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We present a tractable general equilibrium model with multiple sectors in which firms offer workers
incentive contracts and simultaneously raise capital in stock markets. Workers optimally invest in the
stock market and at the same time hedge labour income risk. Firms rationally take agents’ portfolio
decisions into account. In equilibrium, the cost of capital of each sector is endogenous. The distortion
induced by moral hazard generates counterintuitive effects on the real economy. For example, the value
of labour market participation may be higher under moral hazard than under first best, further a positive
productivity shock may decrease welfare in the moral hazard economy. In addition, our model generates
predictions on the effects of moral hazard on asset markets. For example, in the presence of moral hazard,
the capital asset pricing model fails because firms, by choosing optimal incentive contracts, transfer risk
both through wages and through the stock market. This leads to several cross-sectional asset pricing
“anomalies”, such as size and value effects. As we characterize optimal contracts, we can also present
empirical predictions relating workers’ compensation, firm productivity, firm size, and financial market
abnormal returns.

JEL Codes: G10, G12

1. INTRODUCTION

In the U.S., labour accounts for about two-thirds of national income and there is heterogeneity in
the source of this income. Each worker is typically tied to one industry, be it a hedge fund in New
York or almond production in California, and all workers differ in the marginal productivity of
their labour. Further, households with labour income are three times more likely to own financial
assets than those withouiGiven that workers supply human and investment capital to firms,
how do firms optimally compensate workers, how do risk-averse investors value firms, and what
effect does this have on real production and asset prices?

To answer these questions, we present a general equilibrium model with a continuum of
workers and many firms that are organized into different sectors. In the first period, workers
endowed with wealth accept employment contracts offered by firms and their effort is used
as an input into production. Firms in different sectors have different labour productivities and
therefore, in equilibrium, elicit different effort levels from their employees. The only source of
heterogeneity across investors is the difference in employment contracts. To motivate these, we
follow Holmstrom and Milgrom(1987) and assume that workers control the drift of a revenue

1. According to the 2004 survey of consumer finances, approximately 60% of households with labour income
own financial assets, while approximately 20% of households with no labour income own financial assets.
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process by exerting costly effort. Firm revenue depends both on systematic (industry wide) and
on idiosyncratic risk, and workers’ contracts contain both. Workers are prohibited from shorting
the firm in which they work, however they can trade in an industry portfolio that is perfectly
correlated with industry-specific risk. The idiosyncratic risk ensures that the workers supply
effort, but they lay off any systematic risk in wages by trading in the stock market.

At the firm level, the endogenous variables are the wage contract (and attendant employee
effort) and firms’ initial investment level (which is just firm size). Workers choose effort lev-
els and an optimal hedging portfolio; these differ across industries. In general equilibrium, all
markets clear and firms make zero economic profits. This pins down the real variables in the
economy: firm and industry size and effort levels in each industry. In addition, we determine
the equilibrium value of human capital as all workers must be indifferent between their current
employment and moving to another industry. The equilibrium financial variables are the prices
of the indexes in industry-specific risk and the cost of capital for each firm.

We show that the equilibrium effects of moral hazard are non-trivial and that intuition derived
from partial equilibrium analysis often fails. Although the total welfare is lower in an economy
with moral hazard, the effects on individual markets are ambiguous. For example, even though
moral hazard makes it more difficult for firms to contract with workers, we show that agents can
actually be better off participating in the labour market of an economy with moral hazard than in
the first-best economy. In other words, the certainty equivalent of labour market participation can
be higher under moral hazard than the first best. This can happen if a change in productivity in a
sector leads agents to change their hedging demand and increase overall investment. Similarly,
we show that the certainty equivalent of asset market participation may be higher under moral
hazard than the first best. This result holds if moral hazard endogenously leads to industry sectors
that are more “balanced” in size.

Positive productivity shocks to labour can decrease welfare in the moral hazard economy.
This also works through the investment channel: a productivity shock increases welfare if it
increases the equilibrium marginal product of investment, this can only be true if new capital
flows into the industry as a result of the shock or if entry costs are sufficiently low. If they are
not, then one can find examples of economies in which productivity shocks decrease welfare
in the moral hazard economy but would increase welfare if the shock occurred in a first-best
economy. We conclude that any partial equilibrium analysis of the effect of moral hazard in a
specific market may be misleading.

One result holds under general conditions in our economy: increased moral hazard in a sector
unambiguously decreases the size of that sector (although not the sizes of individual firms in
that sector). Therefore, the distribution of risks faced by investors in the economy is affected
by the moral hazard problem. This is important because the economy-wide distribution of risk
determines risk-averse agents’ valuation for any specific industry risk and therefore each firm’s
cost of capital. The result may also be of empirical interest since it provides a link between
(observable) industry size and (unobservable) moral hazard.

We also study the asset pricing implications of moral hazard. If there are no frictions in the
labour market, then a simple market-based capital asset pricing model (CAPM) holds. This is
not the case in the presence of moral hazard. To provide incentives, the firm pays the worker a
proportion of its revenue stream and so wages contain both systematic and idiosyncratic risk.
A priori, one might suppose that this would lead to significant welfare costs since the worker
is risk averse. However, since the worker can trade, heexithntehedge away the systematic
risk in the market, whereas because of trading restrictions, he bears the idiosyncratic risk. The
non-separation is therefore irrelevant to the worker.

In general equilibrium, higher-productivity industries are larger and therefore have higher
returns. However, in order to induce high effort these industries pay out a higher proportion of
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the wage bill in profit sharing. Therefore, the stocks of these industries seem less risky than
they really are, and so relative to the stock market portfolio, the stock returns are too high.
These effects can only be understood in a general equilibrium framework since the link between
firm characteristics, incentive contracts, systematic risk, and industry cost of capital is quite
arbitrary in a partial equilibrium setting. Through our assumptions on the production function,
we demonstrate that in general equilibrium more productive firms are smaller. This allows us
to link characteristics of the real economy to observed abnormal returns; thus, the model yields
a “size effect” (Banz1981;Fama and French,993). We also generate a “value effect” in our
model. Given that fixed wage compensation is more front loaded than variable compensation
(bonuses can only be paid after outcomes are observed), low-productivity firms will have more
front loaded wage compensation and thereby a lower book-to-market ratio. But these are exactly
the firms that have lower expected returns.

As we price risk, we can also analyse firms’ endogenous cost of capital. The standard asset
pricing intuition is that if a sector is larger, in equilibrium its expected return must be higher to
compensate (risk-averse) investors (geg,Bansal, Fang and Yarp@006) may not hold when
wage contracts are endogenous. Indeed, we show that this intuition may fail in the moral hazard
economy. Intuitively, the presence of moral hazard shifts the channel through which risk is paid
from the capital market to the labour market, which reverses the standard intuition.

We offer new predictions on the relationship between the characteristics of the wage bill and
abnormal returns. Indeed, we provide explicit predictions on the relationship between compen-
sation (either wage or profit sharing) and asset market returns. We also provide predictions on
the relationship between agents’ labour productivity and portfolio investments.

We interpret our asset pricing results in light of fell’s (1977) critique of the CAPM. Roll’s
critique, that the only test of the CAPM is whether the market portfolio is efficient, follows from
the fact that the true market portfolio is unobservable. In our model, risky labour income is the
main source of the discrepancy between the observed and true market portfolio and drives the
failure of the CAPM to price assets correctly. The consumption CABke€den,1979), on
the other hand, does hold in our model. In the context of these models, our analysis suggests
that a supply-side proxy for the true market portfolio is given by stock returns together with
firms’ risky labour expenses. Empirically, while we do not frequently observe labour contracts,
we do observe the returns to human capital. These reflect the risk paid out to workers in the
form of wages. An empirical literature has tried to proxy for the investments that agents make
through their human capital. For examplagannathan and Wa(P96) find that a labour factor
improves predictability of expected returns.

Following the insights offelmer(1993) andHeaton and Lucagl996), idiosyncratic labour
income and incomplete markets do not seem to fully resolve asset pricing anomalies in the
time series. We take a different approach, namely, that labour income is related to the real
economy and therefore might help with cross-sectional predictions. Specifically, in our model,
labour income is tied to a particular sector of the economy and therefore generates a partic-
ular hedging demand that affects firms’ cost of capital. A literature has developed to analyse
the effect of labour income in explaining cross-sectional asset prices. Most re&arttgs and
Veronesi(2006) demonstrate how including stochastic labour income in a representative agent
economy generates return predictability. They find that the labour-to-consumption ratio is pre-
dictor of long-run returnsDanthine and Donaldso(2002) demonstrate in a dynamic model
that the implicit leverage implied by wage payments combined with uninsurable labour in-
come risk generates realistic equity premia. Our focus is different since we focus on the close
cross-sectional link between wage compensation and returns in capital markets. In this respect,
we are closer tBodie, Merton and Samuelsdi992), who assume perfect correlation be-
tween human capital and stock return in a one asset portfolio choice model, and §lso to
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(2002) who introduces a similar model. However, compared with these two papers, our analy-
sis goes further by endogenizing firms’ labour compensation decisions and the industry cost of
capital.

Acharya and Bisir{2009) present a model in which managers, who are prevented from trad-
ing in stocks correlated with their industry, try to pick technologies so that their eventual labor
income is well diversified. They too use a constant absolute risk aversion (CARA) normal frame-
work, however the nature of the moral hazard (their managers pick the correlation of the project
with the market portfolio) is different than ours. Further, in their incomplete markets setting
the objective function of the firm is not defined. In our economy, all agents agree on economic
profit maximization or equivalently on the discount rate that the firm should use for system-
atic risk.Ou-Yang(2005) presents an equilibrium model of asset pricing and moral hazard. Our
work is similar in that we exploit the tractability of the CARA-normal framework pioneered by
Holmstrom and Milgrom(1987). A key difference between our frameworks is that in our model,
workers are also the investors and can trade on any systematic risk in their compensation pack-
age. This ensures that the objective function of the firm is well defineda(l investors agree
on profit maximization). We also fully endogenize agents’ participation wages.

These differences also distinguish our work fraame(2007) who considers a general equi-
librium model in which firms, firm organization, and the prices of inputs and outputs for all the
consumption goods are endogenous. In his model, state contingent profit-sharing plans are part
of the description of the firm, the prices of which are determined in equilibrium. In other words,
intra-firm transfers replace an external asset market. By contrast, to distinguish between wage
payments and asset market returns, we restrict attention to the particular utility function for
which the objective function of the firm is well defineids. all shareholders agree on a “net
present value” investment rule. Further, by explicitly allowing all agents to trade in securities
markets we can relate asset market returns to our endogenous wage contract.

2. MODEL

Consider the following two-date economy populated by firms and workers. At timk, work-
ers sigh employment contracts with firms and then trade in financial markets. Simultaneously,
firms raise money in the financial markets and make investment decisions. Then the production
phase begins: workers continuously exert effort between tisad andt = 2, which generates
firm cash flows. At = 2, workers are paid and then all firms are dissolved. The cumulative cash
flows, net of wages, are paid out as a liquidating dividend. (Throughout the paper, we adhere
to the convention that a boldface letter presents a vector, the supefsctgrtotes a transpose,
and the operatof); selectsthei-th element of a vector. For an arbitrary vectayrwe use the
notation diag(a) to denote the diagonal matrix vatbn its diagonal.)

