eb
�Z2 E�2 E�� b����

S�� Ek�
+45,

zklfk lv hyhu|zkhuh qhjdwlyh1
Frpelqlqj wkh prqrwrqlflw| uhvxowv ri htxdwlrq E�2�zlwk wkh hqgsrlqw frqglwlrqv

lpsolhg e| rxu frvw ixqfwlrq dvvxpswlrqv |lhogv wkdw wkhuh lv d xqltxh kW vxfk wkdw
wkh eholhiv ri wkh survshfwlyh dxglwru duh fruuhfw lq wkh vhfrqg shulrg jdph1

Surri ri Wkhruhp 4=

Zh ehjlq e| frqvlghulqj wkh vwudwhjlhv lq wkh vhfrqg shulrg1 Vlqfh lw lv qrw gl!fxow
wr vkrz wkdw dq htxloleulxp lq sxuh vwudwhjlhv iru wkh dfwlrqv lq wkh vhfrqg shulrg
grhv qrw h{lvw/ zh zloo frqvlghu wkh htxloleulxp lq qrq0ghjhqhudwh ehkdylrudo vwudwhjlhv
rqo|1

Iluvw/ frqvlghu wkh h{shfwhg sd|r� ri wkh survshfwlyh dxglwru jlyhq wkh vwudwhj|
dgrswhg e| wkh lqfxpehqw dxglwru1 Wkh h{shfwhg sd|r� lv

.
�
` 2

�

�
' kW Eb� E-R � Z2�2� E�� 8M E-R�� n E�� b��-R E�� 8u E-� ��� n

E�� kW� E-� � b�Z2�2� E�� 8L E-� �� �

Li -� 	 Z2�2/ wkhq 8M E-� � ' f1 Frqvlghu wkh htxloleulxp sd|r�v ryhu wkh
qrq0ghjhqhudwh vxssruw ri 8u E-� �1 Qrwlfh wkdw rq wklv vxssruw 8L E-R� ' f1 Wkxv

.
�
` 2

� E-� �
�

' kW
�
b� E-R � Z2�2� n E�� b��-R

�
��

-� � b�Z2�2

kW E�� b��-�

��
n

E�� kW� E-� � b�Z2�2�

' f

diwhu vrph vlpsol�fdwlrq1
Vlploduo|/ htxloleulxp sd|r�v ryhu wkh qrq0ghjhqhudwh vxssruw ri 8L E-� � zkhuh

8u E-R� ' � duh

.
�
` 2

� E-� �
�

' kWb� E-R � Z2�2� n E�� kW� E-� � b�Z2�2� E�� 8L E-� ��

' kWb� E-R � Z2�2� n

E�� kW� E-� � b�Z2�2�

�
��

- E�� kW n kWb��� b�Z2�2

E�� kW� E-� b�Z2�2�

�

' f
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Frqvlghu ghyldwlrqv rxwvlgh wkh qrq0ghjhqhudwh vwudwhj| vxssruw e| wkh survshf0
wlyh dxglwru=

Vxssrvh -� 	 b�Z2�2/ wkhq . E` 2
� E-� �� ' -R � Z2�2 	 f� Vxssrvh qrz wkdw

-� : Z2�2c wkhq . E` 2
� E-� �� ' f�

Wkhuhiruh wkh survshfwlyh dxglwru kdv qr lqfhqwlyh wr ghyldwh rxwvlgh wkh vxssruw
vshfl�hg lq Wkhruhp 41