The economy is populated by a mdds> 0 of ex anteidentical agents indexed by. Each
agent has a CARA utility function

k ffeﬁ](t)dt)
2 1

Unn = U (W, &) = —e~ (W= @

overt = 2 wealth denoted bW, andeffort, en(t), expended continuously by the agent between
t =1 andt = 2. The cost per unit effort expended by a workekis 0. Thet = 2 wealth of
agentm, W, is made up of his accumulated wage incomg, and the pay-off of his investment
portfolio, which we describe below. There are no wealth effects with CARA utility, and so we
assume that dt= 1 all agents have identical initial wealth.
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Workers can find employment in any onerf= 1,...,N sectors (also called industrfds
eachof which comprises a continuum of identical firms indexed/bWorkerm earns a wage
because at any point in time his effort lews|(t) affects the drift of the instantaneous revenue
generated by the firm while in operation. Suppose thatfirmindustryn made a capital invest-
ment ofly, ¢, then the firm’s revenue evolves as

dﬁn,[ = In ¢(aném(t)dt 4+ dén r +dXn), (2)

Wherelin,g(l) = 0. Here,X(t) is a Brownian motion that is common to all firms in an industry
(although different across industries), with unit drii[f X,] = dt), and co¥dX,, dXx) = on kdt

is the constant instantaneous covariance between the shocks in two separate industries. The
Brownian motiordép ¢ is a firm-specific (idiosyncratic) shock that is uncorrelated across firms in

the industry and across industries, with zero drift and instantaneous variar{dé.camen () =

agndt. We also defincarxz,n = on,n. The parametet, is the productivity of labour in industrg.

The productivity of workers differs across industries, and without loss of generality, we assume
thatay <az <--- < an.

The effort that the agent exerts at tinheen(t), is the optimal response to the wage packet
that he has been promised. We shall focus on economies in which workers in the same industry
(optimally) choose the same effort, so henceforth we usa thabscript for effortgy(t), n =
1,...,N.

There are two sources of noise in the revenue process, one idiosyncratic to the firm and one
common to the whole industry. Neither the firm nor the agent can distinguish between the two
sources. However, both the firm and the worker observe the full hi$t%fy)n’g | z <t} and
boththe compensation and the effort may be contingent on this process. Follbwingstrom
and Milgrom(1987), we will show that it is optimal for the firm management to convey a set of
instructions to the worker and promise a compensation package at tin2that is contingent
on the realized path of the revenue process up totime, ﬁn,[(Z). This also implies that once

we have shown that the optimal contract has this simple form, we can treat the model as a static

one and focus on time= 2 realizationsRy s = Rn.¢(2), %n def %n(2) = %n(2), En. def En.c(2),

ande, d=e'(flzen(t)dt. It follows that the time = 2 revenue of firn? in industryn is

Rne =anlnen+Xnln,c+én,,

whereXn, n=1,..., N, are jointly normally distributed, witf, ~ N(l,af’n). Economy wide,
these multivariate real risk factors are tNex 1 vector,X = (%1, ..., %), wherex ~ N(1, X),
lisanN x 1 vector of ones, and the element on ittterow andj th column of theN x N matrix

Z is i j. In what follows, we assume that ti¢ x N covariance matrixX, is non-singular;
throughout most of the paper, we will allow for arbitrary covariance matrices. The firm-specific
idiosyncratic riskén ¢ is also normally distributedsp , ~ N(O,aﬁn). The properties of these
idiosyncratic shocks are summarized by the veatoe= (o, 1, ..., ag,N)T.

We place two restrictions on each firm’s production possibilities. Suppose that firrim-
dustryn raises and invests, ;. First, we assume that there is a convex investment cost. Specif-
ically, in order to produce, the firm makes a sunk investmenmnt-gfy anlnz’f, wherex > 0 and
y > 0 are constantd Notethat the second derivative of the cost functionds 2 Thus, for the

2. Two firms are in the same industry if they have the same production technology, not necessarily because they
produce the same output.

3. The model is easy to generalize to industry-speeicandy’s. It is also straightforward to generalize the
model to arbitrary meang,~ N(X, X).
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firms in which labour is more productive, the cost of installing capital is marginally more ex-
pensive. Overall, the cost function captures the fact that physical capital and financial capital are
not perfectly fungible. We interpret this sunk cost as payments for research and development.
The functional form is motivated by two stylized facts: marginal investment costs are increas-
ing in investment level and research and development (R & D) costs per unit of investment are
empirically higher in high-labour-productivity industries than in low-productivity cha@is
assumptionas we elaborate on later, is important in establishing a “size effect” and thereby for
the asset pricing results in Sectidrv. For the general equilibrium results that we will derive,
however, no specific functional relationship betwege®r, andy needs to be assumed. Second,

we assume that in order to produce, the worker—capital ratio is constant and equal to one. The
restriction that one unit of investment requires one unit of workers makes the model tractable
(in general equilibrium, two market-clearing conditions collapse into one). We note, however,
that even though the worker—capital ratio is fixed, the effort—capital ratio is endogenous and de-
pends on the specific industry. Implicitly, we assume that the workers of a firm act as one “rep-
resentative worker”, disregarding the intra-firm coordination problems that are surely present in
large firms.

Firms raise investment capital in financial markets, which are open attting and time
t = 2 (these are the only times that firms have a strict incentive to participate in the markets).
Firms raise capital by selling claims to theie 2 profits. We assume that workers cannot trade
in the stock of their own company, however they can trade in all other companies. Therefore,
they can lay off the systematic risk that they are exposed to through their labour contract but
not their idiosyncratic employment risk. Given this restriction, as all firms are identical and
as systematic risk within each industry is perfectly correlated, without loss of generality, we
can assume that there ake representative stocks each of which is perfectly correlated with
industry risk. Prices for these stocks are determined by the interaction of workers who hedge
consumption risk and the firms who raise capital. Sto¢las priceS,(t) att = 1,2. The return
of stockn is denotediip, i.e. $(2) = (1+ in)Si(1). The random market returns can then be
summarized byz ~ N(u, Z,), wheren is anN x 1 vector of returns with typical elemejpt,
andX, istheN x N covariance matrix. It will become clear that the equilibrium distribution of
returns is normal and that in equilibrium, invertibility &f is equivalent to invertibility ofZ .

We therefore proceed under the assumption Hats invertible. We defing ,, n = cov(i, Xn).
Thereis also a risk-free asset in perfectly elastic supply, with excess return normalized to zero.

Each investor working in industny chooses a portfolio of dollar amounts in each industry
denoted byg,,, which is anN x 1 vector describing his investment in each industryt At2, his
portfolio has valué, = ﬁan. For later convenience, we introduce the ma@i[d4, ..., qy]-

In what follows, we focus on symmetric outcomes, so that all firms within the same industry
offer the same contract to their employees and all employees in a particular industry invest in the
same way. The exogenous parameters are given by thefupleM, x, y, £,k p,a,0.). Here,
economy-wide human capital productivity is characterized by the vectofasr, ...,an)". An
equilibrium is characterized by the tuple of endogenous quantities:(wo, L, |, e, w, i, Q),
which we will define below. The first four elements &f constitute the real part of the
economy.

The variablewg in an economy is thex antevalue of a worker’s human capital. Specifically,
it is the difference between the certainty equivalent of earned labour income and the disutility
of working. As we demonstrate below, in the optimal contract, the worker retains this surplus
and thereforavg canbe thought of as the wage a worker would earn at a hypothetical firm

4. Growth firms—which are usually in high-productivity industries—tend to be R & D intensive even when
adjusted for size, see,g.Chan, Lakonishok and Sougiantf001), hence then-termin y an I,%, -
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that requires no effort from its workers. We will also referutg asthe effort-free wageor the
participation wage®

ThevectorL = (L1, ..., Ln)T summarizeshe distribution of firms across all sectors. Since
there is a continuum of firms, each element is a positive real number, representing the total
mass of firms in a specific industry. The initial size of each firm or alternatively investment
in physical capital is given by = (I4,..., In)" andthe workers’ supply of human capital by
e=(eg,....en)".

Theincentive wages are given = (w1, ..., wn)". Afirm may not condition its payments
on other firms’ revenues (we assume that the firm observes its own performance before the
performance of other firms becomes pubilie, that there is delayed information dissemination)
but has full freedom in designing a contract conditioned on its own revenue higigrft) =
F(Roe()} 1<z <t)®

Sinceall firms in an industry choose the same type of contract, there is a representative
contract,wn, in each industry.

For a given technology and exogenous structure of risk, the amount of risk generated will
depend on these production choices and is therefore endogenous. The last two elefiemes in
the equilibrium financial variables: the expected return of each ag¥etnd agents’ portfolio
choices Q).

Definition1. General equilibrium of the econongyis characterized by’ in which

(i) each firm optimally chooses an investment level and a wage contract to maximize ex-

pected profits leading tb andw,

(i) given a wage contract, each worker optimally chooses his effort level and stock market
investment to maximize expected utility, leadingetandq,

(i) asset markets cleaMq = diag(l)L,

(iv) labour markets clea = | "L,

(v) foreachsecton=1,...,N, each firm makes zero economic profits,

(vi) In>0,Lp>0,ep>0foralln=1,...,N.

Conditions (i) and (ii) are standard conditions that ensure that all economic agents are op-
timizing. Conditions (iii) and (iv) are market-clearing conditions; however, the second reflects
our assumption that each worker is paired with a unit of capital, irrespective of the amount of
effort he exerts. Thus, labour market clearing can be ensured with a condition on investment
because the two factors are used in fixed proportion. An implication of condition (v) will be
that the expected return in each sector of the financial market equals the cost of capital of that
sector in the real economy, which will be an important step in “closing” the model. In this two-
period world, a return higher than the cost of capital is equivalent to positive profits. Such rents
are incompatible with general equilibrium as firms would enter into industries in which there
are positive profits, driving rents to the fixed entry cosfsgnd thus generating zero economic

5. In constructing equilibrium, workers are indifferent between remaining in their sector and going elsewhere
including this effort-free alternative.

6. If the information dissemination into the stock market is not immediate, it is natural for the firm, which pays
wages continuously to its workers, to be better informed about its own value creation than about its competitors’. In
the extreme case, when the stock market is only opér=at and att = 2, there is complete information delay. In the
case when information diffusion is instantaneous, however, the firm may choose a compensation contract that filters out
the systematic revenue component. In such a situation, the general equilibrium effects that we will derive still hold, but
the asset pricing implications (discussed in Seciaf) change. Specifically, the CAPM also holds in the moral hazard
economy under the alternative specification.
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Firms offer contracts to workers

Workers trade in financial markets

Firms raise capital and invest Firms pay bonus part of wage

Fixed costs are realized Firm profits are realized and paid out to investors
Firms pay fixed part of wage

FIGURE 1
Sequence of events

profits. Finally, through condition (vi) we focus on outcomes that are interior: those for which
investment, number of firms, and effort are all positive.

Central to our asset pricing results is the idea that systematic risk can be transferred either
through the claims on the firms that the workers own (dividends) or through wages. Therefore,
characterizing the optimal contract is important. To do so, we observe that our framework is sim-
ilar (but not identical) to that presented kolmstrom and Milgrom(1987), who demonstrate
that the solution to the continuous contracting problem involves a fixed wage and a variable
component that is linear in the realization of the firm’s time 2 revenue. The major points
of difference are that our firms observe revenues, which contain a systematic risk component,
that the systematic component is priced in the market (and therefore the firm is not risk neutral
with respect to this risk), and that workers with signed employment contracts can lay off any
systematic risk in the stock market. RelativeHolmstréom and Milgrom(1987), each worker
effectively has an endowment of systematic risk—his hedging portfolio. Of course, firms ra-
tionally anticipate this when they offer the employment contracts, and because they offer the
contracts, the firms extract all rents above the workers’ participation constraint. Also, since the
worker can €x ant@ trade in the systematic risk, he will agree with the firm about its value and
effectively hedge the risk in the market. We may therefore expect the argumklioiratrom
and Milgrom(1987) to go through within our setting.

Indeed, we show in the proof of the equilibrium existence, Propositiainat there is an
equilibrium in which firms optimally choose a wage contract that contains a fixed wage and a
variable component that is linear in the realization of the firm’s tirae2 revenue. For the time
being, however, wassumehat an industry-rcontract yields wages of the form

Wn,¢ = Sn+bn x |in,é’- (3)

That is, each firm pays a fixed wagg, which we assume is front loadeids( paid att = 1 since

it does not depend on any future information), and a wage that is linear in revenue with slope
bn, which necessarily needs to be back loadesl paid att = 2). Given such a contract, it is
immediately clear from the convexity of the cost of effort in the agent’s utility functigrt{at

each worker will exert a fixed effort level at each instant in tig(€) = e. We now proceed with

the analysis under the linear contract assumption, which will later be shown to be optimal. The
sequence of events are then as described in Figure

3. PARTIAL EQUILIBRIUM ANALYSIS

We proceed in two steps. First, we suppose that a worker has been offered a contract and charac-
terize his portfolio. This will allow us to determine his reservation utility with this optimal hedg-

ing. Given this, we then exhibit the optimal linear contract chosen by each profit-maximizing
firm.
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3.1. Agents’ optimal portfolios and effort levels

Because the contract includes systematic risk, the risk-averse worker optimally chooses a port-
folio that is negatively correlated with the firm’s output. The agent chooses a po#foliep-
resentedy the dollar portfolioq,) and an effort levek, to maximize the certainty equivalent

of the increase in her utility:

~ k ~
AW, = maa)j(l:E(lbn +6h) — Eeﬁ - %Var(ﬁ)n +9n)j| . (4)

Lemma 1. If firm n offers a linear contrac{s,, bn), then

bnan

(i) the worker supplies efforte= =2,
(ii) theworker holds a portfolio position

qn = 2;1 (% - bna'y,n) . 5)

Workers hedge the risk that they are exposed to through the incentive contattiey
eliminate exposure t& risk by shorting claims correlated with the industry in which they work
(part (ii)). This mirrors the argument made Bodie, Merton and Samuels@h992) that even
though human capital is not tradable, human capital risk may be partly hedgeable in the market.
If bnh = 0, so that the firm does not offer an incentive component, all workers hold the same
portfolio, g, = 2;14‘—‘. Thus, the terrrbnzglaﬂ,n in part (ii) of Lemmal is the distortion in
portfolio holdings that comes about because the firm transfers wealth to the agent through labour
income’

In any equilibrium, all assets are long in the market portfolio (else markets do not clear).
Therefore, going “short” is relative to the market portfolio and would be observed in the data as
a distortion from the market portfolio and not necessarily as actual short positions. Aggregate
data on agents’ specific portfolio holdings are rare, but recent detailed data from Sweden are
consistent with our model. Specificallyampbell, Calvet and Sodif2007) find that the median
Swedish investor holds a well-diversified portfolio (as measured by a Sharpe ratio) but that
there is considerable cross-sectional dispersion in investment efficiency which could be due to
labour income. Finally, they find that sophisticated investors (measured as those with higher
disposable income) are more likely to be underdiversified. This is consistent with our view that
investors with larger incentive payments are more likely to distort their holdings from the market
portfolio. We note, however, that a full test of the model would fully condition on wage income
and incentive or bonus payments in addition to financial assets. To date, we know of no study
that has done so.

3.2. The firm’s cost-minimizing contract

In general equilibrium, if agents hold well-diversified portfolios, then the firm’s shareholders
will comprise all the agents in the economy (except the mass that are employed at the specific
firm). Further, because all agents can trade in financial markets, the objective of each firm is
well defined: in general equilibrium, all agents will agree on the opportunity cost of investment

7. That investments in such hedging portfolios arise when labour income risk is present was obshtagers
(1973) and in several subsequent papers.
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in that firm, and the cost of capital will reflect the systematic risk to which each shareholder is
exposed.

To solve the firm’s partial equilibrium problem, we lgtbethe risk-adjusted cost of capital
in industryn. Given the cost of capital, the economic profits of a firm are

2
TTn,e = anln,t’/ en,¢()dt + Znln,e + In,céne — In,en,¢
1 N———
Cost of wages
Revenues
— (+yanld) —  ralne . (6)
N —

—_— .
Production costs Cost of capital

Shareholders unanimously agree that the firm should maximize these profits.

A firm offering an optimal contract ensures that each worker’s participation constraint is
binding, i.e. that it appropriates any surplus above the participation constraint for all workers.
This constraint reflects both the hedging that the workers will do in financial markets and the
fact that they have outside employment options: agents will not work for a firm unless they
are at least as well off as they would be if they worked in another industry or did not work
at all. Therefore, they must be recompensed for their effort. The former will depend on the
realization of the firm’s revenues, while the latter will be the fixed wage. Note that the firms
take into account the utility workers get from optimally trading in financial markets, by offer-
ing contracts that drive workers down to their participation constraiobdingtheir portfolio
holdings.

Lemma 2. A firm in sector n offering an incentive wagg Will offer the following fixed wage

A p
Sn(bn, In) = w . —(2—p+br21(§(cn—0x2,n))—bn(Bn—l))
outsideoption

surplus from market trading

2
Paa,n b%ar%

2 2k
——

N —
compensation for idiosyncratic risksurplus from exerting effort

+ b2

where
A=p"3s'n, Bi=p"3;'6,.n, Cn=0) . 0,0

The term AW is the value of the worker’s outside option, which is an important general
equilibrium quantity. However, in partial equilibrium the firm and worker take it as given.
To interpret the second term, observe that the constant8,, and C, reflecttrade in the
stock market. As the risk-free rate in this economy is normalized to z&nepresents the
squared market Sharpe ratio. Thus, the tepamis the certainty equivalent of market partic-
ipation if the firms do not pay out wages. However, firms do pay out wages and the other
terms reflect level and risk adjustments of trading off the systematic risk in the employment
contract.

We note that, because of the normality of the risk distributions, realized compensation may
be negative. This is unpalatable, however it is consistent with a more complicated labour market
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in which workers need to commit resources, such as buying equipment or getting training before
joining a firm. Overall, this is a drawback of the CARA/normal framework.

2,2
The adjustment for idiosyncratic riskb!*”zﬁ is direct compensation for the risk that the
worker cannot lay off through trade in the stock market. This element of the moral hazard prob-
lem will allow us to derive a value effect in general equilibrium.

2 2
The final term% reducesthe fixed wage because if workers supply an effort level of
2 2
e = b"%, they experience a disutility o!f%” However, in expectation the incentive part of

anbn

the contract yields twice thabhan=}™. The net surplus that the worker achievespéi—%
directly reduces the fixed wage so that he is driven down to his participation
constraint.

We note, in passing, that since the risk-free asset is in elastic supply, the firm is not con-
strained at = 1 but can choose arbitrary investment and wage levels. If capital is borrowed,
however, it will affect the pay-offs at= 2. When we discuss empirical results and in our pre-
dictions, we distinguish between wagss)( incentives b,), and total compensatiany,.

Given that the contract offered in industryis characterized by the paibn, s1), which
induces an effort level o, the firm’s profit function is

n = In(anen +%n) (L —bp) — InSh — (x + y anl2) —rnln. @)
———— —
Revenue

Because a portion of the firm’s revenue is paid out to workers, the wage bill acts as “leverage”
on the revenue of the firm. In other words, part of the risks in the real economy are transferred
to the workers through their incentive contracts. This is captured bglthdo,)-term.

Thesame sort of “leverage” reasoning applies to a firm’s cost of capital. As the shareholders
who supply the capital only have claims on the portion of revenues not paid out to the employ-
ees in compensation.€¢. R,(1— by)), they view the opportunity cost of each dollar invested
as something that generates claims to sectosk that is reduced by a factor of1b,. Thus,
the cost of capital is also reduced by the risk that will be paid out to the workers. Specifically,
suppose that in equilibrium, one unit & risk commands a required rate of retue, Fur-
ther, a unit investment in industry generates a unit of risk but only (1 — by) accruedo the
shareholders. In this case, the cost of capital is

rn == (1— bn)Zn.

Thisfollows from a no-arbitrage condition since the cost of capital for a risk-free investment
is 0 and the payout to shareholders is a combination of risk-free capitad eskl. If firms pay
out all their risky cash flows to workers, the firm is risk free and the cost of capital falls to zero,
the risk-free rate. If the firm pays out no incentive bonuses, then it retains the inguistkyand
the cost of capital is maximal.

As individual firms takez, asgiven, they choose physical investment and labour investment
to maximize risk-adjusted expected profits:

P’I%XE[ﬁ'n] = F]%Xln((anaq + 1)(1— bn) —Sn(bn, In) - (1—bn)Zn —OnY In) — K

bnocr%
Z{?%ﬁ(ln(( K +1)(1—bn)—5n(bn,|n)_(1—bn)zn—0!ny|n)—’€- 8
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The first-order condition for physical capital:

aE[ﬁn] bnarZ]
- 9 4 1) — 20ny |
ol ( K + ony In

value of the marginal product of capital

2
— ((bnljn +1) (bn) + |nw + 50 (b, In)+(1—bn)2n) —0,
Oln

change in cost

suggests that the firm equates the value of the marginal revenue product of capital (the first
term), with the change in costs it incurs if it increases capital (the second term). The change
in cost consists of three terms. The first is the effect on the wage bill of increasing investment.
If the firm increases investment, themteris paribusthe firm has to recompense existing work-
ers for the fact that the value of the workers’ shares is now lower. Second, an increase in invest-
ment induces an increase in the labour force and therefore the firm pays out an extra fixed wage.
Finally, for every increase in investment, the firm pays the direct cogtrigk in the capital
markets.

Solving the two first-order conditions yields the firm’s optimal decision.

Lemma 3. Firms in sector n will choose

b — a%/k‘i‘Zn—bn
" a%/k+p(a)(2,n—Cn+Ug2’n)’

1 2/K+2zn—bn)? A
_ . (an/ +22n n) st —AW+1-7,),
donyn 2[O(n/k'i'p(o'x,n _Cn+ag,n)] 2p

In

if In>0and0 < b,y < 1.

Recallthat workers supply effort increasing i but by a factor of{2. Thus, Lemma8 can
also be viewed as a firm’s choice of human capital and physical capital. We define the vectors
b= (bs,...,by) ands=(sy,..., ).

The partial equilibrium choices of the firm do not give any insight into the cross-sectional
attributes of either production or employment contracts. Consider the incentivebfetinat
determineshe proportion of revenues that are paid out to the worker. From Le®itig larger
the moral hazard problem (measureddy) the less steep the incentive schedule. However,
it is unclear how this incentive payment varies with different firm productivities: more productive
firms may offer smaller incentive payments if the cost of providing such incentives is sufficiently
high.

The relationship between the size of each firm and labour productivity is also not clear from
inspection of Lemma. Tedious derivation yields that firm size can either be increasing or de-
creasing in productivity. Intuitively, if the fixed size of investment is sufficiently large, then
increasing productivity can increase or decrease the optimal size of the firm.

4. GENERAL EQUILIBRIUM

In general equilibrium, all markets clear and so the prices of all real and financial assets are de-
termined by supply and demand. The demand for the assets comes from the return opportunities
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they offer, as well as from the hedging motives of the agents, and the supply of assets comes from
firms’ optimal investment decisions. Therefore, there is an equilibrium link between agents’ val-
uation for all financial assets and the underlying firms’ cost of capital. Although these links are
arbitrary in partial equilibrium, they can be completely characterized in general equilibrium and
are pinned down if all firms earn zero economic profits.