Vhfrqg/ frqvlghu wkh h{shfwhg sd|r� ri wkh lqiruphg lqfxpehqw dxglwru jlyhq wkh
vwudwhj| ri wkh survshfwlyh dxglwru1 Vxssrvh wkdw wkh folhqw lv d orz0w|sh �up1 Wkh

h{shfwhg sd|r� wr wkh lqfxpehqw dxglwru iru -u 5
k
b�Z2�2c

b�Z2�2
�3kWnkWb�

l
lv

.
�
` 2

u E-u�
�

' -u E�� 8� E-u��

' -u

�
b�Z2�2

-u

�

' b�Z2�2

Frqvlghu ghyldwlrqv e| wkh lqiruphg lqfxpehqw rxwvlgh wkh qrq0ghjhqhudwh vxs0
sruw1 Vxssrvh -u 	 b�Z2�2/ wkhq . E` 2

u E-u�� ' -u 	 b�Z2�2� Qh{w/ frqvlghu

wkh fdvh zkhuh Z2�2 � -u : b�Z2�2
�3kWnkWb�

c wkhq . E` 2
u E-u�� ' -u

�
b�Z2�2k

WE�3b��

-u3b
�Z2�2

�
	

b�Z2�2 vlqfh -u :
b�Z2�2

�3kWnkWb�
� Ilqdoo|/ zkhuh -u : Z2�2 wkhq sur�wv duh }hur1 Wkxv/

wkh lqfxpehqw dxglwru uhpdlqv lqgl�huhqw ehwzhhq sd|r�v jhqhudwhg e| ihhv rq wkh

vxssruw -u 5
k
b�Z2�2c

b�Z2�2
�3kWnkWb�

l
zklfk duh vwulfwo| suhihuuhg wr sd|r�v rxwvlgh wklv

vxssruw1
Qrz/ vxssrvh wkdw wkh folhqw lv d kljk0w|sh �up1 Wkh h{shfwhg sd|r� wr wkh

lqfxpehqw dxglwru lv

.
�
` 2

M E-M�
�
E-M � Z2�2� E�� 8� E-M��� Z2��

Vlqfh wkh lqfxpehqw dxglwru vhwv -M @ Z2�2 zlwk suredelolw| rqh/ 8� EZ2�2� ' �c
dqg wkh h{shfwhg sd|r� . E` 2

M E-M�� ' �Z2��� Qrwlfh wkdw doo ghyldwlrqv |lhog
sd|r�v wkdw duh hlwkhu orzhu +iru wkh fdvh zkhuh -M 	 Z2�2 ru wkh vdph -M : Z2�2

dv wkrvh rewdlqhg lq htxloleulxp1
Wklug/ frqvlghu wkh h{shfwhg sd|r� ri wkh xqlqiruphg lqfxpehqw dxglwru jlyhq

wkh vwudwhj| ri wkh survshfwlyh dxglwru1 Wkh xqlqiruphg lqfxpehqw*v htxloleulxp

sd|r� iru doo -L 5
k

b�Z2�2
�nkWnkWb�

c Z2�2

l
lv

.
�
` 2

L E-L�
�

' E-L � b�Z2�2� E�� 8� E-L��� b�Z2��

' b�Z2 E�2k
W E�� b������

Dqdorjrxv wr wkh suhylrxv fdvhv/ lw lv urxwlqh wr yhuli| wkdw ghyldwlrqv rxwvlgh

-L 5
k

b�Z2�2
�nkWnkWb�

c Z2�2

l
duh qrw vwulfwo| sur�wdeoh1
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Wkh vroxwlrq wr kW jlyhq e| Ohppd 4 lv qhfhvvdu| iru Shuihfw Ed|hvldq htxloleulxp
+khuhdiwhu SEH,1 Ilqdoo|/ �uvw shulrg sulflqj iroorzv iurp Ehuwudqg dujxphqwv1

Lw uhpdlqv wr vkrz xqltxhqhvv ri wkh htxloleulxp sd|r�v1 Zh ehjlq e| frqvlghulqj
wkh vhfrqg shulrg dxfwlrq1 E| Ehuwudqg dujxphqwv/ htxloleulxp sulfhv pxvw eh ohvv
wkdq ru htxdo wr Z2�2�

Gh�qh wkh qrq0ghjhqhudwh vxssruwv ri wkh elgglqj vwudwhjlhv ri hdfk ri wkh elgghu
w|shv dv VM cVucV� cVL � Xvlqj vwdqgdug dujxphqwv +vhh Hqjhoeuhfkw0Zljjdqv/ hw do1
dqg Dpdqq dqg Ohlqlqjhu +4<<8,,/ wkh vxssruwv ri dq| vhw ri htxloleulxp elgglqj
vwudwhjlhv=

41 Frqqhfwhg dqg dwrpohvv h{fhsw srvvleo| dw xsshu hqgsrlqwv>

51 VM ^ Vu ^ VL lv frqqhfwhg>

61 EVM ^ Vu ^ VL�"V� ' >�

Lw lv dovr xvhixo wr uhfdoo wkdw/ vlqfh iru doo �c V� lv wkh vxssruw ri vrph fxpxodwlyh
glvwulexwlrq ixqfwlrq ryhu d erxqghg lqwhuydo/ wkhq V� lv d forvhg vhw1

Fodlp= Lq dq| htxloleulxp . E` 2
� � ' f�

Surri1 Vlqfh wkh survshfwlyh dxglwru orvhv wkh dxfwlrq zlwk fhuwdlqw| e| sulflqj
dw t�T EV� � cdqg vlqfh e| forvhgqhvv t�T EV� � 5 V� wkhq h{shfwhg sur�wv iurp wkh
vwudwhj| -� ' t�T EV� � duh }hur1 E| gh�qlwlrq ri htxloleulxp/ wkhq iru doo -� 5 V� c
h{shfwhg sur�wv duh }hur1

Fodlp= Lq dq| htxloleulxp �?u EV� � ' b�Z2�2�

Surri1 �?u EV� � ' t�T EV� � fdq rqo| kdsshq lq d sxuh vwudwhj| htxloleulxp/ zklfk
zh uxohg rxw hduolhu1 Wkxv/ �?u EV� � 	 t�T EV� � � Exw vlqfh e| sod|lqj -R ' �?u EV� �
wkh survshfwlyh dxglwru zlqv zlwk fhuwdlqw|/ wkhq �?u EV� � ' b�Z2�2 iru }hur h{shfwhg
sur�wv wr krog1

Fodlp= Lq dq| htxloleulxp/ t�T EVM� ' �?u EVM� ' t�T EV� � �
Surri1 Fohduo|/ lq qr htxloleulxp zrxog lqiruphg lqfxpehqwv zlq zlwk srvlwlyh
suredelolw| iru dq| -M 	 Z2�2� Vlqfh t�T EV� � � Z2�2c wkhq li �?u EVM� 	 t�T EV� � c
zh kdyh d frqwudglfwlrq1 Olnhzlvh/ iru t�T EVM� 	 t�T EV� � � Frpelqlqj wkhvh frqwud0
glfwru| frqglwlrqv zlwk EVM ^ Vu ^ VL�"V� ' > |lhogv wkh uhvxow1

Fodlp= Jlyhq vrph lqwhuydo d@c Ko � db�Z2�2c Z2�2o dqg dq hqgsrlqw frqglwlrq
8� E@� ' &c wkhq wkhuh h{lvwv d xqltxh elgglqj ixqfwlrq 8� E-� sod|hg e| wkh survshf0
wlyh dxglwru zklfk nhhsv d orz +uhvs1 xqlqiruphg/ survshfwlyh, w|sh lqgl�huhqw ryhu
d@c Ko � Pruhryhu/ wkh vroxwlrq wr 8� E�� gl�huv ghshqglqj rq wkh w|sh ri sod|hu ehlqj
pdgh lqgl�huhqw1
Surri1 Frqvlghu wkh fdvh ri d orz w|sh1 Iru orz w|shv wr uhpdlq lqgl�huhqw ryhu
d@c Ko uhtxluhv iru doo -u 5 d@c Ko

-u E�� 8� E-u�� � 5
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zkhuh 5 lv vrph frqvwdqw1 Gl�huhqwldwlqj zlwk uhvshfw wr -uc�
�� 8� E-u�� -u