Lemma 4. If firms make zero expected profits, then in equilibrium

() the expected return on financial assets equals the opportunity cost of capital in the real
economy, so thagin, =rp,
(i) both the expected returns and the covariance of returns reflect real risks so that

[Z.0i,j =@=Db)[Z]i,j(1=Dbj) and (a.i)j=A—-bj[Z]j. 9

Another way of stating Lemmais that in general equilibrium, if firms earn zero profits, then
all real assets are priced based on the risk to which they are exposed. As we show later when we
discuss our asset pricing implications, if the firm pays out part of its systematic risk in wages,
then an econometrician who only observes the stock market may draw incorrect inferences about
a firm’s risk. Of course, no agents in the economy misprices risk and so how such cash flows are
paid out is irrelevant. Hence, for a given level of moral hazard, how systematic risk is paid out
(i.e. through the wage channel or not) does not affect the real part of the economy as all agents
agree on the opportunity cost of investment in each industry.

We observe that the multivariate normalityoimplies multivariate normality ofz, and as
longasbn <1,n=1,..., N, invertibility of X is equivalent to invertibility ofz,,, as mentioned
in Section2.

The model’s structure is shown in Figu2e The exogenous parameters arise from industrial
production characteristics, part A in the top of the figure. Our goal is to study how these primitive
characteristics affect the equilibrium outcome of the other variables in the economy (parts B-D)
and how, in equilibrium, the other variables are related.

An important variable from the real economy is the marginal total productivity of capital
evaluated at the equilibrium level of investment:

vn=l+bna§/2k—24/lcyan, n=1,...,N. (10)

A. Industry characteristics:
- 0LY,K,0g

C. Firm: & > D. Portfolio, Industry size:
- /,li -q L

FIGURE 2
Model’s relationships. Industry characteristics (productivityentry costsy andx; and degree of moral hazaug},) in
equilibrium determine firm characteristics (size,and expected returng,), labour markets (wage contracts), and
investments (portfoliogy, and industry sizes,).
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When we formally develop our asset pricing results, we describe exactlyhmwvelated to the
firm’s first-order condition for investment capital evaluated at the equilibrium investment level
and effort-free wage. We define the vectes (v1, ...,0n)".

Finally, we impose various parameter restrictions to ensure the existence of an interior
equilibrium.

Assumption 1.

(i) The risk aversion of investors is sufficiently low. Specifically,
p < 1"z 1.
(i) Therisk aversion of investors is sufficiently high. Specifically,

pr 1> 1Tz s 1—@aT= )zt (11)

Thefirst part of Assumptiorl ensures that all workers are employed in equilibrium. If this
condition does not hold, then investors are too risk averse to want to absorb the risk inherentin a
full-employment equilibrium. Thus, they are better off at lower production and concomitant risk
levels. The condition is always satisfied if there is at least one sector with very low risk. In this
case, workers can always contribute to total surplus by working in a low-risk sector.

The second part of the assumption guarantees that agents are sufficiently risk averse so
that they will not wish to hold negative positions in any of the assets in equilibrium. Equiv-
alently, in general equilibrium this assumption ensures that investment in all firms is strictly
positive. If this condition were violated (suppose that all agents were risk neutral), each would
optimally invest arbitrary large amounts in the asset with the highest mean return and short
all assets with lower returns. In this case, the markets for physical investment would not
clear.

4.1. The real economy under moral hazard and first best

We are now in a position to prove the existence of a unique general equiliBrienmake our
analysis more accessible, we first describe the real economy with moral hazard and compare it
to the first best and then turn to financial market equilibrium.

Proposition 1. In an economy¢, that satisfies Assumptidn there is a unique equilibrium
in which

(i) effortlevels are g=bpan/K,
(i) investmentisd= _/-£

yon®
iii) theoptimal incentive part of the wage contract is —2,—,
kp{rz
1+—a%=”
2
iv) the fixed part of the wage contract is s (1— by)wo + 222250 — 21y, /iy dn,
2 I4
(v) theeffort-free wage isog = 11?;_‘11 ,

8. Strictly speaking, the equilibrium is uniqgue among equilibria in which all firms optimally choose linear com-
pensation contracts. In the proof, we show that it will indeed be optimal for a firm to offer a linear compensation contract,
given that (almost) all other firms offer linear compensation contracts. We cannot rule out other equilibria in which many
firms offer non-linear compensation contracts.
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(vi) the number of firms in each sectoris= Mp~*ATE =1 (v—wol),
(vi) agents’ certainty equivalent is W wo +Wc, where W = (V—wol)" =71 (v—wol)/2p.

In Proposition2, we provide a formula fofi, (andthereby, via equation$) and (9), for
Q), so the equilibrium outcomeY, is completely specified. We note that (vii) provides a natural
decomposition of the welfare gains to agents from labour markejsand capital markets/c).

Theonly friction in this economy is the idiosyncratic risk that the worker bears because he
cannot short sell his own firm. He can, of course, short sell his own industry and so exposure
to systematic risk does not affect welfare or economic efficiency. Thus, wﬁp,n: 0, the
economy achieves first bestntuitively, if the unobservable idiosyncratic risk is removed, if all
agents optimize and there are no frictions, then the competitive equilibrium achieves first best.

Corollary 1. In an economy¢, that satisfies Assumptidn in which there is no moral hazard
(o¢,n = 0), there is a unique equilibrium in the real economy in which

(i) effortlevels are g=an/Kk,
(ii) investmentisy = \/%
(iii) theeffort-free wage isog = %ﬁ
(iv) the number of firms in each sectoriis= Mp~*A71E =10 — 1),

(v) agents’ certainty equivalent is W o+ Wec, whereWe = (V— 1) =1 — do1)/2p.

Here,
on=14a2/2k—2/kyan, n=1,...,N,

is the equilibrium marginal total productivity of capital in sectoof the friction-free economy
and¥ = (41, ...,0n)". Comparing the two definitions, the difference betwegmoral hazard
case) and (first best) is thus that in the friction-free econorby,= 1 in all sectors.

The most important difference between the first-best and moral hazard economy is that, rel-
ative to the first-best economy, equilibrium effort levels in the moral hazard economy are dis-
torted by the incentive paymerti,. This variable is driven by moral hazard in that the larger
the moral hazard problem (as measuredsbythe smaller the equilibrium value &f (Propo-
sition 1 part (iii)). In the presence of moral hazard, it becomes expensive for a firm to provide
incentives to a risk-averse agent and, therefore, firms in equilibrium provide fewer. This means
that the equilibrium effort level elicited is lower (Propositigrpart (i)), a direct social cost of
the idiosyncratic risk borne by the agent.

Of particular interest to us is that in general equilibrium, the incentive paybagaincreas-
ing in a firm’s productivity as evinced by Propositidmpart (iii). In partial equilibrium, this sign
was ambiguous. However, in general equilibrium, firms and sectors that are more productive will
elicit higher effort levels from their workers. This means that they will pay out more risk through
the wage channel and therefore will be under-represented in the market portfolio. That is, their
size in the market portfolio is smaller than their actual size in the economy. Thus, the bjze of
is important for asset pricing because it affects the “risk leverage”—the additional risk agents
are exposed to through labour markets—and thereby both the returns and the cost of capital.

Equilibrium firm investment levels, or equivalently firm size, are not distorted by moral haz-
ard. This is evident from a comparison of Propositibpart (ii) with Corollary 1 part (ii).

9. In an extended version of this paper, we work through the details of the economy with no moral hazard. The
analysis is available upon request.

TTOZ ‘6T Areniga4 uo Areiqi eiulojied Jo Alun 1e 610 s[eulnolplojxo’pnisal Woij papeojumod


http://restud.oxfordjournals.org/

PARLOUR & WALDEN GENERAL EQUILIBRIUM RETURNS 409

However, even though the size of each firm in each industry is not affected by moral hazard,
the overall size of each industry is, since the number of firms changes as seen by comparing
Propositionl part (vi) with Corollaryl1 part (iv). Intuitively, if all else is held equal, the extra
production cost induced by moral hazard reduces the productivity of an industry. This affects
agents’ risk-return trade-offs and thereby equilibrium industry sizes. This also has asset pricing
implications because differences in industry size across the two economies lead to a different
equilibrium risk structure. We explore this in more detail when we present our asset pricing
results.

4.2. Moral hazard and financial markets

It is straightforward to show that the CAPM holds when there is no moral hazard. This follows
standard analysis in which the risks in the economy are generated by the real economy described
in Corollary1. For this given set of real risks, expected returns are described by the CAPM:

Ccov(iin, dmarket)

N
and i =MD IhLnjin.
Var(,[lmarlet) Hmarket Z nknin

n=1

iin = pnEliimared, Wherep, =

For the equilibrium set of real risks, this is a standard CAPM result: all assets are priced by their
covariance with the market portfolio.

In the economy with moral hazard, the CAPM does not hold. This is primarily because the fi-
nancial market alone no longer reflects the true underlying risks in the economy. Rational agents
price all risks (irrespective of how they are paid out) and therefore returns seem “distorted”
relative to a standard CAPM. Thus, beyond the fact that the real risks are different in the two
economies, the pricing relationship between risk and asset returns also differs.

Proposition 2. In an economy that satisfies the assumptions of Propositjexpected
returns areu, = (1—bp)(vn — wo). Moreover, assume that the value-weighted market portfolio
is q. Define the diagonal matriA = diag(eq /0,1, ..., aNn/0e,N). Then,

ﬁ :ﬂ]}, (12)
where 5 (i 1 AZ)
I +5A%)a T (- 1 2) -
= - - , = I+ —A , 13
g QT (T+EA2) 2, (T +EA2)q =4 ko' ) ¥ (43

andl is the Nx N identity matrix.

As this is a production economy, financial returns are explicitly related to real produc-
tion variables. By inspection of the first-order condition for investment capital evaluated at the
equilibrium effort level, the equilibrium value of the marginal product of investment capital is
vn — wo. INcreasing investment has a direct effect on profits measured:thowever, in addi-
tion, the firm has to hire an extra worker which decreases profits by the minimum participation
wage,wp. Thus, stock market returns reflect the productivity of a marginal dollar invested in
an industry. Note thaty, is the value of the marginal product of capital plus the participation
wage. In other words, it is the equilibriumarginal total productivity—the value generated to
all stakeholders (shareholders and workers) of an extra unit of investment capital. Finally, the
factor 1— by, is just a firm-specific wage “risk-leverage” effect.

To recover a CAPM result, observe that equatib?) (Sshows that expected excess returns are
given by the product of a market return and a “beta factor”. However, the market portfolio and
betas are defined with respect to a modified portfolio
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LIS L 14
1 .
EA2)1
This portfolio measures the true risk in the economy, taking into account the risk that is
paid out through wages. The return on the market portfolio, on the other hapghaig: =
M ‘12,'1\'21 InLnn. Inline with the argument iiRoll (1977), we see deviations from the CAPM
when we measure each industry’s expected return with respgegi@t. Propositior2 can then
be rewritten in the CAPM-like form

cov(", 7)

in=PnE[V], wherep, = var@)

(15)

These deviations are typically non-linear in the underlying firm characteristics, which makes it
difficult to obtain a simple closed-form expression. However, there is sufficient monotonicity to
be able to construct empirical tests based on sorted portfolios. We elaborate on this in&é&ction
below.

In what follows, we assume that both the moral hazard economy and the friction-free econ-
omy have interior equilibria,e. that Assumptiorl is satisfied, both fov and forv.

4.3. Welfare from participation in both labour and asset markets

It is immediate that the total welfare in the moral hazard economy is always lower than that in
the friction-free economy; risk-averse agents are exposed to idiosyncratic risk in the former but
not in the latter. However, the welfare that accrues to the agent from participating in either the
labour or the financial market can be higher or lower in the economy with moral hazard. From
Propositionl part (vii) and Corollaryl part (v), we can decompose the welfare change (over
endowments) into gains they receive from participating in the labour mavkgahd the benefit
they receive from participating in the capital markeété:j.

From Propositionl and Corollaryl, one can construct a condition on the risk-weighted
marginal productivity of capital that determines whether the welfare obtained through the labour
market is higher or lower in the moral hazard economy.

Proposition 3. The effort-free wage is higher in the moral hazard economy> o,
if and only if1T £ ~1(¥—v) < 0.

The joint condition on productivity and sector risk ensures that investors respond to a change
in real productivity by increasing their hedging demand, which leads to an increase in overall
investment and drives up the participation wage.

To see the intuition for this condition, we compare an economy with moral hazard in only
one sector to a completely friction-free economy. Specifically, consider an economy in which
the noisiness is very low in all industries but oeg, > 0, 0 j &~ 0, j # n. In this economy,
[(V=W)]n > 0 and [V—Vv)]; =0, for j # n. In other words, the marginal productivities of
capital are roughly equal in all sectors except for one in which the marginal productivity of
capital in the economy with moral hazard is strictly lower. Such a situation could occur if an
economy without moral hazard was struck by a “noise shock” in segtahich lead to a new
equilibrium. (A shock could come about because of changes in industry-specific regulations that
lead to uncertainty about worker input.)
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In this comparison, given Propositi@and our assumptions about productivity, a necessary
and sufficient condition fowg — wg > 0is

N
> [E M <0. (16)
j=1
For example, the following covariance matrix satisfies equatié, for the first secton = 1:
3 2 2
=12 3 0]. a7
2 0 3

After the noise shock, real productivity is lower in the first sector. Or, holding everything else
fixed, the real production in that sector falls. It immediately follows, holding everything fixed,
that expected returns fall in that sector. However, given the hedging demand driven by condition
(16), lower expected returns lead to higher total dollar demand in the stock mMtkatitively,
risk-averse investors compensate for the decrease in expected returns in sector 1 by investing
more aggressively in the other two sectors.

Hence, in the “noisy” economy after a shock, demand for stocks is higher than supply. This
leads firms to compete for labour, driving up wages. The wage increases further decrease the
returns in the affected sector which has a multiplicative effect on stock demand. The wage in-

crease also decreases expected returns in all other sectors which decreases the demand pressure

on stocks and more than offsets the effects in sactdrnew equilibrium is reached in which
wo is higher than before the noise shock and therefore higherdigan

A somewhat different intuition underpins situations in which the welfare from capital market
participation is higher in the moral hazard economy. These cases rest on how diversified the
real risks in the economy are. Suppose equilibrium sector sizes are “unbalanced” in the real
economy when there are no frictions. A moral hazard problem, that in equilibrium causes one
of the industry sizes to shrink, may give a higher certainty equivalent to agents’ stock market
participation.

The condition is derived from Propositidrnpart (vii) and Corollaryl part (v).

Proposition 4. The welfare from capital market participation is higher in the moral hazard
economy, W > We, if and only if (v — ¥ — (wo — 0)1)T £ ~1(v+ ¥ — (wg + o)1) > O.

A specific numerical example that has this effect can be built from the covariance matrix in
equation (17). Further, suppose that [3-1,2-5,2-5]" andthat the risk-aversion parameter is
p = 1. From Corollaryl parts (v) and (vii), it is immediate thalic = 0-86. If moral hazard
is introduced in the second sector, so that [3-1,2-4,2.5]", then the new welfare from the
capital market increases Wc = 0-92, i.e. 0-06 higher than in the friction-free equilibrium.
The welfare loss in the labour market isl(it decreases from-9 to 08) so the total welfare
change is M6— 0-1 = —0-04. That is, the total welfare is lower in the moral hazard economy,
as expected.

The intuition lies in the difference between the equilibrium sector sizes in the two economies.
In the moral hazard economy, sectors are more balanced than in the friction-free economy. Under
the first best, industry sizes arg L = [0-2,0-4,0-4]". Here, the first sector is dominated and

10. This is because the total dollar demand from each inves®rss1Tq = 17 Z;lﬁ. This increases if there is
a negative shock ipg' sinceoD /o' = Z?‘:l[zﬁl]i,j <0.
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so there is limited risk diversification. By contrast, in the moral hazard economy, the sector sizes
areA| L =[0-3,0-33,0-37]" sothe sector sizes are more balanced and the economy therefore
offers more diversification benefits.

The overall inference that we can draw from these two examples is that although the total
welfare change in the economy is unambiguous when moral hazard is introduced (it has to go
down), the certainty equivalence of participation in any individual market can go up or down.
Therefore, any partial equilibrium analysis of the effect of moral hazard in a specific market may
be misleading.

4.4. Moral hazard and industry size

In partial equilibrium models of firm-financing frictions, moral hazard invariably reduces invest-
ment. It isa priori unclear whether such an intuition also holds in general equilibrium. As we
have just argued, increased moral hazard in a sector changes the equilibrium effort-free wage. It
also, through the wage contract, changes the portfolio investment decisions of workers. Yet, in
spite of these general equilibrium effects, we establish that increased moral hazard in a sector
always decreases the equilibrium size of that sector for any parameterization of the economy.
To establish this result, consider an economy in equilibrium, with total marginal productivity
v. Compare it to an otherwise identical economy, but with more moral hazard in one seictor,
with a highers, n all else equal. From Propositidn(iii), it follows that the incentive payment,
bn, is lower in the second economy, which in turn implies that the total marginal utiityis
lower. Indeed, it follozws directly from equatiori@) that the difference in, betweenthe two
economies iAvp = g—EAbn. In other words, changes w, ando,, aredirectly proportional
The total size of the sectors in the initial economyAs L. It is straightforward to show
(using Propositiori part (vi)) that the change in size can be written as

y-1117
1Tz-11
For each of the economies, the equilibrium is interior and therefore all resources are used and
the size of the two economies is the saimee, 1T AL = 0. It follows from equation {8) that the
n-th sector decreases in size when moral hazard increases if and oniptihitliegonal element
of X is positive, K]n,n > 0. For any economy (of at least two sectors), this will always be true
asX is a positive-definite matrix.
We have the following result.

A(AL)=Mp~IXAv, whereX = (i ) r~tisanN x N matrix. (18)

Proposition 5. The size of sector n in an economy in which sector-n moral hazard is higher
is strictly smaller than the size in the original economy.[@KA | L)]nn < O.

Thereforethe partial equilibrium intuition that higher moral hazard in a sector decreases its
efficiency and so renders it smaller is robust to general equilibrium under general conditions.
This automatically implies that the distribution of real risks in the economy with moral hazard
differs from the first-best economy.

4.5. Industry size and the cost of capital
Changes in moral hazard affect industry size, but are changes in industry size related to the
cost of capital? A standard asset pricing intuition is that if a sectarege(is paribu larger,

11. In vec%or notation, the change can be writtenAas where all elements okv are zero, except for the-th
elementAv = 58 Aby <0.
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in equilibrium, its expected return must be higher to recompense risk-averse investors for
the increased undiversifiable risk. Such an argument is the basis for the wealth puzzle docu-
mented inBansal, Fang and Yarof2006). However, this intuition may not hold under moral
hazard.

To show how a counterexample naturally arises, we simplify the real risks in the economy
and characterize an economy in which the real risks have a symmetric one-factor structure. If
risks have a symmetric one-factor structure, then the real risks in the economy can be expressed
as¥ =cgl +¢1117, cg > 0, ¢ > 0, and | is the identity matrix, whilel is a vector of ones.

In such a world, covariances are positive and equah tavhile variances are simplgg + ;.
First,consider changes in industry size brought about by changes in productivity.

Lemma 5. If risks in an economy have a one-factor structure, then a productivity shock in
industry n affects own industry size by an amount

Sk _ (3 1), M 2
dan N pCo  doan

andother industries (£ n) by an amount

dLPIP) 1 M oo

dan N p_Co aan '

Changesn all industry sizes are driven by changes in firms’ equilibrium total productivity
(%‘1) If the productivity shock increases the marginal product of capital, then the industry
becomes larger and other industries shrink. The condition for a productivity shock to increase
equilibrium total productivity iscy < bﬁ‘;ﬁ. This condition demands that the industry cost of
entry be low relative to productivity. If this holds, then changes in relative productivity change
the size of each sector as capital flows to the more productive sectors in the economy.

These changes do not automatically lead to an increase in the cost of capital. The change in
labour productivity has two effects on that sector’s cost of capital. First, total productiwity (
increasedhut second there is an effect on the effort-free wagge The second effect is a general
equilibrium one, and through it, a change in the productivity of one sector will also affect the
cost of capital in other sectors. If tie& antevalue of human capital is higher, this affects firms of
different productivity to different degrees, and therefore the distribution of risk in the economy.
Of course, a risk-averse agent’s valuation for any risk factor depends on others to which he is
exposed.

To make this point more precise, consider the effect on the s@arost of capital of a
change in the productivity of sectar

Corollary 2. If risks in the economy have a one-factor structure, then a productivity shock in
sector n affects the cost of capital in sector n by an amount

I qopy (1= L) 20 0 g (19)
d(ln N a

andthe cost of capital in sector g n by an amount

— =——X— pP#N (20)
o
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Note that the sign ofirp/dan, is always opposite to that @fon/0an. By contrast, the effect
of a productivity shock on the same sectors’ cost of capital (dan) is ambiguous. Indeed,
if agn_/g’;m < w’:') thenér,/dan hasthe same sign advp/dan, otherwise it has the opposite
signl2

It is clear that situations can arise in Whi%@ >0 (becauségi—: < 0), in which case

d(Lnln)/dan
— <0.
drn/dan
Thus,in the economy with moral hazard, the standard asset pricing intuition—that if one
sector increases its size, its returns must increase—may not hold. The intuition for this is clear:
a productivity increase leads to a larger sector, but more risk is then paid out through the wage
channel, whicldecreaseshe cost of capital observed in the capital market.

4.6. Welfare effects of productivity shocks

Productivity shocks increase the size of a sector if the shock increases the equilibrium marginal
product of capital in that sector. Under what conditions do productivity shocks increase aggre-
gate welfare? In the absence of moral hazard, agents are better off as ban@as- 0. This is
because, even though all workers are driven down to their endogenous participation constraint,
employment is more productive; implicitly, this increases ¢ixeantevalue of human capital.
However, in the presence of moral hazard, the conditions under which productivity shocks in-
crease welfare are different. In particular, a shock that increases welfare in the friction-free
economy may lead to a decrease in welfare if there is moral hazard present. Indeed, we have the
following proposition.

Proposition 6. A productivity shock is more likely to decrease welfare in the moral hazard
economy than in the friction-free economy.

It is easiest to see this by rewriting welfare in terms of the marginal productivity of capital.
The increase in agents’ welfare is the sum of the effort-free wage plus the value of investing in
the stock market. Specifically, from the relationship that we established in Coralfzayt (v)
welfare in a friction-free economy AW = 0o+ (0 — o))" =710 — bol)/2p. Therefore, the
increase in welfare changes with productivity according to

d(AW) _ dido
do"  da"

dv  daog
—(V u)ol) z (M — dan 1) .

To simplify this further, observe that in equilibrium, the total size of a sector equals the total
investment of theM investors in that sector, so from Corollatypart (iv) it follows that the
average investment of an agent in this econoniy:is% 2 10— bol) immediatelyleading to

d(AW) _ dido AT( dv  dio )

do" T da" da"  da"

12. The same argument can be made for Sharpe ratios, which is the foBassdl, Fang and Yarq2006).
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Finally, the total size of the economyi$, so thaqul =1.Now, since(a‘flin)j =0for j #n,
it follows that

do"

On inspection,d(dLa\r/]"2 is therefore strictly positive if and only % > 0. In the frictionless

economy, the condition igy < %ﬁ This is intuitive: if the cost of entering the market is low
relative to the productivity, then social welfare increases if there is a productivity shock as capital
flows easily into the newly more productive industries.