_

_-u

E8R E-u��

�
' f +46,

zklfk lv d �uvw0rughu olqhdu gl�huhqwldo htxdwlrq1 Frpelqhg zlwk dq hqgsrlqw frqgl0
wlrq dqg wkh idfw wkdw wkh udqjh ri 8� E�� lv frqyh{/ zh nqrz wkdw 8� E�� lv xqltxh1
Dq dqdorjrxv dujxphqw krogv iru xqlqiruphg w|shv

�
�� 8� E-L�� E-L � b�Z2�2�

_

_-u

E8R E-L��

�
' f +47,

dqg lw lv fohdu wkdw iru d �{hg hqgsrlqw/ wkh vroxwlrqv wr htxdwlrqv E��� dqg E�e�duh
gl�huhqw1 Wkh surri iru d survshfwlyh w|sh lv lghqwlfdo1

Fodlp= Wkhuh h{lvwv qr lqwhuydo d@c Ko c @ 	 Kc vxfk wkdw Vu_VL @d@c Ko �Pruhryhu/
iru dq| lqwhuydo d@c Ko ryhu zklfk xqlqiruphg w|shv duh lqgl�huhqw/ @ "u K� Olnhzlvh/
ru dq| lqwhuydo d@c Ko ryhu zklfk orz w|shv duh lqgl�huhqw K "L @c zkhuh wkh uhodwlrq
"�ghqrwhv vwulfw suhihuhqfh e| w|sh � 5 iucLj �
Surri1 Wkh �uvw sduw ri wkh fodlp iroorzv gluhfwo| iurp wkh xqltxhqhvv ri 8� � Wkh vhf0
rqg sduw iroorzv iurp xqltxhqhvv frpelqhg zlwk wkh devhqfh ri sur�wdeoh ghyldwlrqv
iru hdfk ri wkh w|shv jlyhq lq wkh h{lvwhqfh surri deryh1

Lw wkhq iroorzv wkdw �?u EV� � ' �?u EVu� ' b�Z2�2� Dqg/ e| wkh gh�qlwlrq ri d fgi/
8� Eb�Z2�2� ' 8u Eb

�Z2�2� ' f� Xvlqj xqltxhqhvv ri wkh vroxwlrq wr wkh gl�huhqwldo
htxdwlrq jhqhudwlqj lqgl�huhqfh/ zh wkhq uhsurgxfh wkh vwudwhjlhv jlyhq lq Wkhruhp 41
Xqltxhqhvv ri kW iroorzv iurp Ohppd 4 dqg wkh xqltxhqhvv ri �uvw shulrg vwudwhjlhv
iroorzv iurp Ehuwudqg sulflqj dujxphqwv1

Surri ri Sursrvlwlrq 4= Qrwh wkdw �h Ermu� ' kW�h E-� 	 -u�nE�� kW� �h E-� 	 -L�1
Vlqfh 8� E-�c 8uE-�c dqg 8L E-� duh pl{hg vwudwhjlhv/ -Rc -uc dqg -L duh lqghshq0
ghqw udqgrp yduldeohv1 Wkhuhiruh/ �h E-� 	 -u� pd| eh h{suhvvhg dv d frqyroxwlrq
ri 8� E-� dqg 8uE-�1 Dovr/ gh�qh s� E-� '

Y

Y-
8� E-� iru � 5 iMcucLc�j1 Wkxv/

�h Ermu� ' kW�h E-� 	 -u� n E�� kW� �h E-� 	 -L�

' kW
]

"

3"

8� E-� su E-� _-n E�� kW�

]
"

3"

8� E-� sL E-� _-

Wkhq xvlqj Wkhruhp 4/

�h Ermu� ' kW
] b

�

Z2�2

�3kWnkWb�

b�Z2�2

�
��

b�Z2�2

-

��
b�Z2�2

kW E�� b��-2

�
_-n E�� kW�

]
"

3"

8� E-� sL E-� _-

�

2
E�� b�� EkW�2 n E�� kW�

]
"