In the presence of moral hazard, the general form of the change in the certainty equivalent
is similar, however, equilibrium values of the market returns and the effort-free wage differ.
Specifically, as above we obtain

whereq = Z~1(v— wpl)/p is the portfolio of a hypothetical worker, working in a risk-free
industry. The difference between the two expressions is the adjustment for moral hazafd,
ratherthans". The condition for a productivity shock to increase equilibrium total productivity
under moral hazard (&yoa" > 0) is somewhat differentcy < @%ﬁ. Therefore, consider
an industry with entry costs in the range

n\ 2
Ky € (a?) [(bM)2a", 1].

For such an industry, a productivity shock decreases welfare in the economy with moral
hazard, whereas in the friction-free economy a shock would increase welfare. Furthieisas
decreasingn the degree of moral hazard measuredspythe larger the moral hazard problem
the more likely a productivity shock is to lead to a decrease in welfare. Also, for a fixed level
of moral hazard, because high-productivity industries have higher incentivéobasyHigher),
aggregate welfare is more likely to be lower with a positive productivity shock among these
firms.

4.7. Cross-sectional asset pricing implications

In addition to the real economy, our model can explain well-known asset pricing anomalies
and has novel portfolio implications. These results flow from the fact that part of the agents’
incentive payment includes systematic risk. So far, we have mainly studied the effects of industry
production characteristics, part A in Figu2eon industry size, cost of capital, portfolio choice,

and wagesi.e. on parts B and D. In this section, we focus on how A affects equilibrium firm
characteristics, part C, which may lead to asset pricing anomalies in the cross section of stock
returns.

Our asset pricing implications are all driven by the same intuition: as the production tech-
nologies drive different types of wage contracts, portfolios sorted along variables correlated with
different technologies should differ systematically from the CAPM. Further, different industries
optimally have different types of remuneration contracts and these can be related to stock mar-
ket returns, as well as to investors’ investments. Since firm characteristics—like firm size and
book-to-market—in equilibrium will be related to the production technologies, they will also be
related to systematic deviations from the CAPM.
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High-productivity firms pay out a higher fraction of systemakicisk through wages than
low-productivity firms because they gain more if workers exert high effort. That is, even though
the firm bears the cost of the idiosyncratic risk imposed on the worker through the incentive
contract, itis still optimal to offer such contracts because of the value generated by higher worker
effort. In light of this, a partial equilibrium conclusion would be that the firms’ returns should
be less risky and therefore lower. This is incorrect: even though a sector seems low risk in the
market, economy-wide it is not because firms have still paid out a substantial portion of the
risk that they have “produced” through the wage bill. Therefore, if an econometrician estimates
a CAPM model using the stock market as the market portfolio, the CAPM will fail and firm
production characteristics will provide additional explanatory power.

The deviations from the CAPM can be non-linear in our explanatory variables. Thus, the
easiest way to test the model is to sort the data on these variables and then run a CAPM using
the stock market as the market portfolio. The model has predictions on the relative size of the
intercepts across the two sorted portfolios. In all our corollaries, we are considering the results
an econometrician should expect who takeshhimdustry level stocks and sorts them into two
portfolios.

First, consider a sort based on labour productivity. This is typically estimated at the industry
level by fitting a variant of a Cobb—Douglas production funcftérindustriesare then ranked
based on the size of the productivity, with industry 1 having the lowest and indNstgving
the highest.

Corollary 3. Suppose thatvn/da > 0 so that the marginal product of capital is increasing in
a, then

() firms with high labour productivityr have positive abnormal returns, i.e. there is an
No < N such that for all n> ng, iin > Bnimartet:

(i) firmswith low o have negative abnormal returns, i.e. there is arenl sud that for all
N <Ng, itn < Bnilmarlet-

In both the first-best and the moral hazard economy, a firm’s physical investnustreas-
ing in productivity. Alternatively, as the investment determines the size of the firm in this econ-
omy, more productive firms are smaller. This general equilibrium effect comes about because of
the concave production technology and the fact that the cost of capital in more productive indus-
tries is higher. The latter effect is truly general equilibrium: productive technologies spark com-
petition and the subsequent entry of new firms. Total investment in that sector typically increases,
leading to a higher industry cost of capital (as risk-averse investors value this investment less).
Since high-productivity firms are small (condition (iii) in Propositib)) this immediately
implies that a sort based on firm size will also provide abnormal returns. Note alda th#te
size of firms in the industry with the lowest labour productivity and therefore the industry with
the largest firms?

Corollary 4 (Size Effect).

(i) Small firms have higher expected returns than those predicted by the CAPM, i.e. there is
an | > Iy sud that for all industries with{ < I, iin > Bnitmartet-

13. Kruse(1992)presents such an estimation.

14. In the model, we make specific assumptions on firms’ production and cost functions. The corollary, however,
does not depend on the specific functional form, as long as the cost is an increasing function of productivity. Any cost
function of the formx + y (a)1 2 wherey (-) is increasing, will lead to a size anomaly.
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(i) Large firms have lower expected returns than those predicted by the CAPM, i.e. there is
an | < |1 sud that for all industries with | > I, iin < fnfimartet-

A value-like effect can also arise within the model. The firm ralsascapital, which in the
competitive market is just the firmts= 1 market value. After raising this money, itimmediately
incurs fixed capital costs and pays out the fixed part of wages (see Hijufdis leads to
negative retained earnings, which decreases the book value of assets which are therefore
K—7y ocnln2 —slp att = 1. The market value of the firm, however, does not change. Therefore,
the book-to-market ratio in an industry,tat 1, is

K+yanlZ+snln

In

BMp=1—

The crucial condition that ensures a value effect for all firms is that firms with higher pro-
ductivity decrease the fixed wage part of workers’ compensation more than enough to offset the
increase in spending on R & D (which will have an offsetting effect). In this case, ditjims
have high book-to-market ratios and we immediately get the following.

Corollary 5 (Value Effect). If 3—2 < — % forall a € [a1,an], then

(i) firms with high book-to-market ratios have expected returns greater than those predicted
by the CAPM, i.e. there is BM < BMy sud that for all industries witiBBM;, > BM,
in > Pnliimariet;

(iiy firm with low book-to-market ratios have lower expected returns than those predicted
by the CAPM, i.e. there is BM > BM1 sud that for all industries withBM,, < BM,
in < Pniimariet.

Finally, consider the effect of differing productivity on the fixed part of the contract,
(through (vii)). For industries with love:,, s ~ (1 — bn)we andis decreasing and approaches

wo asa approachegero. Indeed, as long &g < pi’g , Sis decreasing im. Similarly, for high
&,n

2_4
a (i.e. on > %;"”), s is decreasing im. Thus, for low-productivity and high-productivity in-

dustries, the fixed wage part of the contract is decreasing in productivity. For intermediate values
of a, however, the sign ads/da is ambiguous.

There is some evidence that the pricing “anomalies” relative to the CAPM depend on both
the country and the time period. Howeviéama and Frencf1993) have established strong inter-
national evidence for abnormal returns in high book-to-market returns. Our results suggest that
national labour conditions should affect returns. For example, in line with Cordlargustry-
level data on how fixed wages vary with productivity should indicate if we expect a value effect
to hold. To illustrate this, we construct a stylized numerical example and run a few standard lin-
ear asset pricing regressioffsWe study an economy with 30 sectors, in which the productivity
(o) and moral hazards() vary.

To highlight the effect of differences in labour productivity, we assume that all other param-
eters are fixed across industries. Specifically, we setx = 1. We adopt a symmetric structure
for the real risks in the econom¥) risk and let the variance of each of the risk factors be 5,
and the covariances between each of the industry riskstie 0/e fix the mass of agents in the

15. Since our model assumes CARA expected utility, which is needed to make the contracting structure tractable,
a full-scale calibration to real variables is not within the scope of our model.
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TABLE 1
Summary of parameters B0-sectoreconomy

N =30 a1 =161 azo=2-25 p=25
k=1 k=1 y=1 M=1
min(og,n) = 1.00 max(g,n) =103 Zhn=>5 Zn,j =501

economy aM = 1, each of which has risk aversion coefficient giverpby 2.5. The parameters
of the economy are summarized in Talile

In this economy, the risk-free rate is zero and so expected returns are also excess returns.
A standard CAPM analysis suggests that a regression of expected retufhstauld yield
the constant market risk premium. In the presence of moral hazard however, variables that are
related to the wage bill should explain market returns. In Figjrere present three separate
regressions ofi, on observed betas, size, and book-to-market, respectively.

Expected return as a function of beta is the non-linear thick solid line market with diamonds.
The non-linearity is driven by the cross-sectional differences of wage risk. Therefore, the re-
gression of market beta versus expected return (the thin straight line with stars) does not capture

0.28 T T T T T

0.26

0.24

0.22

0.2

0.18

0.16

—— True
—#— CAPM
Size
|+ value
Both

1 | 1 1 1
0.8 0.85 0.9 0.95 1 1.056 14 1.15 12

B

FIGURE 3
Expected returns in five-industry example with moral hazard. &agis represents the markgtof the stocks and the
y-axis their expected returns. True expected returns are represented by the thick line with diamonds. Regressed returns
on market beta (thin line with stars), on size (thin line with circles), on book-to-market ratio (thin line with pluses), and
on both size and book-to-market (thin line with squares) are also shown. Firm characteristics do a better job at capturing
cross-sectional variation in stock returns than market betas
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expected returns well. By contrast, size (line with circles) and book-to-market (thin line with
pluses) do a better job at capturing cross-sectional differences in expected returns. When ex-
pected returns are regressed on both size and value (thin line with squares), the result is almost
indistinguishable from true expected returns. In line with Corol&rthere is a threshold above
which all firms have positive abnormal returns with respect to the CAPM (these are the high-
firms) and below which all firms have negative abnormal returns (thexléwns). Thus, in line

with our predictions, firm characteristics do a much better job at capturing the cross section of
stock returns than systematic risk measured by the CAPM.

We have couched our empirical predictions in terms of portfolios sorted on labour produc-
tivity. This is the easiest way of side-stepping any possible non-linearities. However, in a linear
regression of the excess return on a stock on the excess return of the market, proxies for the
wage bill would be significant. That is, if the market is measured from observations on traded
stock returns, then proxies for either labour productivity or the wage bill should have significant
explanatory power. Although out of the scope of this paper, such a test would be able to con-
firm or reject whether our model provides a viable explanation of the cross section of expected
returns.

5. CONCLUSIONS

We have characterized a tractable general equilibrium model of production in which work-
ers, remunerated by firms, hedge labour income in financial markets. The CARA framework
with normally distributed risks admits both simple, optimal incentive contracts and closed-form
solutions for capital market equilibrium.

Understanding the implications of labour supply is important to understand both capital mar-
ket equilibrium and labour market equilibrium. First, there is empirical evidence that human
capital can help explain returns both in the time series and in the cross s€dtiowever, there
are few theoretical predictions on how the cross section of returns should relate to labour pro-
ductivity. Second, few labour papers explicitly take into account the fact that workers can trade
in financial markets. Finally, partial equilibrium models take firms’ cost of capital as exogenous,
when clearly it must depend on other investment opportunities.

More broadly, as investors are also workers, firm characteristics should help explain the cross
section of returns. Specifically, asset pricing, firm balance sheet characteristics, and returns to hu-
man capital are jointly determined in equilibrium. Our analysis leads to several novel empirical
implications. It suggests that a firm’s expected returns, as well as other firm characteristics—such
as size—are directly related to the type of compensation it offers to its workers. Our analysis also
relates workers’ portfolio decisions to the type of firm they work for.

The model has very specific implications for agents’ portfolio holdings. Indeed, given data on
agents’ portfolios and employment contracts, one could directly test to see if, given an incentive
contract, portfolio holdings did accord with the partial equilibrium predictions. The simplest way
to do so would be to see if agents change their portfolios when they change sectors. For example,
if the wage channel is important, one could observe if a worker moving into a more productive
industry will reduce his exposure to financial assets and hold a less diversified portfolio. These
actions have immediate risk implications for his portfolio. Specifically, a worker moving into
a more productive industry should decrease the stock market exposure of his portfolio if the

16. The seminal time series paper is dueJagannathan and War{@996), while using micro datayalloy,
Moskowitz and Vissing-JorgensgB005) find evidence that labour income risk (through a firing decision) can explain
the value effect. Further use of human capital proxies has improved the performance of the conditional CAPM, as in,
e.g.Palacios-Huert§2003).
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industry has returns that are positively correlated with the market and increase the stock market
exposure of his portfolio if the industry has returns that are negatively correlated with the market.

APPENDIX

Proof of Lemmal. The agent’s optimization problem)takes the form

AWh = max on
en.dn

k
— b alg. — —e2—
m,%ﬁ[sw nanen+ 4" Gn — €

_*(bno'x nt nJg n+ (Qn) Zu (Qn)+2bﬂ‘7,u nqn)]

Thefirst-order conditions are therefore

0 b

%:bnan—ken=0:en=ankn, (A1)
oon . _ _1( K

aJ tp—p(ZuOn+bno,n)=0=0qn= Z, ! (ﬁ - bno‘/,,n) . (A.2)
dn P

As the decision variables are separated @4eandqy, andas the highest order termsén andq, arestrictly negative-
definite quadratic forms, a solution to the first-order conditions is also a global maximym.

Proof of Lemm&. Equation (A.2) implies the following values:

_ A
ATQn=——bnBn,
P
2bnb,
An 24(@n) = — +bACn— ——,
b,
a;,nq” = 7” —bnChn.

If the participation constraint of a worker in sectobinds, then

b A bn)?
AW:Sn-i-bnf(n-f—bn&no{n m+(=—bnBn _ Lonbn)”
k p 2k

2bnh B,
(br21‘7x n+angn+ +b2Cn— b:) T 42k, (7—bncn))
p?

A
_sn-',-b2(2k+ Cnh— an) 2”3n> bn(Bn—Xn)-i-—p

Therefore the fixed wage at which the worker is indifferent between accepting employment in induatrg going
elsewhere is

2
o A
sn(bn, In) =b%(—n _*(Cn Ux n)+ ZUg n)+bn(Bn—Xn)+AW— 5 I

Proof of Lemm&. From equation?), the profit function, a firm in sectarsolves

maxan = E[7n] = In((@n€n + Xn)(1—bn) —sn(bn, In) = (L =bn)zn — ynln) —#n

In,bn
bna?
max In n7n
In,bn

X )(1—bn)—5n(bn, |n)—(1—bn)2n—7n|n)—7<n
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bna? al p
m’%;('n(( “k“ +Xn)(l—bn)—(bﬁ(—2|2—Z(Cn—ffxz,n)

_ A
+ %Jsz,n) +bn(Bn—%Xn) + AW — Z) —(1-bn)zn— Vn|n) —Kn

2

ah P 2\ _P 2
max In{ b2 =22 + £ (Ch— — gt
max n( n( 2k+2( n—oxn) ZUa,n)

(X% A _ 2
+bn ?-‘an—bn +5—AW+Xn—Zn —anynly —kn

def
= 1n(MJb32 + MPby + MB) — anynl 2 — .

Thefirst-order condition irby is

ot
abn.2|v|§bn+|v|f:o
MmP 2/k+zn—B,
= b= -l oh/K+2n = Bn (A3)

2M3  af/k+p(ofn—Cn+aln)

From the Cauchy—Schwarz inequality, €&y, ) < /varXn)var(y). Therefore Cn < (7)%“: For the choicey =
a' i with a= Zglau,n, the inequality leads tez)nz;laﬂ’n <O InEa 0 unx 0fn, i.e Cn < /Cn x \/oZn.
Thisimmediately implies thaM, is strictly negative, and in faciyl, < —ar21/ k.
Thefirst-order condition folp, is
0

P MIba + MJbn + MY
—= M3bR -+ MJlbn +M§ 2yl = 0= Ip = —2— L0,

A.4
| 20(n ’n ( )

From the first order condition (f.0.c.) dm, equation (A.3), this is equivalent to

1 (M])? ¢ TN
n=o—— (ot My ) & —— (A5)
20nyn 4M2 2anyn
We note that solution(bn, In), to the first-order condition is unique. We now prove that it is a global maxi-

mum as long a3n > 0 and O< bn < 1. To see this, substitute the solutions to the f.o.c. into the profit function and
obtain

(T"?2
4anyn

1 (aB/K+zn — Bn)2 A 2
= > n > > + — — AW+ Xn—2Zn —Kn = —Kn.
4danyn an/k+,0(0'x,n —Cn +0'£,n) 2p

T =

Thereforeany strictly better strategy must lead to a profit greater thap.
We establish that no other solution yields such a profit. Clearly, the optimization problem is smooth, so an opti-
mum will either be at a boundary (including the extended boundiaey co) or satisfy the first-order conditions. As
the solution to the f.o.c. is unique, we check the boundaries. Supposk thato: the Hessian of this optimization
is of the formH = [2MJIn, M]'; M]', —27n], with characteristic equatioth — 2M3 In)(4 + 2yn) — (Mf)2 =0,ie

224 2(pn — 1InMD) 2 — 4y In MY — (M]H2 def)2 L a11+ag = 0. Clearly, a; > 0, ag < a3, and, for large enough
In, ag > 0, which implies that, for large enough,, both characteristic roots are negative. Thus, there is always
an I suchthat 7 is decreasing regardless bfi andthe optimum cannot be reached at the (extended) boundary
|n = 0Q.

Moreover, anybn > 1 will lead to 7 < —«, so no interesting solution can hag > 1 and the boundary, =0
will lead tozx = —k. Thus, any non-interior optimum must lie on the boundaty= 0. On this boundary, the optimal
investment level idp = MS/Zyn, which is feasible ifM(’)1 > 0 (as otherwisdp < 0). In this casez = M§/4yn —Kn-
However, ifMJ) > 0, then this boundary solution is obviously dominatediby: (—(M)2/4MJ + Mg)?/4yn —xn (as
Mg < 0), s0 no solution on the boundaby, = 0 can dominate the interior solution. ||
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Proof of Lemmat.
(i) With zero expected economic profits, the expected return of a share in industry

h= E[S(2)] — S (D) _ E[7n ¢]+rnln,e _ O+rnlne —r

S@® In,e In,e

(i) Sincejin = L:f +rn = Cn+ (1 —bn)%n, for some constanty, it follows that cou(ij, i) = (1—bj)si j (1 -
bj). A similar argument holds for cayi Xi)-

Proof of Propositionl. We first assume that all wage contracts are linear, construct an equilibrium satisfying
(i)—(vii), and then show that it is unique. We then show that it is indeed optimal for a firm to offer a linear wage contract,
given that all other firms offer linear wage contracts, which completes the proof.

We defineA| =diag(l,...,1N), Aq =diag(a,...,an), Ap =diagb?,...,bn), andA1_p = diagd —bl, ...,
1—bp).

First,from Lemmal, an equilibrium with optimizing workers will satisfy (i).

We note that equation (9) implies that in equilibriv@h = [Zx]n,n = af,n andthatby = 2" /(1—bn) = zn, which
in turn, through the relation” = ", implies (iii):

bh=—5— €(0,1).
14+ kpo';z,n

%n

Also, MJ! = a2/k andMJ = —(a3/k + psZ)/2, whereM]' andMJ weredefined in the proof of Lemma.
Moreover, equationd) together withE[7 "] = 0 implies (ii):
Kn

In= , (A.6)
Ynan

which is strictly positive. However, we also have through equathoB)(

ny2
2./ynkna +(M71)—A—AW—Z (A.7)
Ynkndn 4M2 72p n, .

which through the relationa W = wq + A/2p andz" /(1 —bp) = 2" leadsto

_ (MD)? _
A=1- bn)(—zv Ynknan — Wln —wo )= & =A1-p(®—wol). (A.8)
2
The market-clearing condition in the stock market now gives us
QAL =AlL,
whichimplies that
(I-QAL=0 (A.9)

(wherel isthe identity matrix)j.e. 1 must be an eigenvalue @, with eigenvectotl. Given such &, the vector of firm

massL = %Arll will be a solution. Moreover, the labor market conditibh= 1 T L, can be rewritten as
1TA L=M. (A.10)
We have T
_1f p1
Q=x, 1(#/) - E/l,XAb)y (A11)

where X, x = [6,,1,...,6 4,n]. Since from equation9), we know that, = (I — Ap)Z(I — Ap) and T, x =
(I — Ap) X, equation A.11) can be rewritten as

21T
Q=(-Ap~ =7k —Ab)_l(#; -a —Ab>2Ab).
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Thisin turn, via equationsA.8) and @A.11), means that equation (A.9) can be rewritten as

_1T
2”1(”/) - zﬂ,xAb)A .y

A1_p(o —wp1)1"
_ 2;1( 1-b( pwo) —Ey,xAb)i

Aq_polT M
2;1(12" - zy,xAb)A - wOTZ;lAl_bl

Mwqg _ _ s 1e—
= 2 AoVl /p = ZuxAp) = D7 AL b1
= A,
SO M
a= 22079,
P

whereZ = (21 (A1_pv1T /p — £y xAp) =) 7127 A1 p. SincelT 1 = M, we have

__P
1Tz1°

wQ

Now, expandingZ through the definitions o, and X, x leadsto

-1
1T
z=(“--x) |
p
which through the Sherman—Morrison—Woodberg formula,

(A+UvH 1A 1A lyg +vTA Uy IvT AL

Ty-1
leadsto (v): wo = p/(17 21) = LE 2.

Fromequation A.12) and the relatioh. = %Arll, it follows that
L = MwopA'Z1,

andanother application of the Sherman—Morrison—-Woodberg formula finally leads to (v).

423

Condition (vi),W + wg+ (v— wol)T s v— wql)/2p, follows from the relatiomAW = wq+ A/2p andequation

(A.8).

Condition (vii) follows immediately from plugging the derived values of variables into equatijonf Lemma (2).

Under Assumptior part (i), (iii) implies thatwq is strictly positive. Moreover, from (vi), it follows that

ArL=cz (v —wql),
wherec > 0, and through (v) it then follows thdt > 0 if and only if

@z Iz l-azlyyz 11+, 115 0,

whichin turn is guaranteed by Assumptibpart (ii). Thus, all variables are strictly positive so the equilibrium is interior.
Moreover, each of equation8.6)—(A.10) is necessary, so the equilibrivth= (wq, L, |, €, iz, q) is unique.