3"

8� E-� sL E-� _-
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Qrz frqvlghu wxuqryhu dprqj kljk w|shv/ e| vlplodu uhdvrqlqj

�h ErmM� ' kW�h E-� 	 -M� n E�� kW� �h E-� 	 -L�

' kW
]

"

3"

8� E-� sM E-� _-n E�� kW�

]
"

3"

8� E-� sL E-� _-

Wkhq xvlqj Wkhruhp 4/

�h ErmM� ' kW E�� b�kW� n E�� kW�

]
"

3"

8� E-� sL E-� _-

Gl�huhqflqj

�h ErmM�� �h Ermu� ' kW E�� b�kW��
�

2
E�� b�� EkW�2

'
�

2
kW E2� kWb� � kW�

: f

Surri ri Sursrvlwlrq 5=

Uhfdoo wkdw

. E-mu� ' k.
�
-m7u

�
n E�� k�. E-mL�

. E-mM� ' k.
�
-m 7M

�
n E�� k�. E-mL�

zkhuh 7u +uhvs1 7M� ghqrwhv wkdw wkh lqfxpehqw dxglwru kdv vxffhvvixoo| ohduqhg wkh
�up*v w|sh/ zkloh L djdlq ghqrwhv wkh w|sh ri �up ehlqj xqnqrzq wr wkh lqfxpehqw1

Gl�huhqflqj

. E-mM�� . E-mu� ' k
�
.
�
-m 7M

�
� .

�
-m7u

��
Gh�qh C E-m�� wr eh wkh glvwulexwlrq ri wkh plqlpxp rughu vwdwlvwlf ri wkh sdlu�

�-� c �-�

�
� 5 iMcuj cdqg ohw } E-m�� eh wkh dvvrfldwhg ghqvlw|1 Revhuyh wkdw zkhq

� ' Mc wkhq iru doo - : Z2�2c } E-mM� ' f( khqfh .
�
-m 7M

�
� Z2�2� Vlploduo|/

revhuyh wkdw iru doo - 	 b�Z2�2c } E-mu� ' f(khqfh .
�
-m7u

�
� b�Z2�2� Frpelqlqj

wkhvh lqhtxdolwlhv |lhogv .
�
-m 7M

�
� .

�
-m7u

�
	 Z2�2�

Qh{w/ revhuyh wkdw wkh 8M E-� �uvw rughu vwrfkdvwlfdoo| grplqdwhv 8� E-� zklfk
�uvw rughu vwrfkdvwlfdoo| grplqdwhv 8u E-� � Frqvhtxhqwo|/ CE-mM� �uvw rughu vwr0
fkdvwlfdoo| grplqdwhv C E-mu�> khqfh .

�
-m 7M

�
�.

�
-m7u

�
: f�

Surri ri Sursrvlwlrq 6=

Qrwlfh wkdw VnF Ef(k�� � f iru doo k� zlwk vwulfw lqhtxdolw| iru doo k� : f�Pruhryhu/
Vn F E�(k�� lv vwulfwo| frqfdyh/ dqg e| rxu dvvxpswlrqv rq S E�� c d SEH fkrlfh ri k lv
lqwhulru1 Wkxv/ Vn F EkW(kW� : f1
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Wr rewdlq wkh h{suhvvlrq iru wkh orz0edoo dprxqw= uhzulwh Vn F EkW(kW� G

Vn F EkW(kW� ' b EZ�� n E�� Z��Z2��� n

kW EE�� b�b�Z2�2 � b EE�� Z��Z2�� n Z���� n

E�� kW� EE�� bZ�� Eb
�Z2 E�2k

W E�� b��� ����� bZ���� S EkW�

Vlpsoli|lqj=

Vn F EkW(kW� ' kWZ2�2 EE�� b�b� n E�� kW� E�� Z��b E�� b���� S EkW�

' kWZ2�2 EE�� b�b� E2� kW��� S EkW�
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