Optimality of the linear contract

It remains to be shown that it is optimal for a firm to offer a linear compensation contract, given that all other firms
offer linear contracts. Given that all but a zero measure of firms offer linear contracts, then it immediately follows that,

att = 1, the price in the market of any asset with pay3p#itt = 2 is

P[X] = E[MX],

(A.12)
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wherethe pricing kemeM = Ce=2a'Z — c’e~rA" A1z q — 122 z,z2= Ab 0,72=A1%X—1,§=%—1,
27 =A1472A14z andC’ is chosen such tha[M] = 1 (to price the risk-free asset correctly). Since

T -
1=c/E[e—ﬂq A1+zy] (A.13)
1 T 1yT
=c’7/ e Pa Y-32Y T¥qy (A.14)
V(27)NDetz JRN
2
:C/;/ e—%(W—/)EAnzq)T2_1(Y+/12A1+zQ)+%qTA1+z2A1+zqdy (A.15)
Vv (2z)NDetz /RN
1 Ly+ATLDT YA+ 32T 5 M2
:0’7/ e 2 14z 142772 z “dy (A.16)
V(27)NDetz JRN
1
— e’ (A17)
it follows thatC’ = e~ ZZ Iz z_ It is easy to show that equatioA.(L2) reduces tP[X] = Ii 1, in line with our

pricing formula forx risk, but the formula also holds for non-linear risks and defines the firm’s measure of general
economic profits.

We use the relationship= A;,,1—-1togetl— A7 l+Z1 This allows us to rewrite the pricing equation

1+z
as
. 1 1x-1-A7hL2) = (X-(1-ATH,2)
P[X] = 7/ 1+z 1+z dx
(27)NDetx /RN
-t / ¢ BXATLDT BT AT g
(2r)NDetx /RN

which in turn takes the “risk-neutral” form ~ ~
P[X] = Eqg[X], (A.18)

whereX is N(AIizl, ¥) distributed in theQ measure. Sincé = A1,,X —1,Z~ N(0, X2) in the Q measure. The
objective of a representative firm in industrys therefore to maximize

2 2
Pl7]=Eg {m / et)dt +%nl — 1| / @(t)ydt— (K+yan|§|)j| ,
1 1 ’
and,given the optimal , which is positivé”, this is realized by optimizing

2 2
Eo [a /1 e(t)dt — /1 zbdt] (A.19)

Under theQ-measure, the firm’s optimization problem thus has exactly the same formtadrirstrom and Milgrom
(1987), in their risk-neutral case.
Now, given that an agent holds the portfotje- v for some vectow, the agent's expected utility is

U=Eu=E |:_e—/)((q+v)T2—f12 e~2k(—tldt+f12 17)(t)dt):| i (A.20)

and along identical lines as when rewriting the pricing formul@imeasure form, this can be rewritten as

U= é/EQ[ /J(VTZ fz dl+jl zu(t)dt):|

1 et
U= Equ {v 2—/1 ()dt—i-/ "(t)dt]. (A.21)

The agent will therefore maximize equatioh.21) overv and efforte(t).

17. It can never be optimal for the firm to chodse- 0 since this would lead to strictly negative economic profits
of—x and the linear strategy described previously in this proof leads to zero economic profits
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First observe that if(;” @(t)dt is independent ok-risk—e.q.if it only containsén risk—thensince has an
expectation of zero, the agent will choose= 0 since any other choice will just introduce noise without returns and
the agents utility function will, in this case, also take the same form &wimstrém and Milgrom(1987). The firm’s
optimization problem of contract over equatigh19) w.r.t. the agent optimizing equatioA.@1) will therefore in this
case lead to a linear contract being optimal following TheoremHaimstrom and Milgron(1987).

Thus, if the firm observe$ (t) = a fl e(s)ds+¢(t), the optimal compensation contract is of the form= ag +
a; f (2). However, by assumption such a contract is not feasible for the firm to offer because it does not dlggerve
Instead, it observeg(t) = f(t) +Xn(t) = f(t) + ﬁ + Tlann (sinceg(t) = R/I1). The unabservability off (t)
forces the firm to includ@y, risk in the compensation contract. Along the lines of the hedging argument we just made,
since the worker can hedge this risk in the market by chan@ing the worker is indifferent to promised extg risk.
In other words, the worker agrees with the firm that the pricezforisk is zero. Therefore, any compensation contract
of the formw = azn + F({f (s)}, 1 < s < 2), for a# 0, will lead to an identical outcome asdf= 0—for both the agent
and the firm. Therefore, even though contract ag + a; f (2) is not feasible, the firm can implement the equivalent
feasible contract’ = ag — alﬁ +a19(t), which in line with this argument leads to the same outcome (effort level,
expected utility, and economic profits—and it is the only feasible contract that achieves thisJlhis is therefore the
uniquely optimal feasible contract. ||

Proof of Propositior2.  The first part follows immediately from equatioA.g) andMl = an/k M2 = —(a%/k-i-
pas,n)/z-

The value-weighted market portfolio i§ = diag)L/(1TL) = 1(v wol)/lT £ ~1(v—wpl). However, the
mean-variance efficient portfolio in the financial markeiqis = ): 1a/1m b 1p =0 = Ap) 1z (v —wel)/
[1T (T = Ap)~1=~1(v — wgl)]. The CAPM will hold with respect to th|s portfoho (see.g.Ingersoll 1987) and obvi-
ously to any scaled version of this portfoleg.

v=(-Apa.
Now,
1
bh=————-€(0,1)
14 P%n k/)”r n
n
andsince
(I = Ap)~t =diag/@1—b"),...,1/(1—bn))
andalso 1
=1+
1-bn kp”e,n
thisleads to

v=_(I +k_1p_lA2)q.

Sincethe CAPM holds with respect to, we haveu = ﬂ[vTﬁ], wheref = Zﬂv/vT Z v, which, plugging in the
definition ofv, leads to equations (12) antiy). ||

Proof of Propositior8.  Follows directly from Propositiot part (v) and Corollaryl part (iii). ||
Proof of Propositiord.  Follows directly from Propositiod part (vi) and Corollany part (iv). ||

Proof of Proposition5.  From the discussion in the main text, it is sufficient to show thdh | > 0 for n =

1,....,N, N > 2. We have
- ox~1g7
T -1
(Sn(l—lTZ_ll)Z on

(@ =7t =7 - 6 =P,

[XIn,n

- 1Tz 11

whered, is a vector with zeros, except fofi{]n = 1. SinceX is a symmetric, strictly positive-definite matrix, sosis L.
Thereforethe inner producta, b) =a' b andthe norm|ja||? = (a,a) can be defined.

From Cauchy—Schwarz inequality, it follows th@,1) < |dnll[I1]l, N > 2, which immediately implies that
O =716 @T =11) - (0T =—11)2 > 0, so the resullt follows. ||
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Proof of Lemm&. From Propositiori, it follows thatory /da p = dvn/dap —dwg/dap. SinceX = col +cq117,

it follows that 1 c
i (l'— 7111/) ,
Co co+c1N

Thereforern/an = (1—1/N)don/dan, wherearn/dap = —N"100P/8ap, n # p. Thus,

whichimplies that

.
InfCn __(N—1)<0, n#p,
6|"p/a(1n

which proves the first part of the corollary.
For the second part, we note that

d(Lnln) _ M [Z_la(v— wol)]
dap T dap n’

which equals% (1—1/N)(6vn/dan) forn=p and%(—l/N)(au P/6ap) for n # p. This implies that

d(Lnl
dtnln)/dap _ M 5 vnp.
drn/drp pCo

Proof of Corollary2. ~ Similar to the proof of Lemma&, using the results of Propositidn ||

Proof of Corollary3. We first show for an arbitrary economy, the value-weighted market portfolio will seem to
be under-weighted on high-productivity firms and over-weighted on low-productivity firms. Specifically, we show that

(a) Industries with higlx will seem to be under-represented in the market portfoothere is amg < N such
thatfor all n > ng, the relative size of sectar,

cin (= aln
—— =
> i Lirl 1%,~a
(b) Industries with lowe will seem to be over-represented in the market portfolethere is amg > 1 such that
for all n < ng, the relative size of sectar,

trim = tag
>0 1z

We definez = v— wq1. The value-weighted market portfolio is thgn= = ~1z/1T £~1z). The portfolio that the
CAPM would predict, on the other hand g8 = =12/ £ ;1) = ATR =7 1z/aT AT = 12).
We therefore have
[q] 1AL,z
o =cx(1—bj), wherec= TTy-1
(wherethe strict positivity ofc is guaranteed by the strict positivity of all the elementd.afincez~1z=M _1pA| L
asshowed by Proposition 2 part (vi)), which is a decreasing functidm ahd therefore, as is an increasing function
of a, a decreasing function of.
Further, asLT q* = 1Tq = 1 and the portfolio weights are all non-negative, it is clear that, as long as there is
dispersion of productivity.' # a! for somei, j, there is & e (a1, an) suchthat for all industriesp, in whichan < a,
[a*]i < [d]i, and for all industries in whiclkn > @, [q*]; > [q]i (@ # g*) (w.l.o.g., assume that there isi auch
that []; < [q*]i. Then, there has to be psuch that @]; > [q*];, as 1Tq* = 1Tq = 1). Thus, low-productivity
industries will indeed look “too big”, whereas high-productivity industries will look “too small”. This general result is
true regardless of the parameters of the economy. We note th&flas bj) > 1 for somei, c < 1.
We now turn to (i)—(ii) in the corollary. We prove the result for the case witere cgl +c111T, cp>0,c1>0,
andl is the identity matrix, whilel is a vector of ones.
It is straightforward to show that the CAPM, based on the value-weighted market portfolio, predicts a vector of
expected returns of

>0

Z'A1pE 1z
121N _pEA1_p=1Z

Z"=dxTA1_p= "1z, whered=
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whereaghe true expected returns (per unitofisk) arez. However, using the definitions gfandq*, this is equivalent
to

T T Ean

. def [27]i dxc [Zq7];

SinceX = cgl +¢1117, this implies that

[ali/(A—bj)+cxci/co
[q]i +c1/co

ri=dx

Now, sincec < 1, we haverj <d/(1-b) (this can,e.g.be seen by definin@R(q) = %, noting that
R(O)=c(1—bj) <(1—bj) <1,anddR/dq= (q+Ccxc1/Co(1—Db; ))—1(1— R) > 0iff R> 0, and limy— 0 R(Q) =1,
soR(g) < 1 regardless of, and, because =d x R([q];)/(1—bj), the result foIIOW§.

For arbitraryi, j, such thab; < bj, we define the functions

[Zq]j — Z[q];

def ) _h
Q) =[Zq]; + b; — by (b—hy)

d
o det Qb)/(L—b) +CcxC1/Co.

Q+c1/co

Clearly Q(b) > 0 andZ(b) > 0. We first show thatfq]; <[Zq];j. From Propositiort, b is strictly increasing irn.
We have

Z(b)

2q=(col +¢111M)z=coz+c1 (1T 2)1,

SO
[Zq]j —[Zq]i =co([z]j —[z]i) > O,

asol > vj whenal > and([z]j —[z]; =0l —vj.
We then havej —rj = Z(bj) — Z(bj), so showing thaZ’(b) > 0, forbj <b < bj is enough to ensure thef > rj.
It is easy to check that

/ l /

20 = Tt g (@ P cA-bZE)+ QD) Z(b)).
Moreover, sinceZ (b) > 0 and(1—b)Z(b) < d (which is clearly the case sin¢g—b)Z(b) = R(Q(b)), andd(R(Q(b))/
db=R'Q’ > 0,s0(1—-b)Z(b) reaches its maximum &, at which pointitisrj (1—b;) <d), if cd < 1, thenZ’(b) > 0.
A similar argument to the one used in showing tbat 1 indeed confirms that < 1, socd < 1, and indeed’(b) > 0,
andrj > rj. Thus,rp—therate of CAPM-predicted expected returns to true expected returns—is an increasing function
of n. A similar argument as that made when proving (a) and (b) shows thesfeuch thatj < a, rj < 1, whereas for
i's such thab; > a, rj > 1. This concludes the proof of CorollaB; ||

Proof of Corollary4.  Follows directly from Corollang. ||

Proof of Corollary5.  Follows directly from Corollang. ||
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